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THE ORDER-SUM IN CLASSES OF PARTIALLY ORDERED ALGEBRAS
by

Mararet HOFt *

The order-sum of partially ordered algebras will be defined as the
solution of a universal problem and as a generalization of the coproduct. We
show that the order-sum exists without restriction in quasi-primitive classes,

and we investigate some of the properties of the order-sum.
1. Order-sum and lexicographic sum

We will consider classes £ of partially ordered algebras. The algebras
under consideration will be partial algebras (A’(fi)iel> of arbitrary fini-

tary or infinitary type A = (Ki) . I.e., the index-sets Ki may be finite or

iel
K.
infinite, and fi is a mapping of a subset of A " into A. If the domain of fi

K.
is all of A ', for each iel, we may call (A’(f')igl) a complete algebra of

;
)

) is a partial algebra and (A, <€) a partially ordered set. The alge-

type A. A partially ordered algebra is a triple (A,(f <), where
(A, (F.)

braic structure may be empty, I=@. In that case, the partially ordered algebra

ifiel?

ifiel
is nothing but a partially ordered set, and any class of partially ordered sets
is an example of a class of partially ordered algebras. Since, on the other
hand, the partial order may be total disorder, we can also interpret any class

of partial algebras as a class of partially ordered algebras.

* This paper is a summary of part I of the author's Doctoral dissertation .at
the.University of Houston. The complete text will be published in Crelle's
Journal. The author expresses her gratitude to Prof. J. Schmidt, her super-
visor for many helpful suggestions.
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We do not require any kind of compatibility postulates to hold between

the algebraic structure and the partial order. But there is no ban on compa-

tibility conditions either.

A homomorphism of the partially ordered algebra (A’(fi)igI’ <) into
the partially ordered algebra (B’(gi)isl’ <) - of the same type A - is a

mapping ¢:A=——3B that is order-preserving:
(1.7) if x¢y, then ¢(x) <oly)

for all elements x,yeA, and at the same time an algebraic homomorphism:
(]-2) (fi(aK]KEKi)) = gi(¢(aK)lK€K1)’

for each index icI, for each sequence (aK)KEKi in the domain of fi (making

the left side exist - it is understood that the right side will then exist

too).

In the sequel, R will always be a class of partially ordered algebras

of the same type ;.

Suppose T is a partially ordered set, and assume that a partially
ordered family of partially ordered algebras Ptg R is given. A family of
homomorphisms ¢t:Pt-—aP, where P is also supposed to be in R, is called
a T-family provided that the following condition holds true for all indices

S,thi
(1.3) if s<t (in T), then ¢s(x)4¢¢t(y) (in P),

for all elements XEPS, yePt. The order-sum is now simply a universal
T-family. I.e., the T-family ¢t:Pt———aP is an order-sum if, for each algebra
Qe ® and each T-family wt:Pf——a Q, there is a unique homomorphism y:P—>Q

such that Yedy = Wys for all indices teT.
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In the special case where the index-set T is totally unordered, the
order-sum coincides with the coproduct. Clearly, the order-sum (if it exists)
will be unique up to unique isomorphism, and in that sense it is justified

to talk about "the'" order-sum.

Assume now that ® is the class of all partially ordered algebras of
a given type A = (Ki>ieI’ and assume further that the type A is without
constants, i.e. Ki # P for each iel. The algebraic lexicographic sum of
partially ordered algebras that we are going to define, is a combination of
the partial direct sum of partial algebras (cf. Schmidt [9]) and of the well-
known lexicographic sum of partially ordered sets {(cf. Birkhoff [2], Schmidt
(7],081).

For a partially ordered family of partially ordered algebras Pt’ we

define éET Pt to be the set of all ordered pairs (t,x), where teT and xeP

endowed with the Zexicographic order :

t,

(1.4) (s,x) £ (t,y) iff s<t or s =1t and x<y

The natural mappings 1t:Pt-~»l\Pt, defined by 1t(x) = (t,x), are obviously
order-preserving, even order- embeddings. On laPt, there exists now the

"weakest" algebraic structure (f.)

iliel such that the natural mappings i

t
become algebraic homomorphisms, i.e. the final structure for the mappings 1t

(cf. Bourbaki[3], Schmidt [9]).

L_Pt with the Texicographic order £ and this algebraic structure - and
with the natural mappings Ty - will be called the algebraic lewicographic

sum of the partially ordered algebras P, (teT).

t

If T and all algebras Pt are totally disordered, then the algebraic
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lexicographic sum coincides with with the partial direct sum of the algebras
Pt (cf. Schmidt [9]). On the other hand, if I = @, our algebraic lexico-
graphic sum is nothing but the ordinary lexicographic sum of partially ordered

sets Pt'

Theorem 1.1 In the class 4t of all partially ordered algebras of

type A, the algebraic lexicographic sum 1t:Pt———9l_Pt is the order-sum.

