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EQUATIONAL

LOGIC

Walter Taylor

This is a surveyof existingwork of many authorsin equationallogic or varietiesof
algebras.Our primary interest is in equations for general algebraic systems,and we will
not report in detail on equations in special systems (e.g., fields, where equations
began). As a branch or "fragment" of general first order logic, this subject has two
aspects, one focusing attention on the formal expressions(in this case, the equations),
and the other focusing on the models of these equations. We give slightly more

attention to the first of these, focusing, until õ 13, on sets of equations. This survey

owes much to an expository article of Tarski [413] in 1968, and to some unpublished
notes of D. Pigozzi (ca. 1970). Our exposition will be self-contained for the general
mathematician, the only special prerequisite being a rudimentary understandingof the
term "decidable." We include no proofs. This survey originated in a seriesof talks at
the 1975 Summer Research Institute of the Australian Mathematical Society. Some

valuable suggestionsabout this article were made by G. Bergman, W. J. Blok, S.

Comer, B. Cs•kfiny, B. Davey, A. Day, G. Gr//tzer, W. Hodges, B. J6nsson, R.
McKenzie, G. McNulty, J. Mycielski, E. A. Palyutin, D. Pigozzi, A. Pixley, and A.D.
Tat'manov.

Our objective is to make more mathematicians aware of this subject and to

provide a readable introduction to its examples,its theorems, and what they mean in a
fairly broad context. At the same time we hope to provide a reasonably complete
survey of the literature which will be helpful to specialists. For these reasons(and

others) we have omitted all proofs, and so perhaps we should warn the reader of one
aspect of the subject on which we have not commented in detail: which of these
results were most difficult to prove.

But here we may mention one of the attractions of equational logic: there are

hard and interestingtheoremswhicharevery easyto state(a propertyof all attractive
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forms of mathematics from the Theorem of Pythagoras onward). While the maturity

and value of mathematicallogic are unquestionednowadays,we hope the readerwill
also gain an insight into the present-dayvigor (if not yet maturity) of generalalgebra.
This subject has been clouded by a skepticism ranging from Marczewski's [283]
sympathetic warning:

[In subjectslike general topology and general algebra]
it is easy to get strandedin trivial topics, and caughtin
the net of overdetailed conditions, of futile
generalizations.

to the outright malediction: "nobody should specializein it" ([184],

[64]). This

injunction is certainly out of date (if indeed it ever was valid), and we hope this survey

will be adequate evidence of the successes
of specialistsin universalalgebra. And
perhaps this survey will help dispel another (closely related) myth, which is
epitomized by Baer's remark [16, page 286], "The acid test for [a wide variety of

methods in universalalgebra] will always be found in the theory of groups."Many
interesting results and ideas here either collapsecompletely or become hopelessly
complicated when applied to groups;but there is no lack of interestingclassesof
algebrasdefined by equationsto which the theories may be applied, as we shall see.
And this again is one of the attractions of the subject.

The writing of this survey was supported, in part, at various times, by the
University of Colorado, the Australian-American Educational Foundation and the
National Science Foundation. An early ancestor of this survey was a report of the
Australian S. R. I. lectureswhich appearedin the proceedingsof the SzegedUniversal
Algebra conference of 1975.

Although we believethe matehal unfolds rather naturally in the order we present
it, only õ õ 1,2, 3, 5 are essentialto read first.
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1. Early history and definitions. For a very readable history of algebra,consult
Birkhoff [ 51 ], [ 52], [ 53]. The role of algebraic equations was pronounced from the
start (e.g. duplication of a cube, solvability of third and fourth degree equations,

unsolvability of fifth degree equations, etc.). We are concerned with the identical
satisfaction of an equation - e.g. the associativelaw
x + (y + z) = (x +y) + z

holds for all real numbers x, y, z. The importance of equations holding identically
emerged with the axiomatic approach to group theory and ring theory, and later with

Boolean
algebra
(late19th century)
andlattice
theory
(early20thcentury).
Thefirst
general result on identities was Birkhoff's 1935 theorem [48] which is stated in detail

in õ3 below.

A typeis a family(nt)t• T of naturalnumbers
(0 • nt < co)(whereco= first
infiniteordinal).(Typically,in ourdiscussion
thetype(nt)t•T isarbitrary
butfixed.)

An algebra
[of type(nt)t•T] isa structure
of theformA = (A,Ft)t• T, wherefor
eacht • T, Ft isa function

Ft:Ant-•A
(sometimes
called
annt-ary
operation).
(Remember
thatA¸ isa singleton,
andsoif
nt = 0, thenFt hasone-point
range,
i.e.Ft canbethought
of asa designated
element
a "constant" - of A.)

A homomorphism
•o:A-• B between
algebras
A = (A,Ft)tGT andB = (B,Gt)tG
T
(of the sametype) is a function •o: A -• B suchthat always

•øFt(a1,a2,'")= Gt(•øa1,•øa2,'")'
If •ois onto then B is a homomorphicimageof A; if•o is the inclusionmap of A _CB,

thenA isasubalgebra
of B.If Ai = (Ai,Fit)tG
T (i • I) arealgebras
allof thesame
type,
then we define the product
II

=

i • IAi (IIAi'Ft)'
where

Ft(ot
1,or2,...)
= (Fit(Otli,Ot2i,...):
i • I).
A congruence
relationon A is any equivalence
relation0 on A givenby (a,b) • 0 iff
•o(a)= •o(b)for somefixed homomorphism•o' A -• B.
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2. The existence of free algebras. Let V be any classof algebrasof fixed type.

By definitiona V-freealgebraon the set X (denotedFv(X)) is an algebraB =
(B,Ft)t•-T suchthat
(1) B c V;
(2) X c_B;

(3) if A c V and •0: X-+A is any function,then there existsa unique

homomorphism
•: B -+A with• ] X = •0'
One easily checksthat if B and C are each V-free on X, then there exists a unique

isomorphism •: B-+ C with • the identity on X. (Thus we may say "the" V-free
algebra on X.)

THEOREM. [48]. If

V is any non-trivial class of algebras closed under the

formationof subalgebras
andproducts,
thenFv(X) exists
for everyX.
A proof can be found in any of our references on general algebra. Birkhoff's
original proof has been abstracted in category theory to yield the "adjoint functor

theorem." See e.g., [ 143, page 84]. For some other adjointnessresults on classesV see
e.g., [432]

and [346, pages 148-149].

Such generalized free objects (e.g. tensor

algebras and universal enveloping algebras) were important in Lawvere's development

of an invariant approach to this subject (see õ 7 below).
Familiar examples of free algebrasare free groups and free AbelJan groups. Thus
in some (but not all) cases,elements of free algebras can be written as "words." (We

will return to this point in õ 12 below.) This more concrete description of free algebras

has also caught the attention of category theorists;seee.g. Gray [ 170].
It is unclear whether there is a successfulgeneralization of the Theorem to more

general classesV. Gratzer [ 163, Chapter 8] proposedsuch a generalizationfor classes
V defined by a set 22of first order sentences.But unfortunately his "free algebra" was
not independent of the choice of axiomatization • [Colorado Logic Seminar, Spring,
1969, unpublished].

Perhapsthe most remarkable recent result on free algebrasis Shelah's[397]: if 3,

is a singularcardinal,every subalgebra
of A with < 3, generators
is free, and A has
cardinality 3,, then A is a free algebra.
Notational convention henceforth: K is the classof all algebrasof the fixed type
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(nt)t•T. By the theorem,FK(X) alwaysexists.It is sometimes
called"absolutely
free."

A termis an elementof the absolutely
freealgebra
FK(X), anequation
isa pair
of terms (o,r), usually written o = r or similarly. In our context (namely, the identical
satisfaction of equations), equations are often referred to as identities or laws (or
sometimeseven by the astronomicalterm "syzygy" - see e.g. [440] ).

To know terms more explicitly, we shouldhave a more explicit representationof

the absolutely
free algebraFK(X). (Onesuchrepresentation
is adequate,
sinceall
absolutely free algebrason X are isomorphic via a unique isomorphismover X.) To do
this, we will first redefine "term" by the following recursire schemefor generating

formal expressions
(regardingthe membersof X and the symbolsFt(t G T) as
belonging to an "alphabet"):
(1) x is a term whenever x G X;

(2) Fta1 --' an isa termwhenever
a 1,...,an areterms.
t

t,,

n

LetT bethesetofallterms,
anddefine
operations
Ft: T t • Tvia

Ft(a1....,Otnt)
=Fta1... an.
EXERCISE.(T,Ft)t•-T isK-freeonX.
EXAMPLE.

If we are dealing with one binary operation F, then the following

are in T (and hence are terms):

Fxy, Fyx, FxFyz, FFxyz.
And so the following are equations:
Fxy = Fyx
FxFyz = FFxyz,

which are readily recognized as the usual commutative and associativelaws for F.

3. Equationally defined classes.We say that the equation o = r holds identically
in the algebra A, in symbols

A •o=r,

iff •0(o)= •r) for everyhomomorphism
•0:FK(X) • A. (N.b.recallthat•0:FKX • A
is givenexactlyby •00:X-• A. Thusour definitionis easilyseento be a precise
formulation

of the idea that o and r "come out the same" nomatter

what elements of
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A are taken as values of the "variables" x C X appearingin o and r, i.e. the usualidea

for familiar equations like the associativelaw.) An equationally defined classof
algebras,alias a variety, is a classV for which there exists a set Z of equations with

V=mod23=(A:

for alleC23, A • e).

(Here "mod 23"abbreviates"the classof all modelsof 23.")
THEOREM. (Birkhoff 1935 [48] ). V is a variety if and only if V is closedunder
formation of products, homomorphic imagesand subalgebras.
This enormously important result, in a style almost unheard of at its time,
effectively began "model theory." (See e.g. Tarski [41 1].) It can be considered the
ancestor of almost all research described in this survey. And yet in his history of
modern algebra [52], Birkhoff alludes to it in half a line only!
This theorem has been followed over the years by many others of a similar
format - sometimes called "preservation theorems" since Birkhoff's theorem (together
with compactness)has the corollary that if a sentence•0 is preservedunder formation

of homomorphic images, subalgebras and products, then •0 is equivalent to a
conjunction of equations. For instance Keisler and Shelah proved that a classL of
structures is definable by a set of first order sentences iff L is closed under the

formation of isomorphic structures, ultraproducts and ultraroots. (Keisler proved this
assuming the G.C.H., and Shelah [396]
preservation theorems, see e.g. [276].

without. See also [7].)

For many other

More in keeping with the algebraic results of

this survey are the following three theorems.

THEOREM. ([228] ;seealso [366]).

V is definable by regular equations if and

only if V is closedunder the formation of products,subalgebras,homomorphicimages
and sup-algebras.
(An equation is regular if and only if exactly the same variables appear on both

sides.The sup-algebra
of type (nt)tCT (uniquewithinisomorphism)
is the algebra
({ 0,1),Ft)tGT,wherefor eacht,

0 ifal

ant

Ft(a1,...,ant)
=
1

otherwise.)

THEOREM. ([ 151], [55]; see also [395] ). V is definable by linear equationsif
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and only if V is closedunder the formation of products, subalgebras,homomorphic
imagesand complex algebras.
(An equation is linear iff each side has at most one occurrence of every variable.

If A = (A,Ft)tCT isanyalgebra,
thecomplex
algebra
of A isB = (B,Gt)tCT, whereB is
the set of non-empty subsetsof A, and

Gt(u
1,...,unt)
={Ft(a
1....,ant):
ai • ui (1• i • nt)•.)
The next important result really goesback to J.C.C. McKinsey [303] in 1943 (he
proved a theorem which, in combination with the above theorem of Keisler and

Shelah, immediately yields our statement). The present formulation was probably first

given by A. I. Malcev [280, page 214], [279, page 29] ;many other proofs have been
independently given [166],

[307],

[394],

[145],

[28]

- although the precise

formulation differs from author to author. See also [85, Theorem 6.2.8, page 337],

and for related results[33],[239],[186]

THEOREM.

and [187].

V is definable by equational implications iff V is closed under the

formation of products, subalgebrasand direct limits.
An equational implication is a formula of the form

(el&e 2&-..&en)-•e,
wheree,e1,...,en areequations,
for examplethe formula
(xy = xz -• y = z)

defining left-cancellative semigroups among all semigroups. For direct limits see

[163],

[143] (or any other book on category theory). For some interesting classes

defined by equational implication, see [417] and [40]. For someinfinitary analogsof
Birkhoff's theorem see [402], and of McKinsey's theorem, see [186].

In the next

result, infinitary formulas are in a sense forced upon one, even though it is a result

about ordinary finitary algebras.A generalizedequationalimplication is a formula

i•iei-•e,
wheree, ei (i • I) are equations
(possibly
infinitelymany).The next theoremwas
perhaps first stated in [33], although maybe some other people knew of it.

THEOREM. V is definableby a classof generalizedequationalimplicationsiff V

6
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is closedunder the formation of products and subalgebras.
Fisher has in fact shown [ 138] that we can always take this classof formulas to

be a setill Vop•nkagprincipleholds.(Thisis one of the proposed"higher"axiomsof
set theory.) Some less conclusive results about classesclosed under the formation of

products and subalgebrasoccur in [196], [ 177], and [ 178]. Some mistakes of [ 155]
are corrected in [327].

For some other infinitary (in this case, topological) analogs of Birkhoff"s

theorem, see [ 112], [108], and [428]. (A unified treatment appears in [ 109] .) For
instance, the condition

(*)

n!x• 0

defines a class of topological Abelian groups (here • means "convergesto"), which
contains all finite discrete groups but not the circle group. In [428] there is a theory
of classesdefined by conditions similar to (*); these classesare called "varieties" of
topological algebras.

See [57]

for another analog of Birkhoff's theorem which goes beyond pure

algebra.

4. Generationof varietiesand subdirectrepresentation.
Let V0 be any
collection of algebras of the same type. Since the intersection of any family of

varietiesis againa variety,thereexistsa smallest
varietyI,' D_V0. It clearlyfollows
from õ3 that

I,'= ModEq V0,
whereEq V0 meansthe setof equations
holdingidenticallyin V0. It isalsoveryeasy
to prove (using Birkhoff's theorem of õ 3) that

V = HSP
since, as one easily checks, the R.H.S. is H-, S- and P-closed.Problem 31 of Gnitzer's
book [ 163] asks whether this fact implies the axiom of choice. (For M any classof

algebras, HM, SM, PM denote the classesof algebras isomorphic to homomorphic

images,subalgebras
and productsof algebrasin M.) In practice, S and P seemnatural

enough,affording a "co6rdinate" representationof [some] algebrasin V using

algebras
of V0. ButH seems
less
natural,
andonehopes
in favourable
circumstances
to
avoid it, arriving at
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(*) V=SP VO,

an equation
whichonecanoccasionally
provefor a givenVO,or, lessdifficult,given
V, onecanlookfora manageable
V0 for which(*) istrue.Forexample
it ishistorical
that if V is the varietyof vectorspaces
overa fixedfield,then(*) holdsfor V0
containing only a single one-dimensional space. And Stone's (1936) representation
theorem for Boolean algebrassaid (in part) that if V is the variety of Boolean algebras,

then(*) holdsfor V0 consisting
of onlya two-element
algebra.
The key to understanding (*)
representation theorem [49],

in general is Birkhoff's (1944)

subdirect

which in fact is a generalization of Stone's theorem

above. An algebra A is said to be subdirectly irreducible iff it cannot be non-trivially

embedded in a product of other algebras, i.e. any family of homomorphisms
separatingpoints of A must contain some one-one homomorphism.

THEOREM. (G. Birkhoff). Every algebra A • a subalgebraof a product of
subdirectly irreduciblealgebras,eacha homomorphicimageof A.

COROLLARY
1. (*) holdsiff SV0 contains
all subdirectly
irreducible
algebras
of V.

Birkhoff's Theorem above makes essentialuse of the fact that all operationsare

finitary (i.e. nt (•0

for all t 6 T). For somecounterexamples
in the domainof

infinitary algebra,see [36] and [113]. (Such counterexamplesare implicit in Gr/itzer
and Lampe [Notices A.M.S., 19(1972), A-683] .)

Gr/itzer proved that this theorem implies the axiom of choice, answering a
question of Rubin and Rubin. See [ 163, Exercise 102, page 160].

(Notice that every simple group is subdirectly irreducible, and so Corollary I tells

usthat(*) cannot
holdforthevarietyof groups
unless
V0 isalready
a properclass.
In
14.8 below we will return to the distinction between varieties which have "good"
subdirectrepresentationtheories, and those which do not.)

COROLLARY2. If

two varieties contain exactly the same subdirectly

irreducible algebras, then they are the same.

EXERCISE.

[49]. If R is a subdirectly irreducible commutative ring without

non-zero nilpotents, then R is a field.

Consult [76] and [31] for a general treatment of subdirect irreducibility in

8

EQUATIONALLOGIC

model theory, and [84] for a treatment in the Bourbaki framework of mathematics.
Consult [357], [323] and [25] for a general theory of manipulation of H, S and P.

5. Equational theories. Birkhoff's

theorem of

õ3

sets up

a

one-one

correspondencebetween varieties V and certain sets Z of equations

via

V•>Eq

V

Mod •; *q E.

The sets •; appearinghere (as Eq V) are called equational theories. One easily seesthat

•; is an equationaltheoryiff e C •; whenever•; N e; i.e., e is truein everymodelof •;,
i.e. e is a consequenceof •;. Birkhoff's next result was to axiomatize the consequence
relation,

as follows:

(1) o = o is always an axiom.

(2) From o = r, deduce r = o.
(3) From p = o and o = r, deduce p = r.

(4) Fromoi = ri (1 •<i •<nt),deduce
Ft(o1,...,on) = Ft(r 1....,rn).

(5) Fromo(xl,...,xn)= r(x I ....,Xn),deduce
O(Pl....,t}n)= r(Pl,...,pn)-

(In (5), o, r, Pl,...,Pn are any termsand o(Pl,...,pn)is definedasthe imageof o
undera homomorphism
of FK(X) givenby mapping
xi• Pi (1 •< i •<n) - asonemay
check,this is a preciseexpression
of a naiveidea of substitution.)We write •; [-e if
there exists a (finite) proof of e starting from •; and using only the rules (1) - (5).

THEOREM. (Birkhoff, [48] ). Z • e iffZl-e.
It is sometimes useful to know refined versionsof this "completeness" theorem,

which state a similar result for different (usually more restrictive) variations on the

notion of I-. See for instance[74, page40] for one; similarmethodsgo back to
Tarski. For the main result of Tarski [414] (stated at the beginningof õ 11 below), it

is important to know that (4) can be replacedby somerulesof proof which haveonly

one antecedent(as is not too difficult to see). We will describebriefly one other

WALTER TAYLOR
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derivation system for "equational logic" which has been useful for proving many of

the undecidabilityresultsof {}12. For semigroups
it was originatedby Kuro• (see
[251]);

see also [3052,

[306].

We first assume •2 is closed under forming

substitutions.
By a "derivation"we meana sequence
(o1,...,on)suchthat for i =
1,2,...,n-l,thereexists(o•=/3)C •2suchthato•(or/3)isa subterm
of oi andoi+1 results

fromoi by replacing
thesubterm
a by /3(resp.a). Thenif wedefine•21-o = r to
meanthat thereexistsa derivation(o! ,...,On)with oI = o andon = r, thentheabove
theorem

of Birkhoff

remains

true.

Proof calculi have also been useful in establishing some interpolation and
definability results [1422, [200],

[187].

Some (more computational) rules are given

in Knuth and Bendix [248] and usedin Glennie [158]. Seealso [43, {}102.
Theorems parallel to this completeness theorem of Birkhoff are not numerous.

There is of course G6del's complete set of rules of proof for first order logic. (For
second order logic, no such set of rules can exist, but see Karp [2382, Keisler [242]

for some rules which go beyond first order logic.) A. Selman [393] has given a set of

rules for equation implications (independently discoveredby D. Kelly [unpublished] ),
and Sfomir•skigave an infinitary analog of Birkhoff's theorem in [402]. G. McNulty

has asked [3072 whether a simple set of rules exists for the classof all positive

sentences.
Seeanylogicbook (e.g. [267] or [85] ) for moreinformationon I-. A large
portion of this surveyis concernedwith the relationI-; in the next sectionwe will
specifically illustrate Birkhoff's completeness theorem.

6. Examplesof • . Let P denotethe axiomsof commutative
associative
ring
theory. We will show that

(*) P,x48=x• x2=x.
(Definition
in {}5.)Forthisit isenough
toprove
thatevery
ringobeying
x48= x also
obeys
x2 = x, andbyCorollary
2 in {}4,it isenough
tocheck
subdirectly
irreducible
rings
obeying
x48= x. Such
a ringclearly
hasnonon-zero
nilpotent
elements,
andso
by the exercise in {}4, must be a field, having q •< 48 elements. One easily checks that

for some m, m(q - 1) + 1 = 48, i.e. m(q - 1) = 47 and so either (q - 1) = 47, i.e. q = 48,
impossible since q must be a prime power; or q-1 = 1, i.e. q= 2, yielding the

two-element
field,which
does
obeythelawx2 = x,proving
(*). AndsobyBirkhoff's

10
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completeness theorem (õ 5),

P,x48= x i- x2 = x.
(It is an interesting exerciseto try to perform this deduction directly, using any of the
methods of õ5.) (Cf. e.g. [ 176] .)

The number of places where equational deductions occur in the mathematical
literature is too great to be catalogued. An interesting example concerns some
ring-theoretic identities of Hilbert (see e.g. [ 114]). For an interesting mistake, see
[422].

Conway's book on "machines" contains whole chapters of equational

deductions [92]. And "Baxter algebra" (a kind of abstraction of probability theory)
proceeds partly via equational deductions [384]. For some interesting and nontrivial
deductions in lattice theory see [291], and in general algebra [342]. Some papers,
such as [ 192], consist entirely of a single equational deduction.
The strength of equational deduction can be well appreciated from the words of

Chin and Tarski [86] on relation algebras (see 9.23 below) "it has even been shown
that every problem concerning the derivability of a mathematical statement from a
given set of axioms can be reduced to the problem of whether an equation is
identically satisfied in every relation algebra. One could thus say that, in principle, the

whole of mathematical research can be carried out by studying identities in the
arithmetic

of relation algebras." This idea has been carried further in Tarski's

forthcoming book [415]. (But the interest here is clearly theoretical, not practical it is easier to examine mathematical problems directly than to translate them to
identities.)

And so1- seemsdecidedlynon-trivial (a fact to be more firmly establishedin
õ 12 below). Almost all equational deductionsin the literature proceed via an informal

mix of I- and• (i.e. usingthe frameworkof •, but alsoapplyingrulesof l- whenever
obvious or convenient). For example, it is a familiar exercisethat

F,x2=e• xy=yx
(where F stands for (equationally expressed) axioms of group theory). Pursuing any

"naive"proof of thisshouldshowonehow to write a "formal" proofusingl-. A more

difficultexercise
([406], [259]) is I', (xnly
nl) = (xy)nl,xn2y
n2=

n,•
n,
12
2 } =2.
(xy)
%...,x
[ym.
"=(xy)nk•
xy=yxiffg.c.d.{(n
-nl),...,(nk-nk)

WALTER TAYLOR
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One might also consider Albert's deduction [5] of full power-associativity of
"algebras" (multiplicative vector spaces)over fields of characteristic4:2,3,5 from the

lawsxy= yxand(x2x)x= x2x2.
7. Equivalent varieties. We mention two of the many possible ways of
axiomatizing group theory equationally (not to mention non-equational forms suchas
"for all x there exists y (xy = e)").

Fl: x(yz) = (xy)z

u.(xx-1)= (y-l.y).u= u
?2:(xY)z=x(Yz)
x/x=e

ex=xe=x

x/y=x(e/y)

u(e/u) = (e/u)u = e,

(where/ denotes
"division").
ClearlyPl andP2 donotdefinethesamevariety,for
theyareof differenttypes- (2,1) and(2,2,0).Butexamination
of themodels
of Pl
andthe modelsof P2 will convince
onethatthereisnoessential
difference
between
a

non-empty
Pl-groupanda non-empty
1`2-group.
To makethissameness
precise
we
introduce equationswhich will serveas definitions:

Al:x/y=x-y
-1
e = x.x-1

A2:x-1=e/x.
Now one may check that

(*) F1,z51
I- I'2 andP2,z52
I- P1.
Onemorepointis important.
If wetakeoneof theA1 definitions
of anoperation
F,

i.e. F = c•,andsubstitute
intoc•all theA2 definitions,
wegetF = c•[A2];thenone
should have

(**) I'21- F = c•[A2]andlikewise
withtheroles
of Fi,P2;A1,A2 reversed.

(E.g.
A1says
x/y= x-y-1. Upon
substituting
theA2definitions,
wegetx/y=x'(e/y),
andthisis indeedprovable
fromF2.) Nowgenerally,
equational
theories
Pl,P2 are
saidto beequivalent
iff thereexistsetsof definitions
A1,A2 suchthat(*) and(**)
hold.

(Thereis oneintrinsic
difference:
F1 hasan emptymodel,but I'2 doesnot.
Nonetheless,
1'1 and 1'2 are generally
regarded
asequivalent.
To thisextent,empty

12

EQUATIONAL LOGIC

algebras do not matter,

and some writers save themselves this and related

considerationsby always taking algebrasto be non-empty. See Friedman [ 142] for a
more general theory of definition within varieties. Operations may be implicitly

definable (i.e., specified by the other operations) in V, but not explicitly definable
except by arbitrarily complex formulas of first order logic.)