In the class of partially ordered topological spaces, a topological
lexicographic sum can be defined in a similar manner as for partially ordered
algebras: It will be a combination of the topological sum of the spaces and
the lexicographic sum of the partially ordered sets. An exact analogue of

Theorem 1.1 holds true.

Unfortunately, we had to restrict ourselves so far to the case where

A is a type without constants. This is to a good extend due to

Theorem 1.2 Suppose wt:Pf——4>P is a T-family of order-preserving

mappings. Assume that for each teT, there is an atePt such that wt(at) = a,

where a is independent of t. Suppose s <t in T. Then max ws(PS) =

min wt(Pt) = a.

Corollary 1. max wS(PS) = a if s is not maximal in T, miny S(PS) = a

if s is not minimal in T. wS(PS) collapses into {a} if s is not extremal in

T (neither maximal nor minimal).

Corollary 2. If s is not maximal in T, and min PS = ags then again

wS(PS) collapses into {a}.

Let us show which damage Theorem 1.2 does to the order-sum in the

presence of constants: Let fL be the class of partially ordered algebras
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with least and greatest eJements, the latter explicitly listed among the
constants. I.e., the homomorphisms in & are supposed to preserve both least
and greatest elements. We now assume that T contains a pair of comparable
elements s <t. Consider a T-family wt:Pf———>P. Since s is not maximal, wS(PS)
consists of the least element of P only, according to Corollary 2. On the
other hand, it contains the greatest element of P. So the latter has to
coincide with the least element, thus squeezing P down to one element. In
such a class, the old coproduct will be the only meaningful order-sum. If

we give up insisting on the preservation of extrema, however, other order-sums

become highly meaningful.

Theorem 1.3 Let the class & be closed under taking subalgebras. Let

¢t:Pt———>P be an order-sum in f . Then the union Uim oy generates P,
2. The algebraic lexicographic sum with constants

We want to extend the notion of the algebraic lexicographic sum to the
general case where the type A may now contain some constants, Ki = for some
iel. This should be done in such a way that Theorem 1.1 remains true. The
construction is similar to the construction of the partial direct sum of
algebras (cf. Schmidt [9]), but somewhat more involved in the presence of

partial orders.

Throwing out the indices iel standing for constants, we arrive at the
reduced index-domain I* = {i]Ki # @ }and the corresponding reduced type A%,
without constants. The partially oredered algebras Pt are turned into parti-
ally ordered algebras Pt* of type A*. We can consider the algebraic lexico-

graphic sum of the latter, l.Pz. In order to arrive at an appropriate facto-
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rization, We consider quasi-orders p of L‘PE which are admissible in the sense
that the following three conditions hold:

(i) o~p 15 a congruence relation of the algebra L.P% 3

(i) o contains the lexicographic order of L.P{ ]

(iii) p takes care of the constants insofar as (S’fsi) 0 (t’fti)’ for each

s,teT and for each igINI*.

It is easy to see that there is a least admissible quasi-order, say o.
The contraction l*Pg /G/\0-1 is then a partially ordered algebra of type a*,
and the natural projection p:[.P%———»L_P% /or\c_1 is a homomorphism between
them. One makes LP{ /o A 0'1 an algebra of type A by introducing the
constants 9; = p(t’fti)’ for each iel, this definition is independent of t.
The partially ordered algebra L.P% /o A o_] so enriched may be called the

algebraic lexicographic sum of the partially ordered algebras P, (teT) and

t
again be denoted by l_Pt. Clearly, in the case without constants, I* = I,

* = * =
A A, Pt Pt’

jt = poit:Pf-~%l§Pt , which are homomorphisms by construction (in particu-

nothing has happened at all. We introduce the mappings

lar, they preserve the constants).

Theorem 2.1 In the class of all partially ordered algebras of type 4,

the algebraic lexicographic sum jt:Pt———>L_Pt is the order-sum.

Note that the homomorphisms jt need no longer be one-one since p can
not be expected to be one-one. Indeed, o and 01\0-1 may become the universal

relation in P{, forcing I~Pt to collapse into one element.
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3. A dgeneral existence theorem

The order-sum in a class fl of partially ordered alaebras can be build
up in two steps. The first one of these has been described in sections 1 and
2. In aeneral, of course, the algebraic lexicoaraphic sum of alaebras Pt
will not be in ﬁ_. So the second step will consist in associating with the

Tatter a universal objéct in fi.

Theorem 3.1 Consider a T-family of homomorphisms ¢t:P£———?P in M and
the associated homomorphism ¢: L_Pi-——éP (which exists according to

Theorem 2.1). Then the following two conditions are eauivalent:

(1) ¢t:Pﬁ——~9P is the order-sum in f ;

(i1) & :L.Pt-—4>P is the universal homomorphism of [_Pt into a f2 -algebra.

As in universal alaebra without partial order, a quasi-primitive
class of partially ordered algebras will be a class closed under taking
cartesian products, subalaebras, and isomorphic images. After reinterpreta-
tion of the partial orders as partial operations, such a class will become

a guasi-primitive class in the ordinary sense of universal alagebra.