Equivalence
has its model-theoretic
aspect,too. VarietiesV1 and V2 are

equivalent
(i.e. Eq V1 andEq V2 areequivalent
in theabovesense)
iff thereexists
an
isomorphism
of categories
•: V1 -• V2 whichcommutes
withtheforgetfulfunctorto
sets (i.e. •V 1 has the same universeas V1 and a similar fact holds for
homomorphisms). (These categoriesare formed from the non-empty models of a
variety and all the homomorphisms between them. Cf. the remarks in the 2nd
paragraph on page 52 of [425]. For various references and remarks on this theorem of
A. I. Malcev, see [420,

page 355].)

Perhaps the first historical example of an

equivalence of varieties is the well known natural correspondencebetween Boolean
algebras and Boolean rings (with unit). Also consider the correspondence between the

varieties of Abelian groups and Z-modules- here the equivalenceis so easythat some
people write as if it were an equality. Some other interesting examplesof equivalence
may be found in [96].

Very close to the idea of equivalence(in it model theoretic form) is the idea of

weak isomorphism as developed in Wroct•aw.This together with an emphasison
independent sets over free algebras gave equational logic a somewhat different
direction and flavor in that school. See Marczewski [282] for an introduction to these

ideas. Briefly, algebras A and B are weakly isomorphic iff there is a bijection •0: A -• B
such that the algebraic operations of A are exactly the same as the operations

•0-1F(•0Xl
....,•0Xn)
where
F(Xl,...,Xn)
isanalgebraic
operation
ofB.(Here,
bythe
family of algebraic operations, we mean the closure under composition of the family

of all operations
Ft togetherWithall projectionfunctions.)
Thentwovarieties
are
equivalentiff they have weakly isomorphicgenericalgebras(see õ8 for "generic").
Properties of varieties seem more natural and interesting if they are
equivalence-invariant, if only because then they do not force us to make any

"unnatural"
choicebetween,
say1•1and1•2above.For example,
thesimilarity
type

WALTER
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(2,1) is obviously not intrinsic to the idea of a group. Many of the properties

considered below are (obviously) equivalence-invariant,but a few, such as being
"one-based" (õ10)

are not, as we shall see, comparing 10.3 and 10.10 below.

Moreover, certain results cannot even be stated without mentioning equivalence (14.2
and 14.5 below).

It is possibleto define equational classesso as to make all expressableproperties
automatically equivalence-invariant, i.e. to give no preference to any of the possible
equivalent forms of a given variety. This amounts to considering the set (rather than a

sequence
(Ft)tCT) of all possible
operations
definedby V-terms.Thisideagoesback
to P. Hall (see [91, pages 126-132] ), and has been worked out independently in detail

by W. D. Neumann [332] and F. W. Lawvere [254] (see page362 of [420]

for more

detailed historical remarks, and pages390-392 for a proof- independently found by

W. Felscher- of the equivalenceof these two approaches).Some of these ideas were
presented independently by Claude Chevalley in a speech at Stanford in November,
1962. Certainly Lawvere's approach came much sooner than Neumann's and has
obtained a much wider following. We will not describe his invention, "algebraic

theories," except to say that they contain precisely the right amount of information
to describe varieties without allowing any individual operations to play a specialrole.
For further referencessee [420, loc. cit.]; see also [272].

Despite some enthusiasticclaims (see e.g. the dustjacket or Chapter 3 of [346] or

[443, page 121]) that these category-theoreticideas would take over the study of
universal algebra, this hasn't really happened by 1979. Their significant role, so far,

has been to suggestanalogiesoutside pure algebra (e.g. compact Hausdorff spaces).
But they have had almost no impact yet in the study of ordinary varieties (i.e. the

kinds of subjectsdiscussed
in this survey),with one interestingexception:the study of

Malcev conditions(õ 15 below) was facilitatedby viewingit as a study of morphisms
between algebraictheories(see[420] and [427] ). Other possibledirectionsare givenin
[347], [40], [58], and [244]. Some useful remarks are found in Lawvere [255]. The

reason that direct application of "algebraictheories" to equational logic is difficult (or

unnecessary)lies mostly in its model theory; to seethis, let us notice (as many others
have before) that the passage
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groups with a specific presentation

• abstract groups

is closely analogousto the passage
varieties, as defined by a set of laws

• algebraic theories.

Although this analogy is perfect for operation symbolsand laws, unfortunately the
models(i.e., the algebrasin a givenvariety) fit more convenientlywith the L.H.S., and
somewhat spoil the analogy (although they correspond,very roughly, to the structure
which is to be preserved in forming a group of automorphisms). Moreover

equivalence-invariance
of model theoretic propertiesis almost alwaystransparent;and

such propertiescan usuallybe discussed
in a very simpleinvariantway (by considering
the set of all operations- seee.g. [282] ); cf. õ õ 14-16 below.

8. Bases
andgeneric
algebras.
Asseenin õ5, if 230is anysetof sentences,
the
smallest
equational
theory•_Z0 is

EqMod•0 = {e:•0 [- e},
andin thiscasewesaythat •0 isa setofaxiorns,or anequational
basefor •. Several
of the next sectionsare concernedwith the problem of finding (varioussortsof) bases

Z0'
Here we consider what amounts to some concrete examples of Birkhoff's

theoremof õ3, namelywelookfor a base•0 for a singlealgebra
A, i.e.,wewant

Mod•0 = HSPA.
Actually,given230,A maybe regarded
asunknown.
Herewereferto A asgenteric
for

thevarietyMod•0 or for the theory• = EqMod•0' UsingP onecaneasilyseethat
every variety V has a generic algebra, i.e.

for all V there exists A(V = HSP A).

OnesuchA is the V-freealgebra
on •q0generators;
seealso[408]. Wementionherea
fewexamples
of suchA and•0'
8.1. The ring Z of integers is generic for the theory of commutative rings.
8.2. The 2-element Boolean ring [with unit] is generic for the theory of Boolean

rings[withunit],given
bythelawsforrings
[withunit]together
withthelawx2 = x.
(Similarly for Boolean algebras, by remarks in 87; this fact may be interpre'ted as a

completeness
theorem for propositionallogic.)
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where A is the family of all subsetsof the

Euclidean plane and - denotes topologicalclosure, is a genericclosurealgebra
(McKinseyand Tarski [304]; seealso [408]).

8.4. Any non-commutative
totally orderedringis genericfor the theory of rings,
by a theoremof Wagner[435]. (Suchringswere first constructedby Hilbert.) Thereis
a long history of investigationof which rings can obey non-trivial polynomial
identities (PI-rings);see [6], also [41 ], [42].
8.5. Each of the two 8-element non-commutative groups is generic for the
variety of groupsdefined by the laws

x4= 1

[x2,y]= 1
(where [ , ] denotesgroup commutator) [270].

8.6. The group of rigid motions of the plane is genericfor the variety of groups
defined by the law

[[x,y],[u,v]]

= 1

(L. G. Kova'csand M. F. Newman - from [331]).

8.7. The rotation group of a 2-sphere is generic for the variety of all groups
(Hausdorff). (Notice that this statement has a meaning obviously invariant under

equivalence,
andsoI donothaveto statewhether
I meane.g.,F 1 or F2 of õ7. Similar
remarks are applicable throughout õ8.)
8.8. The group of

all monotone

permutations of

(R,•--<) is a generic

lattice-orderedgroup(Holland [188] ). (Here R denotesthe setof real numbers,and •<
its usual ordering.)
8.9. For fixed p • R, the algebra
(R,px + (1 - p)y)

is generic for the laws
XX=X

(xy)(zw) = (xz)(yw)

iff p is transcendental.(Fajtlowicz and Mycielski [136] .)

8.10. Thealgebra
(co,xy) isgenericfor thelaw
(xY)Z= (xZ)Y

16
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(Martin [286, page 56]). (Here co= { 0,1,2,...} and xY denotes ordinary

exponentiation
with00= 1.)Theproof
issurprisingly
long.
Cf.9.20below.
8.11. The algebra
(co,xy,x
y) is genericfor the laws
xy = yx

(xy)z = x(yz)

(xy)Z = xZyz

(xY)Z= xYZ
(Martin [286, page 78] ).

8.12. The algebra(FZ,+)is genericfor the laws
(x+y) + z = x + (y+z)
x+y+x+y=y+x+x+y
x+y+z+x+y=y+x+z+x+y

x+y+x+z+y=y+x+x+z+y

x+y+z+x+w+y=y+x+z+x+w+y

(J. Karnofsky [unpublished] - see [286, page 31]). Here + denotes addition on the

classFZof all ordinals- the algebra(FZ,+) couldbe replacedby a countableone.

8.13. Thealgebras
(co;An)n•>3
and(co;0n)n>•4
areeachgeneric
forthevarietyof

all algebras
of type(2,2,2,..)(i.e.,for Z0 = 0). (Martin[286,page131,page134].)
HereAn (n •>3)aretheAckermann
operations
beyond
exponentiation,
andtheOn are
some related operations invented by Doner and Tarski [110], who conjectured a
somewhat stronger statement.

PROBLEM 1. Do these three equations form an axiom base for Boolean
algebras?
xvy=yvx

xv(yvz)=(xvy)vz

((x v y)'v (x v y')')'= x.
(See [354] for a history of this problem.) All finite models of these equationsare
Boolean algebras.

PROBLEM 2. Do the following eleven equations form an axiom base for

(co,1,x+y,xy,xY)?
1.

x+y=y+x

WALTER TAYLOR

2.

xy = yx

3.

x + (y+z)-- (x+y) + z

4.

x(yz) = (xy)x

5.

x(y+z) = xy +xz

6.

xy+z = xYxz
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7. (xy)z= xZyz

8. (xy)Z= x(yZ)
9.

x'l

=x

10. xl=x
11. lX=l.

(Tarski - see [286] .) Tarski has called this the "high school identity problem (with
unit)." (Incidentally, Martin [286]

has remarked that it follows easily from the

methods of Richardson [377] that

Eq(oo,
1,x+y,xy,xY)
= Eq(R+,1,x+y,xy,xY),
whereR+ isthesetof non-negative
realnumbers.)
We could go on and on with interesting examples (see e.g. [4], [104], [135],

[ 153], [ 188], [265], and[408]), butwewillstophere.In placeof finding
a base
of a givenA, onecanoftenbe contentwiththeknowledge
thata finite•0 exists
or
does not exist, as the casemay be: this is the idea of the next section.(Although
sometimesexplicit - but complicated- basesare found in the researchesreported in õ 9

andõ10.Themethods
of õ14.5andõ15alsosometimes
leadto finding
•20andA as
in thissection.)
Thereverse
problem,
of findinga generic
A fora given•20'islesswell
defined. As remarked above, A always exists, but finding a "known" (i.e. familiar) or
simple generic algebra can be very elusive, e.g. for modular lattices. (The problem of

"simply" describinga free algebra is really a word problem - see õ 12 below - and the

word prc•blemfor free modular latticesis not solvable.)
9. FinRely basedtheories. We say that an equational theory •2 is •nitely based

iff thereexistsa finiteset•20of axiomsfor •2.(Thedefinitions
in õ7 shouldmakeit
clear that this is an equivalence-invariant
property of all •2 which have finitely many
operations.) Evidently many familiar theories are finitely based - groups, Boolean
algebras, rings, lattices, etc.; see also the various examples in õ8. Here we list some
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algebrasA with Eq (A} knownto befinitely based:
9.1. Any two-element algebra (Lyndon [265] ). (But Cf. 9.16 below.)
9.2. Any finite group (Oates and Powell [336] ).

9.3. Any commutative semigroup(Perkins [349] ). (In other words, every variety

of commutative semigroupsis finitely based. This is also proved in [ 124] .) Also, any
3-element semigroup[349]. (Cf. 13.5 below.)
9.4.

Any idempotent semigroup (Fennemore [137], Biryukov [54], Gerhard

[ 152]). (A semigroup
isidempotent
iff it obeys
thelawx2 = x.)
9.5.

Any finite, simple, 2-generatedquasigroup(McKenzie [297] ).

9.6.

Any finite ring (Kruse [250], Lvov [263]).

9.7. The ring M2(k) of 2 X 2 matricesover a field k of characteristic
0.
(Razmyslov [374] .) (Cf. 8.4 above.) (For n •> 3, this is open.)

9.8.

Any nilpotent ring; any commutativering (Bang and Mandelberg[37] ).

9.9.

Any finite (non-associative)ring without zero-divisors(Lvov [264]).

9.10. Any finite lattice (possiblywith operators)(McKenzie [291]). (Answering
Problem 45 in Gr/itzer's book [ 163] .) More generally:
9.11. Any finite algebra which generates a congruence-distributivevariety (see

{}15 below) (Baker [ 17] - seealso [277], [426] and [226] ). The specialcase(of 9.10
- 9.11) of primal algebraswas known much earlier (Rosenbloom [379], Yaqub [444];

alsoYablonskit'
in the mid-fifties- see[ 319] ).
9.12. Any finite simple algebra with no proper subalgebrasexcept one-element
subalgebraswhich generatesa congruence-permutablevariety (McKenzie [299] ).
9.13. If V has only finitely many subdirectly irreducible algebras,all of them are
finite, and V has definable principal congruence relations, then V is finitely based. As

a corollary,
if V is a locallyfinitevarietyandthereexistA1,...,Ak 6 V sothatevery
n 1 n2

nk

finite A6 V is isomorphicto some A 1 A2 'ø' Ak, then V is finitely based.
(McKenzie [300].)

Thus the para-primal varieties of Clark and Krauss are finitely

based.

9.14. Any finite ©-product of finitely basedtheories is finitely based(see [420],

pages 357-358]; [424, pages 266-267] for © - which correspondsto taking the

product of the algebraictheoriesdescribedin {}7). Pursuingthe analogyat the end of
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õ7, this easy result correspondsto the fact that the product of two finitely presented
groups is finitely presented.
9.15. Recently Murskii has proved [319] that "almost all" finite algebrashave a

finite base for their identities (i.e., for fixed type, the fraction of such algebrasamong
all algebras of power k approaches 1 as k -• oo_ or even, for fixed k, as the number of
operations approaches oo). (The unary case is easy - all are finitely based; in the
non-unary case he in fact proves much more: almost all are quasi-primal - cf. õ15
below, and also 9.11 and 10.7.)

For some further remarks about finite algebraswith finite bases,consult [235].
We now turn to equational theories which are not finitely based. Of courseit is almost

trivialto construct
suchtheories
usinginfinitelymanyoperations
Ft(t 6 T), evensome
which are equivalent to the (finitely based!) theory with no operations. As G.

Bergmanpointed out,non-finitely basedtheorieswith finite T arisealmostautomatically
if we consider a semigroup S which is finitely generated (say by F C_S), but not

finitely
related.
Ourtheory
canbetaken
tohave
unary
operations
• forf • F andlaws
flf2 "' fkx= fk+l "' fsx wheneverfl '" fk = fk+l "' fs in S. Somemore
interesting research has centered on finding less obvious, but more important,
examples of theories and algebras which have T finite and are still not finitely based:

9.16. The algebra with universe (0,1,2) and binary operation:

(Murski]'
[318] , following
9.17.

o

I

;•

0

0

0

0

I

0

0

I

•

0

•

•

Lyndon [266] ).

The six-element semigroup

(with ordinary matrix multiplication). (Perkins[349].) Earlier Austin [ 11] gavesome
other varieties of semigroupswhich are not finitely based. C. C. Edmunds has recently

shown that six is as small as possiblefor a semigroupwith zero and unit.
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9.18. Some varieties of groups (Ol'shanskii [337], Vaughan-Lee [434] )(cf. 13.3

below for a more complete discussion).The existenceof suchvarietiesof groupswas
open for a long time.
9.19.

The infinite

lattice

(McKenzie [ 291 ] ).

9.20. The algebras(•2,+,-) (Martin [286, page210] [287]) and (•2,xy) [286,
page 211]. See 8.10 and 8.12 for the definitions and some comparisons.Note also
that (co,+,') is obviously finitely based(cf. 8.1 ). Also cf. õ 12 below.

9.21. The algebra(co,x+y,xy,xY)(Martin [286, page118]). (Cf. 8.11.) This is a
negative solution to one version of Tarski's "high school identities problem"-he

describeda set of 8 familiar identities (namely the first 8 of Problem 2 of õ8), and
asked if these formed an equational base. For another version of this problem, see
Problem 2 below and Problem 2 of õ 8.
9.22. Any lattice-ordered ring which is an ordered field (and all of these have the

same equational theory) (Isbell [ 199] ). (An infinite basisis indirectly described[loc.
cit. ].)

9.23. The variety of representablerelation algebras(Monk [312] ) and for n • 3
that of representable cylindric algebras of dimension n (Monk [314]).

(Roughly

speaking,cylindric algebrasare to full logic what Boolean algebrasare to logic without

quantifiers"forall,""ther½ exists'.'Relation algebras are intermediate in strength.)
Representable algebras (of either type) have a very natural semantic definition; the

definition of the entire classof cylindric or relation algebrasamounts to selectinga
(necessarilyrather arbitrary, no matter how utilitarian) finite subsetof the equational

theory of representablealgebras.Monk's resultsindicate that there is really no natural
finite

set of axioms.
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9.24. The variety of disassociativegroupoids (Clark [88]). (The axioms of this
theory consist of all two-variable consequencesof the associative law for a single
binary operation. Cf. 14.4 below.)

9.25. Thetwotheories
axiomatized
by TOandT 1 (of Tarski[413]):

TO= {Fn+lyxl--'XnY
=Fn+lyx2
--'xnxly:
nCco)

T1=TOt_J
{Fnyxl--.x
n=Fn+lyxl..-xnFyy:
nC
(Here
F isa binary
operation
andFn isdefined
recursively
viaFn+lxl--'Xn+2
=
F(Fnx
1" 'Xn+l)Xn+2')
PROBLEM 1. Is the algebras(R, xy,l-x) finitely based?(Here R denotes the real
numbers.) (J. Mycielski [136]; R. McKenzie discovered a non-trivial identity of this
algebra - again see [ 136] .)

PROBLEM2. Is (co,1,x+y,xy,xy) finitelybased?
(Tarski)Cf. 9.21andProblem2
of õ8. For a discussionof this problem seeHenkin [ 181 ].
PROBLEM 3. Is A finitely based if A is finite and all subdirectly irreducible

algebrasin HSP A are in HS A? (B. Jdnsson).
We close with three "problems" which are no longer problems - they were solved

just as final preparations were made on this survey. Pigozzi showed that the answer to
Problem 4 is "no"; his example is actually generated by a finite algebra.

S. V. Polin has answered negatively Problems 5 and 6. His work (see
supplemental bibliography) has been replicated and improved by M. R. Vaughan-Lee.
Their example is a non-associative ring of characteristic 2 having 64 elements. Other

exampleshave since been found by I. V. Lvov, Yu. N. Mal'tsev and V. A. Parfenov.
"PROBLEM" 4. Is every equationally complete (see õ 13 below) locally finite
variety finitely based?(McKenzie [299] ).
"PROBLEM" 5. Is every finite algebra which generatesa congruence-permutable
variety finitely based?(McKenzie [299] ).
"PROBLEM" 6. Is every finite algebra which generates a congruence-modular

variety finitely based?(Macdonald [269] ). (Cf. 9.11 above.)

10. One-based
theories.Taking Z0 and Z as in õ8, we say that Z (or
V = modZ) is one-based
iff thereexistsa setof axioms2;0 with I•01-- 1. Hereare
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some algebrasor theories which are one-based:

10.1. The variety of all lattices (McKenzie [291]). McKenzie's original proof
yields a single equation of length about 300,000 with 34 variables. Padmanabhan

[341 ] has reduced it to a length of about 300, with 7 variables.Here we mean lattices
formulated as usual with meet and join. Cf. 10.8 and 10.9 below. More generally:
10.2. Any variety which has a polynomial m obeying
m(x,x,y) = m(x,y,x) = m(y,x,x) = x

(a "majority polynomial") and is defined by "absorbtion identities," i.e., equations of

the form x = p(x,y,...). (McKenzie [291 ]; seealso [341 ].)

10.3. Any finitely basedvariety V of EEl-groups
(seethe beginning
of õ7)
(Higman and Neumann [ 185] ). Tarski got this for V = all Abelian groups (see [413] ).

(Cf. 10.10 below.) For a recent proof, see [236].
10.4. Certain varieties of rings (with operators) (Tarski [413]). For some more
general formulations of 10.3 and 10.4, see Tarski [413 ].

10.5. Boolean algebras.(Grgtzer, McKenzie and Tarski) (see [165, page 63]).
(Cf. [401 ].) (Also cf. 10.6 and 10.7.)

10.6. Any two-element binary algebraexcept (within isomorphism)as in 10.11
below. (Potts [368] .)
10.7. Every finitely based variety with permutable and distributive congruences

(McKenzie [296]; Padmanabhanand Quackenbush[342]). By 9.11 this applies to
any finite algebra which generates a variety with permutable and distributive
congruences,e.g. a quasi-primal algebra (see [362], [369]). Primal algebraswere
already known to Gr•itzer and McKenzie [168]. ([296] contains some very interesting
special one-based varieties.)

Here are some theories (and algebras)which are 2-basedbut not I-based:
10.8. The variety of all lattices given in terms of the singlequaternary operation

Dxyzw = (xv y) ^ (z vw) (McKenzie [291]). (Cf. 10.1.)
10.9. Any finitely based variety of lattices other than the variety of all lattices
and the trivial variety defined by x =y (McKenzie [291]). (Here again we mean the
usual lattice operations.)

10.10.Any non-trivialfinitely basedvariety of I'2-groups(definedat the
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beginningof õ7) (Green and Tarski [ 172], [413] ). (Cf. 10.3 above.)

10.11.A: ((0,1} ,v ) andA = ((0,1} ?) with
ß-•

0

I

0

I

I

I

0

I

(Potts [368] ).

10.12.If 23is a finitelybased
theoryof type(ml,m2)withml,m2 • 2 in which
F 1 andF2 areeachidempotent,
i.e.

23[- Fi(x,x,...,x)-- x

(i = 1,2),

then 23is 2-based(and may also be 1-based)(Padmanabhan[340] ).
10.13. If 23 is a finitely based theory with a majority polynomial (as in 10.2
above), then 23 is 2-based (and sometimes 1-based) (Padmanabhan and Quackenbush
[342]). (McKenzie [291] had this result for varieties in which lattices are definable.)
Isolated results: Lattices are definable in 2 equations using only 3 variables

(Padmanabhan [339] ). Two variableswill not suffice for lattices (see [ 165, page 62] ),
nor for Boolean algebras (Diamond and McKinsey [ 107] ). Cf. also [372] and 14.4. If

230is
x(yz) = (xy)z
XX=X

theneverytheory•_ 23
0 hasa basisconsisting
of 230 U { o•}, i.e. 230 together
withone
more axiom (Biryukov [541, Fennemore [137], and Gerhard [152]).

(Cf. 13.6

below. )

PROBLEM. (Specht). Does there exist a non-finitely basedvariety of rings?

11. Irredundant
bases.230 isanirredundant
basefor 23iff 230 isa basefor 23but
nopropersubset
of 230 isa base.Tarski[413] hasdefined

V(23)= { [230l:
23
0 isanirredundant
baseof 23}.
(Here [I denotescardinality.) Tarski's interpolation theorem [413], [414] statesthat
V(23) is always an interval (see [3091 for a connection between this and some other

interpolationtheorems,especiallyin graphtheory; seealso[1 57] ). One easilychecks

that(at leastfora type(nt)tCT withT finite),either•(23)= 0, x7(23)
={
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is an interval of natural numbers. All these casescan occur. Referring to 9.25 above
(from [413] ),

V(To)= { RO}
V(T1)= 0.
For some other infinite irredundant bases,see [ 1 1], [78 ], [ 120], [ 198 ], and [349 ].
Distinct subsetsof an irredundant base define distinct subtheoriesof 23,and so infinite

irredundant basesare useful in proving that some lattices of varietieshave cardinality

2N0;see
13.3,
13.4
and
13.11
below.
McKenzie proved that V(23) can be any interval, and Ng showed that 23 can be

found with one binary operation (see [413] ). For example, if

23=œF5Xl.--x6
=F5x2---X6Xl}
,
then V(23)= { 1,2}, essentially
because
thecyclicgroupC6 hasbotha single
generator
and an irredundantset of two generators.
V(23)is an unboundedintervalif 23I- r = x,
where r contains x at least twice (Tarski [413]), strengthened by McNulty [305] to
the case where r has at least one operation of rank •> 2. On the other hand, if 23 is

defined by balanced equations, and 23 is finRely based, then V(23) is a bounded
interval [ 305 ]. (An equation o = r is balanced iff each variable, each nullary operation
symbol and each unary operation symbol occurs equally often in o and r.) T. C. Green

got irredundant basesof power n (any n C co) for groups ([172],
V(23) was also defined by G. Grfitzer [163, Problem 34],

see also [413]).
who asked for a

characterization of it. Finally, note that V is not an equivalenceinvariant (õ 7), as can
be seen from

10.1 and 10.8 or from

10.3 and 10.10.

12. Decidability question. We assumegiven a finite alphabet A and a fixed way
of

interpreting

all

our

variables, function

symbols, terms, equations, etc.

unambiguously as words in A. We assume that the reader knows what is meant for a

collection
W0 of wordsto bedecidable
(relativeto a collection
W D_W0 of words).For
this (non-numerical) notion of decidability, probably the Turing-machine approach
("computability") is easiest.For readablebrief descriptions,see [43 1], [2 17], [267],

or [416, pages12-14]. Usually W will be obvious(such as the collectionof all finite

sequences
of equations)and we will not mentionit. As is well known [op. cit.] a
relatively easy analysisof Cantor'sdiagonalargumentyields undecidablesets;the
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greatest example of an undecidable set is given by GOdel'sincompletenesstheorem

[op. cit.], about which we will say no more. Here we will discussdecidability
propertiesof equations.When we say that a property P of finite setsE of equationsis
(un)decidable, we mean that

w0=
is (un)decidable.