Theorem 3.2 (Existence of Order-sums)

In a quasi-primitive class all order-sums exist.
4. When is the order-sum an extension of the lexicoaraphic sum?

Suppose that L is a class of partially ordered algebras. Suppose

¢t:P£———>P to be an order-sum in fiand 1t:P£———>L_Pt the lexicographic

sum. et q>:LPE—~-‘7P be the universal homomorphism of Theorem 3.1.
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In order to avoid the difficulties connected with the constants, we
shall assume from now on that the type a be without constants (Ki # @ for

each iel).

Theorem 4.1 Eaquivalent are:

(i) ¢:L_P£——~9P is one-one;
(i) the homomorphisms ¢t:Pf——~9P are one-one, and their images are
pairwise disjoint;

(iii)  there is a R -alaebra 0 and a one-one homomorphism w:l_Pt———90.

Theorem 4.2 Eauivalent are:
(1) ¢:1_PE———?P is an order-embedding;
(i1) the homomorphisms ¢t:P£———>P are order-embeddings, and the indexed
family of their images is not only pairwise disjoint, but a "lexicographic
decomposition" of the partially ordered set %E% im oy (= img);
(iii) there is a {2 -algebra Q and an order-embedding (and algebraic
homomorphism) w:L~P£———90.

Theorem 4.3 Eaquivalent are:

(i) the homomorphisms ¢,:P,—>P are one-one;
(1) for all indices seT and all elements x,yePs such that x#y, there

is a fz-algebra 0 and a T-family wt:Pf———>Q separating x and y, ws(x) # ws(y).

Theorem 4.4 Equivalent are;
(1) the homomorphisms ¢t:P€——9P are order-embeddinas:
(i) for all indices seT and all elements x,yePS such that x %y, there

is a f1-algebra 0 and a T-family thPf———?Q such that ws(x) X ws(y).

Whenever the universal homomorphism ¢ is an order-embedding, we can

replace it by the inclusion mapping of the lexicographic sum into an iso-
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morphic copy of P, due to the well-known Zermelo - van der Waerden replace-
ment procedure.l.e., the order-sum can be considered as an extension of the
lexicographic sum. L Pt becomes a subset of P, the lexicographic order of
L_Pt is the restriction of the partial order of P. However, the inclusion

of the partial algebra L.Pt into the algebra P will only be a homomorphism,
not necessarily an embeddina. I.e., L.Pt may only be a weak relative algebra
of P. We will refer to this situation by sayina that P is an order-extension
of L_Pt (algebraically, it may only be a weak extencion). If all fL-algebras
are complete, at Teast the inclusions of the pieces 1t(Pt)(= ¢t(Pt)) into P

are strong, the pieces are then genuine subalqgebras of the complete algebra P.

We now find convenient sufficient conditions on the class £ to

garantee that our mapping ¢:l‘PE———>P will be an order-embedding.

(1) f2 is non-trivial, i.e. it contains a non-trivial algebra
0 in the sense that O contains a pair of distinct comparable elements.
- (1I1) A1l constant mappings between ii-a1qebras are homomorphisms.
(I11) For every (?-algebra P and all elements x,yeP such that x # Y,
there is a di-a]qebra N and a homomorphism ¢:P—>0 such that
aly) = min a(P) <a{x) = max «(P) (“separability“).
Condition (III) may be replaced, for our purposes, by the following:
(I11") Every 5z—a1qebra is embeddable into a non-trivial fi-a]qebra

with least and greatest element.

Note that in the class 42 of all distributive lattices, all four con-
ditions hold. In the class of modular lattices, at least (I), (II), (III')
hold.
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Theorem 4.5 Let ¢t:PE———>P be an order-sum in £l . Suppose that fl ful-
fills the conditions (I), (II), and (III) or, alternatively (III'). Then the

universal homomorphism ¢:l_P£———>P is an order-embedding.

Corollary Suppose is a class of complete algebras fulfilling
conditions (1), (II), and one of (III) or (III'). Then the order-sum P
(provided it exists) is an order-extension (and weak algebraic extension) of

the lexicoaraphic sum L-Pt, and the pieces it(Pt) are subalgebras of P.

Recall that the order-sum exists, if 6L is quasi-primitive.
5. The order-sum extends the Texicographic sum in some nice classes

Theorem 5.1 In the class Ji of semilattices, the order-sum exists

without restriction and is an order-extension of the lexicographic sum.

Theorem 5.2 In the class d? of lattices, the order-sum exists

without restriction and is an order-extension of the lexicographic sum.

Theorem 5.3 In the class Ji of distributive (modular) lattices, the
order-sum exists without restriction and is an order-extension of the

lexicographic sum.

Theorem 5.4 In the class fi of semilattices (lattices, distributive,
modular lattices), the order-sum over a chain T coincides with the lexico-

graphic sum of the partially ordered sets.
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