We may first ask when a theory E itself is a decidableset of equations,or, as it is

frequently put, "the word problem for free E-algebrasis solvable."(See the discussion
of word problems below.) There are two common methods for showingthat E is a
decidable equational theory, the first being to find a recursiveprocedure to convert

every term o to a unique("normal form") term o' with (o = o') E 2 and suchthat if o
and r are distinct normal forms then (o = r)•

2. (The decisionprocedure then

reducesto comparisonof normal forms - and conversely,a decisionprocedure for E
obviously implies the existence of normal forms.) E.g. every group term reduces
uniquely to either 1 or

.nl .n2

nk

X•l x• --' Xik,

where
xil•: xi2•:'" •: Xik.Several
of thebest
known
equational
theories
are
decidable, as may be seen similarly. See e.g. Margaris [284]

for implicative

semilattices,following work of McKay and Diego. Eq(•2,+) is decidable(in fact its full
first order theory is decidable, by Ehrenfeucht and Bfichi [70])given by

a simple method

Selman and Zimbarg-Sobrinho [unpublished] is closely related to

Karnofsky's identities 8.12 above. Martin [ 286] gavea decisionprocedurefor (•2,4-,.)
with normal forms (cf. 9.20 above). Richardson [377]

gave normal forms for

(co,l,x+y,xy,xY) (cf. Problem2 in õ8). Finally, we remarkthat the Birkhoff-Witt
theorem yields a procedure for finding normal forms for (free) Lie algebrasand rings,

as observed by P. Hall [175].

See Bergman [43] for some detailed methods for

finding normal forms, mainly in ring theory; alsosee [ 158] and [248].

Notice
thatrepresenting
freealgebras
uniquely
viaterms
(aswedidforFK(X) in
õ2) really requiresa normalform. Often a normalform is requiredfor findingthe

cardinality
of Fv(X), a topicwe will cometo in 14.5below.For someotherresults
related to normal forms, see Hule [194].
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The second method for decidability: if 23 has a finite (or, more generally, a

recursive)base,and V = rood 23is generatedby its finite algebras(equivalently, if the
V-free algebrasare residually finite), then 23is a decidableequational theory. (Evans
[122].)

For instance, the variety of lattices has this property, although the word

problem for free lattices was explicitly solved by Whitman [441] (also see [100]).
And G. Bruns and J. Schulte-M6nting have recently given explicit solutions to the

word problem for free ortholattices although it was known earlier that this variety is
generatedby its finite members(see [67] ).

Ralph Freese has very recently shown that modular lattices do not have a
decidable equational theory. It is known that the variety of modular ortholattices is
not generated by its finite members [67].

These questions remain open for

orthotoo dular lattices [ 67 ].

Tarski [410]

proved that the equational theory of relation algebras is

undecidable(this is more or lessimmediate from the ideasof Tarski mentionedin õ6;
cf. also 9.23 above) - in fact, it is essentially undecidable (see [416, page 4] for a

definition); thus e.g. representablerelation algebras(9.23)also have an undecidable
equational theory.

For some other undecidable equational theories, consult Evans [122], Perkins

[350] Malcev [281] and especially Murskit [317] for a finitely based variety of
semigroups.

PROBLEM 1. Does there exist a finitely based equational theory of groups
which is undecidable?

One can also ask whether the entire first order theory of a variety V is decidable.
The answer is yes for Boolean algebras(Tarski [409] ), and more generally, for any

variety generatedby a quasiprimalalgebra(Burris and Werner [ 81 ] ), but no for groups
(Tarski - see [416]), distributive lattices (Grzegorczyk) and a certain finitely based
locally finite variety of semigroupswith zero (Friedman [ 141 ] ).

WORDPROBLEMS.
Enlargeourtype(nt)tGT to includeconstants
(Ci)iGI. Let
230be a fixed finite set of equations.
The wordproblemfor 230consists
of the
decision problem for the set of equations

{e:2;01.-e ande hasnovariables
}.
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(Typically•0 is of the formE 1 U •2, where• 1 isa setof lawsnotinvolving
(Ci)iCI
and •2 is a set of equationswith no variables,viewedas "relations"on the

"generators"
Ci(iC I). Onethenspeaks
of "thewordproblem
for [thispresentation

of]thealgebra
FEi(Ci)/(22)",
where
(•2)means
thesmallest
congruence
containing
all pairsof termsin E2.) Post[367] andMarkov[285] provedthat thereexistsa
semigroup
with undecidable
word problem(i.e. that one may take E 1 to be the
associativelaw). Much more difficult was the 1955 result of Boone and Novikov [61],

[334] (see also [65] and [302]) that there exists a group with unsolvableword
problem. Notice that all the results on (un)decidability of equational theories

mentioned
abovearereallya special
kindof wordproblem
result(withIII= •0' •2 =
G. Hutchinson [J. Algebra , 26(1973), 385-399] and independently L. Lipshitz
[Trans. Amer. Math. Soc., 193(1974), 171-180] have shown the existenceof a finitely

presentedmodular lattice with unsolvableword problem. Hutchinson later gave an

example with five generatorsand one relation [Alg. Univ., 7(1977), 47-84]. As we
mentioned above, R. Freese subsequently reduced th,• number of relations to zero.

Evans[116],[117]provedthat the wordproblem
is solvable
for E1 (i.e.,
uniformlyfor all E2) iff it is decidable
whethera finitepartialalgebra
obeyingthe
laws of E 1 (insofaras they can be evaluated)canbe embedded
in a full algebra

obeying• 1 (seealso[ 163, õ30]). Thuslatticeshavesolvable
wordproblem.
Clearly

thecondition
holdsif finitelygenerated
algebras
in • ! arealways
finite,orif finitely
presentedalgebrasare alwaysresiduallyfinite (i.e. embeddablein a product of finite

algebras),and for this lastcasethere is a "local" version:the word problemis solvable

forA=F•i (Ci)/(•
2)with
{Ci •,•2 finite,
ifAisresidually
finite(Evans
[121
]).For
applications see e.g. [ 148], [260].

Following work of Boone and Higman in group theory [63], Evans [127]
recently provedthat an algebraA hassolvableword problemiff A can be embeddedin

a finitely generatedsimplealgebraB which is recursivelypresented.(Generallywe
cannotdemandthat B • HSP A or B • V for V any preassigned
varietycontainingA.)
(Cf. 14.8 and 17.1 below.) Also see [129].

PROBLEMSON FINITE ALGEBRAS. Kalickiproved[232] that it is decidable,
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for arbitraryfinite algebrasA, B of finite type whether
HSP A = HSP B.

And Scottproved[390] that it is decidablewhetherfinite A is equationallycomplete.
Almost all interestingdecisionproblemsabout finite A are open, for instance:
PROBLEM 2. (Tarski). Is it decidable whether a finite algebra A of finite type
has a finite base for its equations?(Cf. 89.) (And see Perkins [348] .)

PROBLEM 3. (Pixley, et al.). For a finite A of finite type, is it decidable
whether

HSP A = SPHS A,
or whether

HSP A = SP A?

(For the relevanceof this question, consult õ 84,15.)
PROBLEMS ON FINITE

SETS OF EQUATIONS.

Many undecidability results

are known on finite sets •; of equations; for a full report we must refer to the chart in

the introduction of McNulty [306]. Here we list a few undecidableproperties of •.
12.1. •;«

x=y(Perkins[348]).

12.2. •; has a finite non-trivial model (McKenzie [296] ).

12.3. There exists finite A with •; a basefor Eq{A) (Perkins [348] ).
12.4. •; is equationally complete (cf. 813 below)(Perkins [348] ).
12.5. •; is one-based(cf. 810) (Smith [403], McNulty [306]).

12.6. The equational theory deduced from •; (i.e., Eq Mod •2 = {e: •;«e})

is

decidable. (Perkins [348 ] .)
12.7. Mod •2 has the amalgamation property (defined as in group theory -see
14.6 below) (Pigozzi [356] ).
12.8. •; has the "Schreier property," i.e., subalgebrasof free algebrasare free
(see 14.12 below). (Pigozzi [356].)

12.9. (For certain fixed theories F, e.g., F = group theory) •; is a base for F.
(McNulty [306] MurskiI [316]). (But it is decidable whether •; is a base for xy =yx
(Ng, Tarski - see [413] ).

12.10. Mod Z has distributive congruences(cf. 815 below) (McNulty [306 ] ).
12.11. Mod •; is residually finite (McNulty [306] ).
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12.12. Mod •; is residually small (cf. 14.8 below) (McNulty [306] ).

PROBLEM 4. (Mycielski - see [197]).

Is it decidable whether a finite set of

terms is jointly •c-universal0c a fixed cardinal)?

(Terms
ri(x1,...,Xni)
(1• i • n)inoperations
F1,...,F
sare
jointly
•c-universal
iff
forany
operations
Gi:•c
ni-••c,
theoperations
F1,...,F
scan
bedefined
on•csothat
the
termr i definesGi (1 • i • n). Thisnotionof universality
hasbeenveryusefulin the
study of undecidability of propertiesof setsof equations- seeMcNulty [305] .)
Finally, we mention that Burris and Sankappanavar [80] have investigated

undecidability properties of congruencelattices and lattices of subvarieties(õ 13 just
below). A sample result: in a similarity type with at least one operation of rank • 2,
the lattice A of all equational theories has a hereditarily undecidable first order
theory.

13. The latticeof equationaltheories.For a fixed type (nt)tCT, orderthe
family A of all equational theories by inclusion. One easily sees (from Birkhoff's
Theorem of õ5 or directly from the definition at the beginning of õ5), that A is
closed under arbitrary

intersections -

and so from purely lattice theoretic

considerations, A has arbitrary joins as well, and so is a complete lattice. More
specifically,

iGVlEi
={e'iGoi•;i
[-e}=Eq(i•iMod
Ei).
From the proof-theoretic characterization of v it follows that A is an algebraic closure
system and hence an algebraic lattice (see [91]

[163]

or [165]).

Specifically, the

compact elements of A are the finitely basedtheories of õ9 above, and every element
is the join (actually the union) of all its finitely basedsubtheories.Obviously the join
of two finitely based theories is finitely based(this holds for compact elements in any
lattice); but the meet (i.e., intersection) of two finitely based theories can fail to be
finitely based. We present an example of Karnofsky (unpublished - see [354]) (here
and below we will sometimes express a theory by one of its finite bases without

further
mention)' Z1ßx(yz)=(xy)z
(xyz)2 = x2y2z2
x3y3z2w
3 = y3x3z2w
3.

•;2'x(yz)=(xy)z
x3y3 = y3x3
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The theoryZ 1 ^ 232is not finitelybased,for (we omit the proof),everybasismust
contain equations essentially the same as

V::kW
B. J6nsson[223] found two finitely basedequationaltheoriesof lattices whosemeet
is not finitely based (also found by K. Baker - unpublished, but see [354]). Whether
there exist such theories of groups is unknown. There do exist such theories among
"modal logics" but not among "intermediate logics" (W. J. Blok thesis).
By the one-one correspondencebetween varieties and equational classesset up at

the beginning of õ5, we could equally well have described A as the lattice of all
varieties under reverse inclusion, and sometimes it is helpful to view A this way. (And
sometimes A is taken to be ordered by (non-reversed) inclusion of varieties - we will
not do this here.)
It is of interest

to know

what

the lattices

A look like.

It has become

clear that

they are very complicated, as we will see. Burris [74] and Je•.ek [207] have proved

that if the type (nt)tCT hassoment >•2 or if nt >• 1 for two valuesof t, thenA
contains an infinite partition lattice, and hence obeys no speciallattice laws at all.
Thus, it has proved fruitful to proceed by studying some (often simpler) special
sublattices of A, namely for fixed Z, the lattice A(Z) of all equational theories D--Z.

(Equivalently, as above, the lattice of all subvarietiesof Mod Z.) There is only one 23
with [A(Z)[ = 1, namely Z = {x = y}. Theories Z with [A(Z)[ = 2, i.e.

A(E):

are called equationallycomplete.Since every A is an algebraicclosuresystemand
{ x =y } is finitely based, every theory has an equationallycomplete extension,and
ß

thus the top of A consistswholly of replicas of the above picture. An algebraA is

equationallycompleteiff Eq A is equationallycomplete.It hasbeendeterminedthat
there exist many equationally complete theories(and algebras),in two senses.First,

Kalicki
proved
[233]
that
inatype
with
one
binary
operation
there
exist
2•0distinct
equationallycompletetheories(and the corresponding
numberhasbeenevaluatedfor
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all typesby Burris[74] and Je2fek[207], answeringProblem33 of Gr•tzer [163]).

Second,
Bolbot[59] and Je•ek[207] provedthat (givenat leasttwo unary
operationsor one operation of rank •> 2) A is dually pseudo-atomic,
i.e. the zero of A

(i.e. 230= 0) isthemeetof alldualatoms(i.e.equationally
complete
theories).
Butsee
some of the examples below for varying numbers of equationally complete theories in
various A(Z).

Kalicki and Scott [234]

found all equationally complete semigroups;there are

only•0 of them.McNultyusedtheirdescription
in reproving
Perkins'
resultthatit is
decidable whether

23, x(yz) = (xy)x [- x = y.

All equationally
completeringswerefoundby Tarski[412]; again,thereare•0 of
them. See also [343]. We cannot begin to cover all the information presently known

on equational completeness.For further information, consult Gr•itzer [163, Chapter
4], or Pigozzi [354, Chapter 2]. Here we samplejust a few very recent results.

THEOREM. (Pigozzi [360]).

There exists an equationally complete variety

which does not have the amalgamation property. (Answering a question of S.
Fajtlowicz.) (See 14.6 below for the amalgamation property.)
THEOREM.

(Clark

and

Krauss

[89]).

If

V

is

a

locally

finite

congruence-permutableequationally complete variety, then V has a plain paraprimal

direct Stone generator. (See [89] for the meaning of these terms - roughly speaking,
this meansthat V is generatedin the manner either of Booleanalgebrasor of primary
AbelJangroups of exponent p.)

Some examplesof known or partly known A(23) for IA(2)1% 2:

13.1. For 23= 0 in a type with just one unary operation F, Jacobs and
Schwabauer [203]

gave a complete description of A. For unary operations and

constants,
seeJe•ek[206].
13.2. If 23= Eq A for a finite algebra A in a finite similarity type, then Scott

showed [390] that A(23) has only finitely many co-atoms(i.e. equationallycomplete
*

,

varieties). If A generatesa congruence-distributivevariety, then Jonssons lemma (see
õ15 below) easily implies that A(23) is finite. If A is quasiprimal(see [369])then

A(23)
isa finitedistributive
lattice
witha unique
atom(= HSP{B'B
_•A}),and,
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conversely,every finite distributivelattice with unique atom can be representedin this
way (H. P. Gumm, unpublished). T. Evans informed the author that there exists a
finite commutative semigroupwith A(Z) infinite.

13.3. For F = group theory, A(F) is modular, but very complicated, and

moreovercan be given structurebeyond the lattice-theoretic(see [330] and 17.9
below). At andnearthe top A(F) contains
x=y
ß

ß

(x rn= I, xy=yx)
xy

= yx

with m •> 1, orderedby divisibility- the Abelianpart. It turnedout to be difficult to

prove
that
IA(F)I
=2•0.This
was
established
byVaughan-Lee
[434]
who
found
•0
irredundantequations(as in õ11), and independently,
by Ol'shanski¾
[337] who

found•0 "independent"
subdirectly
irreducible
groups.
(Cf. 9.18above.)
Thevariety
of 3-nilpotent groups has been completelydescribed- see J6nsson[220] or
Remeslennikov [ 376].

13.4. For Z = semigroup
theory,manyresultsareknown;consultthe surveyby

Evans[124] for moredetailedinformation.Biryukov(1965) andlater Evans[120]

first
proved
that[A(•;)I
= 2•0 (also
see
[198]
foranice
infinite
irredundant
setof
semigrouplaws). Dean and Evans [106] provedthat x(yz)= (xy)z is finitely
meet-irreduciblein A, i.e., that A(Z) has a f'mitely meet-irreducibleleast element.

Burrisand Nelson[79] (and later Je•ek [211] ) provedthat A(Z) containsa copyof
Iloo,the lattice of partitionson an infinite set,andhenceobeysno speciallattice laws.
The fact that A(Z) is non-modular can be seen from this sublattice - due to Jezek -

isomorphic
to thesmallest
non-modular
lattice,NS:
xy

= zw

•• xy
=yx

xy=xzß

I

• /• xyz
=xzy
=zxy
xyz

= xzy
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(All theoriesintendedasextensionsof 23= {x(yz) = (xy)z} .)
13.5. Forcommutativesemigroups,see [349], [179], [325],[388],and

[78].

Perkins proved that every commutative semigrouptheory is finitely based (cf. 9.3
above), and hence this lattice is countable. And so it cannot contain IIoo, but it does

containeveryIIm (Burris-Nelson
[78]) and henceobeysno speciallatticelaws;
Schwabauer had earlier proved [388]

that the lattice of commutative semigroup

theories is nonmodular. For semigroupswith zero, consult [324], [83], and with unit
[179]. For related work see [344], [350], [351].

13.6.For 23= ((xy)z= x(yz),x2= x} ("idempotent
semigroups"),
A(23)has
been completely describedby Biryukov [54], Fennemore [137] and Gerhard [152].
In this picture, the diamond pattern repeats indefinitely in the obvious way:

xyz

xy=x

xy=y

= xz y

xzy = zxy

xy = xyx
xyz
xyz

xyz

xy = yxy

= xyxz

xyz = xzyz

= xyzxz

xyz = xzxyz

= xyzxzyx

xyz = xyxzxyz

(all [hex•riesare intended as extensions of 23). Note that this lattice is countable,

distributiveand of width three. The situationis very differentfor 23'= (x(yz) = (xy)z,

x2 = x3}ßBurris
andNelson
[79]proved
thatIlooC_
13.7. For

23

the

equational

theory

pseudocomplementation, A(23) is an infinite chain:

of

distributive

lattices

with
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x=y

Boolean

alcjebro

Stone o Icjebra

(Lee [256]; see also [165]).

A similar result holds for one-dimensionalpolyadic

algebras (Monk [ 315 ] ).

13.8. If 23= (xy--yx, (xy)(zw)= (xz)(yw)), then A(23) is uncountable,even

above
23t• (x2 = y2). ButA(23
t• (x2 = x)) iscountable
(andexplicitly
described).
See [213].

13.9. For Heyting algebras, consult Day [102];

and for the closely related

Brouwerian algebras,see K6hler [249]. Also closely related are interior algebras;their
varieties correspondto modal logic extensionsof Lewis' S4 (W. J. Blok, thesis).
13.10. For lattice-ordered groups see Marti'nez [288];

their lattice has a

surprising superficial similarity to that of Heyting algebras(above). Holland showed
[ 188] that every proper extension of the theory of lattice-ordered groups contains (an
identity equivalent to the implication)

(1 •a)&(1 •b):*ab•b2a 2,

and thus this lattice has a uniqueatom. SeeScrimger[389] for a study of the theories
just below the theory of Abelian lattice-orderedgroups.

13.11. A(L) hasbeenextensively
studiedfor L = latticetheory(seee.g. [93 ] ). It
is a distributive lattice which contains, in part
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x=¾

M5

M6

MsS

M?

N5

M5AN5 ,'

o

ß

ß

$

ß

•

oo

ß

ß

ß

i

ß

•

ß

MAN 5

whereM
5=Eq(
+ ),M
6=Eq(
• )

M7
=Eq(•)'
N5
=Eq(
• )and
U8
=Eq(
•
Disthetheory
ofdistributive
lattices
and
Mthat
ofmodular
lattices.
There
are
2•q0
equational
theories
of lattices.
Thiswasestablished
by McKenzie
[291] whofound
irredundantequationsand Baker [19] who found •q0 independent
subdirectly
irreducible lattices, namely, for each prime p the lattice of subspaces of a
3-dimensional space over GF(p). (And Baker's lattice theories are all modular.) Even
more is true: there is an interval in this lattice which is isomorphic to the Boolean

algebra of all subsetsof a countably infinite set [291], [19]. It was conjecturedby

McKenzie[295] andprovedby J6nsson
andRival[229] thatN5 hasexactlysixteen
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dualcovers:
oneis M5 ^ N5 andeachof theotherfifteen(-.... in ourpicture)is
generatedby a singlesubdirectlyirreduciblelattice.

We closethis sectionwith someremarkablegeneralresultsof McKenzieon the

full latticeA = A(nt:t C T), where,temporarily,
wemakethetypeexplicit.
THEOREM.(McKenzie[292]). Fromthe isomorphism
typeof A(nt:t C T)one
can recover the function

(1(t •T: nt = m} I: m • co).
(In other words,one can recoverthe type (nt: t G T) up to renamingof all the
operations.)

THEOREM.(McKenzie[292]). (Appropriate
(nt: t G T).). Thereexistsa first
order formula •0(x) with one free variable in the languageof lattice theory such that

the unique element of A satisfying •0(x) is the equational theory of groups. (Resp.
semigroups, lattices, distributive lattices, commutative semigroups, Boolean algebras.)

Thislasttheorem
hada precursor
in Je•ek[209]' thevariety
of commutative
semigroups
obeying
x2y= xyisdefinable
(inasimilar
fashion).
PROBLEM.

(McKenzie

[292]).

Does

A

possess any

non-obvious

automorphisms9.

PROBLEM. (McKenzie and Maltsev). Which lattices L are isomorphic to some
A(Z)? McKenzie has conjectured that the following easy necessarycondition is also
sufficient: L is algebraic and its largest element is compact.

(Je•,ekhasproved[211] that L is isomorphic
to an intervalin A((2)) iff L is
algebraic and has only countably many compact elements.)

PROBLEM. (McKenzie [292]).

When does an element txC A(Z) have a "dual

cover," i.e., 13< tx such that there exists no 3' with 13< 3' • ix?(E.g. the dual coversof
(x = y) are the equationally complete theories.) The answer is yes for semigroups
[430] and lattices [211 ]; see [225] for a dual cover of modular lattices. The result of

Je•,ek
justcitedimplies
thatthereexists
b • txsuchthatthereisnodualcover
t3with
b • 13• ix. In fact • and tx can be taken to be equational theoriesof modal algebras(W.
J. Blok, Notices Amer. Math. Soc. abstract 77T-A232).

PROBLEM. (Pigozzi [354] - q.v. for details.). Is A(Z) alwaysa "partial Boolean
ring"9,
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QUESTIONS

Sections 5-13 have emphasizedproperties of equationsper se (although of course,
every property of [a set of] equations is a property of varieties, and vice versa). We
now turn to some investigations which have emphasized the models of the equations.

Here the lines are lesssharp. Completely general descriptionsof models in equationally

defined classesdo not exist - but on the other hand the very complete existing
investigations of models of special equational theories (e.g. groups, lattices, Boolean
algebras) must be omitted from this survey on the ground of spacealone! For studies

in the (special) model theory of various less well known varieties, one need only look
in almost any issueof Algebra Universalis.Most of the results we will report on will be

of medium generality, i.e. valid for an interesting classof varieties, but not for all
varieties. It is also hard to say where the model theory of equational classesstopsand
general model theory begins.

14. Some further invariantsof the equivalenceclassof a variety. See õ 7 above
for equivalence;with the exception of õ õ 5, 8, 10, 11, 12, we havebeen writing of the
equivalence class of a variety V. In this section we survey very quickly some other
equivalence invariants which have been studied.

14.1. The spectrum of V:

spec V= (n•co'

(there exists A•V)lAl=n).

Clearly 1 6 specV, and sinceV is closedunderthe formationof products,specV is
multiplicativelyclosed.Gr/itzer [161] proved that, conversely,any multiplicatively
closedset containing1 is the spectrumof somevariety (seealso [ 119] ). Froemkeand

Quackenbush[ 144] showedthat this variety need haveonly one binary operation.
The characterization of sets spec V for V j•'nitely based seems to be much more

difficult. McKenzieproved [296] that if K C_co is the spectrumof any first order
sentence,then there exists a single identity o = r such that the multiplicative closure

of K tJ ( 1 ) is the spectrumof (o = r). (See also [328] .) Characterizations
of first
order spectraareknownin termsof time-boundedmachinerecognizability- see[ 130]

for detailedstatements
and furtherreferences.
Note that the definitionof speccanbe
extended to mean the image of any forgetful functor (or any pseudo-elementaryclass)
- see [ 130] [ 131 ] for more details. For example, we can consider

T(V) = (A: A is a topologicalspaceand there exists

(A,Ft) 6 V withallFt continuous).
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(Some preliminary investigationson T(V) appear in [429] ;cf. õ 16 below.) Of course,

many descriptionsof individual varieties in the literature yield spec(V). A certain

amountof attentionhas.focusedon the conditionspec(V) = {1}. (Seee.g. [231 ], [9]
and remarks and referencesgiven in [420, page 382]; cf. 12.2 above.) For instance,

Austin's equation [ 9 ]

((y2.y).x)((y2.(y2.y)).
z)= x
has infinite

models but no nontrivial

finite models.

Mendelsohn [310] has shown that if V is an idempotent binary variety given by

2-variableequations,then spec V is ultimately periodic.
14.2. The fine spectrum of V is the function

fv(n) = thenumberof non-isomorphic
algebras
of powern in V.
Characterization of such functions seems hopeless. A typical theorem is that of

Fajtlowicz[133] (seealso[424, pages299-300] for a proof):if fv(n) = 1 for all
cardinalsn >• 1, then V must be (within equivalence) one of two varieties: "sets" (no
operations at all) or "pointed sets" (one unary operation f which obeys the law
fx = fy). For some related results see Taylor [424], Quackenbush [371], McKenzie
[300] and Clark and Krauss [90].

PROBLEM. [424].

Does the collection of all fine spectra form a closed subset

of coco(powerof a discretespace)?

14.3. Categoricity
in power.Varietiesobeyingthe conditionfv(n)= 1 for all
infinite n >• the cardinality of the similarity type of V have been characterized (within
equivalence) by Givant [156] and Palyutin [345]. For a detailed statement, also see

e.g. [424, page 299]. For example if V is defined by the laws (of Evans [ 118] )
d(x,x) = x

d(d(x,y),d(u,v)) = d(x,v)
(*)

c(c(x)) = x

c(d(x,y)) = d(cy,cx),
then every algebra in V is isomorphic to an algebraswith "square" universeA X A on
which

c((c•,fi)) = (fi,•)
d((a,/3),(7,6)) = (a,6).
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(Cf. 16.5 below.)

Givant's complete list of varieties categorical in power is formca, rougl•.l,y

speaking,as a mix of (*) with ideas of linear algebra. The idea behind (*) is very

general,
leading
to varieties
whose
members
are"kthpowers"
ofthealgebras
inother
varieties (Neumann [332], Fajtlowicz [132], McKenzie [296] -see [424, page268]

forfurther
references
andadetailed
statement
andiristory
ofthese
ideas).
Alsosee[27].
14.4. Varietal chains. For any variety V we may define

v! c_v2c_... c_vc_... c_v2c_v1,
with

u Vn=n vn= v,

asfollows.
Vn = HSP(FF(n))
(seeõõ2,4forthisnotation),
andVn isthevariety
definedby all n-variableidentitiesholdingin V, i.e. A G Vn iff everyn-generated

subalgebra
of A isin V.(See9.24above
foranexample
of V2,andsee[91,page
173]
for a general exposition and some more examples. See Quackenbush [372] (or [370] )

for B2 withB the varietyof Boolean
algebras
(or Boolean
groups).)
As an
equivalence-invariant,one may take the set of proper inclusionsin either of these two

chains. Jo'nsson,McNulty and Quackenbushprove [227] that, with a few possible
exceptions, almost any sequencesof proper inclusions can occur. There exists a variety

V of groups
with V-V=
any Vi (i.e.,withinfinitelymanygapsin thedescending
sequence) [337] [434].
14.5. The size of free algebras is a subject with a long history: precisely, define
the invariant:

co= co(V)= (con(V):n = 0,1,2...)

= (IFg(n)l:n= 0,1,2....)
(i.e., the cardinalitiesof V-free algebras).(This notation wasintroduced in Marczewski

[282], and the first extensivedescriptionof co(V) occurredin Grfitzer [162] ;see also
[169],

[364],

[134],

[392].)

In Problem 42 of his book [163], Grfitzer asked for a

complete characterization of the functions co(V) - our references represent only a
partial solution.

This invariant has been explicitly evaluated for only a few of the better known
2n

varieties:
vector
spaces
overa q-element
field(can = qn),Boolean
algebra
(can= 2 ),
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semilattices
(co
n= 2n-l),thevariety
of groups
given
bythelawx3= 1 (see
e.g.
[330] ), the variety of Heyting algebrasdefined by "Stone'sidentity" (see [ 189] ), and
some varieties of interior algebras (W. J. Blok, thesis). The quasi-primal varieties of
Pixley et al. often have very easily calculated co (see e.g. [362]
quasi-primal varieties); see the chart on page 291 of [424]

or [369]

for

for some explicit

calculations.(But in the eight line, 1 should be 0.)
But for most common varieties, the invariant co(V) is either trivial (because
infinite)

or hopelessly complicated.

Sometimes special cases can be calculated.

Dedekind found in 1900 that the free modular lattice on 3 generatorshas 28 elements
("free algebra" had not yet been defined) (see [50, page 631 ). For some other special

calculations(distributive lattices, etc.), see [50, page 63], [437], [46] and [47].
The classof all finite co(V) is closed under (co6rdinatewise) multiplication (see e.g.

[424,0.5(4),page
266]),andit forms
a closed
setinthespace
coco
(S'wierczkowski
see [ 282, page 181 ] ).

The famousBurnside
ProblemaskedwhetherF v(n) is alwaysfinitefor V the
variety of groupsdefinedby the law xTM= 1. The negativesolutionby Novikovand

Adjan[335] statedthat IFv(2)I-- •q0whene.g.m = 4381.Theproofin [66] issaid
to be false (see [3] ). (Now 4381 has been reduced to 665 [3] .) For related resultsin
semigroups,see [ 171 ].

Ingeneral
algebra,
atypical
theorem
isthatofPtonka
[364]:if con(V)
=n.2n-1,
thenV mustbeequivalent
to oneof fourvarieties,
namelythosegivenby 231- 234:
Zi: xx=x
(xy)z = x(zy)
x(yz) = x(zy)

Z2: xx = x
(xy)z = (xz)y
x(yz) = xy

(xy)y = xy

233:xx = x
(xy)z = (xz)y
x(yz) = xy
(xy)y = x
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2;4:(xyz)uv= x(yzu)v= xy(zuv)
xyy

= x

xyz

= xzy.

(WhereZ4 hasa singleternaryoperation,denotedby juxtaposition.)
Althoughthere
exist isolated results such as this of P•'onka and that of Fajtlowicz above, we are.
obviously a long way from a solution of this
PROBLEM.

Find a class of numerical invariants of V which determine

V within

equivalence.(Perhaps only in special circumstances.)

We close with an interestingcalculation of this invariant for an infinitary V. If V
is the variety of complete Boolean algebras (which has n-ary operations for every

cardinaln), then Fl,,(tq0)is a properclass(Hales[ 174], Gaifman[ 146]). (Seealso

[404].) Similarly,Fi,,(3)isa properclass
for V thevarietyof complete
lattices[174].
Compare the "free Borel algebra" [50, page 257].

14.6. The amalgamationproperty (AP) for V generalizesthe existence(due to
Schreier) of amalgamatedfree products in group theory. (One form of) the AP states
that given A,B,C G V and embeddings f: A -> B, g: A -> C, there exists D • V and

embeddings
f': B-> D, g': C-> D suchthat f'f= g'g. A generalinvestigation
of AP
began with Jo'nsson[218], [219] and now there is an extensiveliterature - e.g., see

Pigozzi [355], Bacsich[ 13] [ 14], Baldwin [23], Dwinger[ 111], Hule and Milllet
[195], Forrest [139], MacDonald [268], Simmons[399], Schupp [386], Yasuhara

[445], Bacsichand Rowlands-Hughes
[ 15]. Varietiesknown to haveAP are relatively
rare, but includegroups,lattices,distributivelatticesand semilattices(see 14.9 below).
(No other variety of modular latticeshasAP - Gr•itzer,Lakserand J6nsson[ 167], and
AP fails for semigroups- Howie [191], Kimura [245] .)We cannot begin to mention
all resultson the AP, but one representativetheorem comesfrom Bryars [69] (also see

[15]): V hasthe AP iff for anyuniversal
formulas
O•l(Xl,X2,...),
o•2(Xl,X2,...
) such
that V • o•1 v o•2, thereexistexistential
formulas
/31,t32
suchthat V • 13i->
oq
(i = 1,2)andV • 131v 132'
For a related property, see [ 215 ]. See also 12.7 above.

14.7. A variety. V has the congruenceextension property (CEP) iff every
congruence 0 on a subalgebraB of A G V can be extended to all of A, i.e. there exists
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a congruence
• onA such
that0 = • (3B2. Abelian
groups
anddistributive
lattices
have CEP, but groups and lattices do not. See e.g. Banaschewski[30], Pigozzi [355],
Davey [ 97 ], Day [ 101 ], [ 104], Fried, Griitzer and Quackenbush[ 140], Bacsichand

Rowlands-Hughes[15], Magari [275], Mazzanti [289] (where one will find some
other references to the Italian school - in Italian usage, "regolare" means "having the

CEP"). In [ 15 ] there is a syntacticcharacterizationof CEP in the style of that for AP
in 14.6 above, although these two properties are really rather different. This
characterization is closely related to Day [ 101]. Notice that in Boolean algebras the

CEP can be checked rather easily because every algebra B is a subalgebraof some

power
AI, where
A isthetwo-element
algebra
andeverycongruence
0 onBisof the
form

(ai)0(b
i) iff { i' ai = bi} GF
for some filter F of subsetsof I. (And, of course,the same filter F may be used to
extend 0 to larger algebras.) A variety in which congruencescan be described by filters

in this manner is calledfiltral - e.g. [140], [289], [275] and especially [39]. But, e.g.,
semilattices form a non-filtral variety which has CEP. It is open whether filtrality
implies congruence-distributivity( õ 15 below). For CEP see also Stralka [405 ].
PROBLEM. (Griitzer [ 165, page 192] ). If V satisfies

(for all X C_V) HS X = SH X,
then does V have the CEP? This is true for lattice varieties (Wille).

14.8. A variety V is residually small iff V contains only a set of subdirectly
irreducible (s.i.) algebras (õ4), i.e. the s.i. algebras do not form a proper class,i.e.

there is a bound on their cardinality. It turns out that this bound, if it exists, may be

taken
as2n,where
n = N0 + thenumber
ofoperations
in V (see[419]). V isresidually
smalliff V0 canbe takento beasetin (*) of õ4, whichisto saythat Vhasa "good"
coordinate representation system. For some other conditions equivalent to residual
smallness,see [419] and [34]; also see [24] where e.g. finite bounds on s.i. algebras

are considered.McKenzie and Shelah [301] considerbounds on the size of simple

algebrasin V and obtain a resultanalogous
to that on 2n just above.(An algebra is
simple iff it is non-trivial and has no proper homomorphic image other than a trivial

algebra.Every non-trivialvariety has at least one simplealgebra[273] ;but see[326]
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for the failure of this fact for varieties of infinitary algebras.)

Some residually small varieties' Abelian groups, commutative rings with a law

xm = x (cf. õ6), semilattices,
distributivelattices,various"linear"varieties(asin 14.3
above); also if V = HSP A for A finite and V has distributive congruences(e.g. A = any

finite lattice), then V is residually small (by J6nsson'sTheorem in õ 15 below). Also
any •-product of two residually small varieties •

as in 9.14) is residually small.

(Similarly for AP and CEP.) Some non-residually small varieties: groups, rings,

pseudocomplementedsemilattices(see [216], [ 382] ), modular lattices, and HSP A
for A either 8-element non-Abelian group (both generate the samevariety - see 8.5
above). Also cf. 12.12 above.

A variety V is residually small iff every A in V can be embedded in an
equationally compact algebra B [419]. Mycielski [321] defined B to be equationally

compactiff every set [' of equationswith constantsfrom B is satisfiablein B if every
finite subset of [' is satisfiable in B. Here is an example [321] of failure of equational
compactnessin the group of integers:

3x0 + x1 = 1
x 1 = 2x2

x2 = 2x3
ß

ß

ß

Onecansolveany finitesubsetof theseequations
in integers
simplyby solving
3x0 +

2n-lxn
= 1, always
possible;
butclearly
theentire
setimplies
3x0= 1,impossible.
Equational compactness is implied by topological compactness (use the finite
intersection property for solution sets), but not conversely. Thus we are led to this
problem, which has been settled positively for many V.

PROBLEM. [419].

If V is residually small, can every algebrain Vbe embedded

in a compact Hausdorff topological algebra?(See õ 16 below.)
There is a large body of research on equational compactnesswhich we cannot

begin to cover here. See the survey review [423], or [72] or [425] for references.
Also see G. H. Wenzel's appendix to the new edition of [ 163 ].

Among the equationally compact B D_A there is one which is "smallest," i.e., a

"compactification
of A" - see[419, page40] or [29]. W•glorz[439] provedthatthis
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compactification is always in HSP A.

14.9. The conjunction of AP, CEP and residual smallness (14.6 - 14.8) is

equivalent to the purely category-theoreticproperty of injectire completeness(see
Banaschewski[30] ). (Pierce [353] noticed that injective completenessimpliesAP.) V
is injectively complete (or, "has enough injectives") iff every algebra in V is
embeddable in a V-injective, i.e. an algebra A C V such that whenever B C_C C V and

f: B • A is a homomorphism, there exists an extension of f to g: C • A. (See e.g.
[ 143, õ6.2] but remember that most varietiesare not Abelian categories.)The variety
of semilattices has enough injectives (Bruns and Lakser [68], Horn and Kimura
[190] ) and so does that of distributive lattices (Banaschewskiand Bruns [32], Balbes

[22]). For a theoryof injectivehullsin varieties,
see[418,page411]. Seealso[154].
We know examples to show that AP, CEP and residual smallnessare completely
independent properties, except for one case'
PROBLEM.

AP and Res. Small • CEP?

For further information on varieties with enough injectives, see Day [99] and

Garcih [150]. In 14.10 just below we will mention another category-theoretic
property of varieties.Yet another one is that of beinga bindingcategory,investigated
for varieties in [398] and [ 180].

14.10.Uniquefactorization
of finite algebras
(UFF) in V, i.e., if A1 X -.. X

An-• B1 X --. X Bs• V is finiteandno Ai or Bj canbefurtherdecomposed
asa
productof smaller
factors,thenn = s andaftersuitably
tenumbering,
A 1 -• B1,A2 •
B2.....An -• Bn. (Historically,
thisproblemhasbeenapproached
independently
of any
mention of V, but the results obtained often have an equational character.) Birkhoff
proved [ 50, page 169] that V has UFF if V has a constant term a such that

(*) V • F(a .....a) = a for all operationsF of V
and V has permutable congruences, and Jdnsson [222]

improved "permutable" to

"modular" (see õ15 for these terms). Jdnsson and Tarski [230] proved that V has
UFF if V has a constant term a obeying (*) and a binary operation + such that
V•x+a=x=a+x.

McKenzie showed [294] that the variety of idempotent semigroups(see 13.6) has

UFF, but the varietyof commutativesemigroups
doesnot (see[50, page170]). UFF
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has an influence on the fine spectrum (cf. 14.2) - see [424, pages 285-6]. For the

closelyrelated subjectof "cancellation,"seeLova'sz[262].
14.11. Universal varieties. We must refer the reader to the papers [359], [361]
of Pigozzi for this relatively new notion which promisesto be quite important. F is

universal
iff for everysimilaritytype thereexist F-termso•t corresponding
to the
operations of this type such that for each A of this type there exists B C F such that A

isasubalgebra
of(B;FBt)tC
Tand
(B;FBt)t•
Tobeys
exactly
thesame
laws
asA.(E.g.,
the

variety

of

quasigroups is universal.) Many of

the undecidability and

lattice-theoretic resultsof õ õ 12,13 above extend to universalvarieties.
14.12. The Schreier property (all subalgebras of free algebras are free) is

investigatedin Meskin [311], Kelenson [243], Aust [8], Je•ek [210] and Budkin
[71]; cf. 12.8 above. Neumann and Wiegold (supplementary bibliography) showed
that the only Schreier varieties of groups are all groups, all Abelian groups, and all

Abelian groupsof exponent p (prime). (Schreier earlier proved that the variety of all
groups has this property.) T. Evans gave a parallel result for semigroups (see
supplementary bibliography).

15. Malcev conditions and congruence identities. Malcev proved [278] that a
variety F has permutable congruencesiff there is a ternary term p(x,y,z) such that
F • p(x,x,y) = p(y,x,x) = y.

(For binaryrelations•, •k, define•- •k= • (a,c): thereexistsb(a,b)• • and(b,c) • •k•
and say that F haspermutablecongruencesiff •- •b= •' • for all congruenceson any
A • F.) B. J6nssonproved [221 ] that all congruencelattices of algebrasin F obey the

distributive
law iff thereexistternarytermsPi(x,y,z)(0 • i•n)

suchthat the

following equations hold identically in F:

Pi(x,y,x)= x

(0 • i • n)

P0(x,y,z)= x pn!•X,y,z)
=z
Pi(X,X,y)
= Pi+1(x,x,y) (i even)
Pi(x,y,y)= Pi+l(x,y,y) (i odd).
(But cf. 12.10 above.) And Day [98] proved a similarresultfor modularityof the
congruence lattice. ,Properties of varieties definable in this way by the existence of
terms have come to be known as Malcev-definable (see [420],

[333] or [26] for a
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precise definition). The number of properties known to be Malcev-definablehas been

growing rapidly - see [420] for a summary of those known up to 1973 and [73] for a
partial updating; also see [21 ], [44]. They include the following:
IAI divides IBI whenever A C_B G V, B finite;

V has no topological algebraswith noncommutative homotopy (cf. õ 16);
no A G V is a union of two proper subalgebras[ 73 ];

V has no nontrivial finite algebras(cf. 14.1).
The first three of these hold for all groups.The last one has the distinction that there
is no way to recursively enumerate a Malcev condition for it, as was observed by J.
Malitz - see [420, page 383]. See [420], [333], or [26] for a necessaryand sufficient
condition for a property of varieties to be Malcev-definable which easily entails all the
above examples except the second (and many more).
Permutability and modularity of congruenceshave been important from earliest
times in universal algebra (cf. 14.10 above and for recent examples, see [173] [428]

and recent work of J. Smith). But the condition which has been most important
recently is distributivity; this importance stems from J6nsson'stheorem [221] that if
X is any subset of a congruence-distributive variety then
S.I. c• HSP(X) c_HSU(X)

(here S.I. denotes the classof all subdirectly irreducible algebras(õ4) and U(X) is the
classof all ultraproducts of families of members of X). (Also see Baker [ 18 ] .) In many
casesthis yields a very good representation theory in the senseof õ4, e.g. if X is a

finite set of finite algebras, in which case U(X) = X. (For the finite case, see also
Quackenbush [373] for a somewhat simpler proof; a similar argument had earlier been

known to A. F. Pixley.) Among many usesof this result has been the investigationof
congruencelattices (see especially 13.2 and 13.11 above), and the "internal" model

theory of many individual varieties whose algebrashave the operations of lattice
theory among their operations. See e.g. Davey [97], Berman [45], and references
given there. A very important kind of algebra generatinga congruence-distributive

varietyis a quasi-primal
algebra,
i.e.,withinequivalence,
analgebra
A = (A,T,F1,F2,...)

where
Ais
afinite
set
and

T(x,y,z) =

{ xifx%
y
zifx=y

WALTER TAYLOR

47

Every finite algebra in HSP A is uniquely a product of subalgebrasof A. Many of the

equivalence-invariants
of thesevarieties(e.g.the fine spectrum,CEP,AP, Con(V)- see
õ14) are relatively easy to evaluate. See Pixley [362] and Quackenbush [369] for
details and further references - the notion goes back essentiallyto Pixley, building on

work of Foster and Rosenbloom. For infinite analogsof primal algebras,seeTulipani
[433] and Iwanik [202]. For congruence-distributivity cf. also 9.11 and 14.7.

Clark and Krauss [89]

[90] have given a remarkable theory of para primal

algebras, a kind of non-distributive generalization of quasiprimal algebras,combining
ideas of quasiprimality and linear algebra. Also see [371]

[300]

[173]; cf. 9.13

above.

Pixley and Wille gave an algorithm ([363]

[442]; also see [420, Theorem 5.1])

to convert every identity on the congruence lattice (in ^, v, and o) into a Malcev

condition. Which of these conditions are "new" remains an open question. For
instance, Nation proved [322] that for certain lattice laws X which do not imply the

modular law, the following holds: if all congruencelattices of algebrasin a variety V
obey X, then they all obey the modular law.
Very recently S. V. Polin has proved that Nation's result fails for some non-trivial

lattice law X. Non-modular "congruence varieties" are extensively investigated in a
forthcoming paper of A. Day and R. Freese. Also see [103],

[224] or [298] for

further discussion of the state of affair just prior to Polin's result. Also see B.

Jdnsson's
appendixto the forthcomingnew editionof [ 163].
Another Malcev-definable property of varieties V which has received wide

attentionis that Fv(n) • Fv(m). (Seee.g.Marczewski
[282], references
giventhere,
and various other articles in the same volume of Colloquium Mathematicum.) For

fixedno,thesetof numbers

{n C co:Fv(n)• Fv(n0))

isalways
anarithmetic
progression,
andanyprogression
canoccur
(S'wierczkowski,
et
al.). If Fv(n) -• Fv(m) with m =/=
n, then V hasnonon-trivial
finitealgebras
(Jdnsson
and Tarski [231]) (cf. 14.1). (Also seeClark [87] .)

See Csfik•iny[95] for a collectionof propertiesof varietiesresembling,but more
generalthan, Malcev conditions. A nice specialexample is in Klukovits [247].
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16. Connections
with topology.If A = (A,Ft)tCT is any algebraandT is any

topology
onAsuch
that
every
Ft' Ant-*Aiscontinuous
(inthent-fold
topological
productof T), thenwe saythatA = (A,T,Ft)tCT is a topological
algebra.
Thespace
(A,T) is not at all independent from the equational theory of A, but rather the two
seem to influence each other quite strongly. This influence is poorly understood, but
many interesting examples are known.

16.1.Nosphere
except
S0, S1, S3,S7 canbean"H-space,"
i.e.,canobey
ex

=

x =

xe

forbinarymultiplication
andconstant
e (Adams
[2]), andS7 cannot
alsoobeythe
associativelaw (James [204] ).

16.2. The space of a topological group must be homogeneous,with Abelian

fundamental
group,
and
ifcompact
and
uncountable,
ofpower
>•2•q0.
(Allofthese
facts are essentially well known.)

16.3. The spaceof a topological Boolean algebra, if compact, must be a power

2n for 2 a 2-elementspace.(Kaplansky[237] .)
16.4. The space of topological semilattice has zero homotopy in each of its

components in each dimension (Taylor [429]),

and if compact, connected and

finite-dimensional,cannot be homogeneous(Lawson and Madison [253] ).
16.5. If V is defined by the equations (*) of 14.3 above, then it is not hard to

check that the topologicalalgebrasin V have "square" universe(as in Evans [ 118] ),
i.e. each is homeomorphic to the squareof some other space.

16.6. If V is the product U•

W of two varieties (see [424],

õ0]), then a

topological algebrain V with product-indecomposablespacemust be either in U or W

(this can be seenfairly easily from the methodsoutlined in [420, pages357-358] or
[424, pages265-267] ).

16.7. If a compactconnectedtopologicalalgebraobeysthe law
(xy)(yz) = xz,

then it also obeysthe law xy = uv. (Bednarekand Wallace[38] .) It is an old problem

of A.D. Wallace(see[378] ) whetherthe "skew-associative"
law
x(yz) = (zx)y

canhold on the unit intervalwithout the associative
law holdingaswell.
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For some more examples consult [429]; also cf. 14.1 above. In [429] there is a

fairly complete analysisof the influence of the laws obeyed by a topological algebra

onthelawswhichmustbeobeyed
byitshomotopy
groups.
•wierczkowski's
method
[407] of topologizing free algebras was essential to this work. But we are still a long

way from understanding the general interaction between the space of A and Eq A.
There is of course no a priori reason for believing that Eq A is especially important

here (rather than say the full first order theory of A), but experiencehas often yielded
examples which involved identities. (For e.g. connected fields obeying px = 0, see

[438], [320] .)

Very closely connectedis the study of functional equations- seeAcz•l's book
[1]

- a vast subject in itself. It proceeds like the above, also allowing certain

"constants," i.e. function symbols whose meaning is prescribed in advance, such as
ordinary addition + of real numbers - a typical early result being Cauchy's theorem
that the continuous

solutions

of

f(x + y) = fix) + f(y)
on the real numbers are the linear functions f(x) = ax.

17. Miscellaneous. Here we list a few topics that are concerned with equations
in one way or another, but do not fit precisely into any of the earlier sections.

17.1. Algebraically closed algebras are defined analogously to algebraically
closed fields. See e.g. Simmons [399], Bacsich [12], Forrest [139], Sabbagh [381]
and Schupp [386]

and references given there. All algebraically closed algebrasin a

variety V are simple iff every algebra in V can be embedded in a simple algebra of V.

(B. H. Neumann had earlier proved that every algebraically closed group is simple.)
(Cf. the final result of Evans in õ 12 - Word Problems, and that of McKenzie and

Shelah in 14.8.) Of coursethe satisfiability of equations (in algebraically closed fields)
is historically where the study of equations arose. In a recursively axiomatized variety
V, if a finitely presented A C V is embeddable in every algebraically closed B c V,

then A has solvableword problem (Macintyre [271]; seealso [329], [381] and [386] •t
17.2. Satisfiability of equations, especially their unique satisfiability, figures
heavily in the work of Sauer and Stone characterizing concrete endomorphism
monoids. (See [383] .)
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17.3. See e.g. [193], [363] and referencesgiven there for "local" varieties.

17.4. There is a rapidly growing theory of combinatorial designsas varieties.
Bruck first observedthat if a binary operation obeys the laws
XX----X

xy = yx

x(xy) = y
then one has a Steiner triple system

({x,y,xy }: x 4:y},
and conversely, all Steiner triple systems arise in this way. This idea can be greatly

extended; consult Evans [126],

Ganter and Werner [148],

[149],

Quackenbush

[370], Banaschewskiand Nelson [35], and Ganter [147].
17.5. Goodstein [159] propounded an equational axiom system for the natural
numbers, equally as strong as Peano's. It differs from the systems described here in
that it had another rule of proof, corresponding to uniqueness for inductive
definitions.

17.6. An equation calculus for the recursive definition of functions was
developed by G6del and Herbrand -it is describedin [246, õ54]. But it differs widely
from the logic of equations described here - for example, it lacks the symmetric law -

an equation f(.-.)

= g(---) is an instruction meaning roughly, "if the RHS has been

calculated, then regard this as a way of calculating the LHS," and this processcannot

be reversed. Of course, this calculus greatly resembles the use of equations in e.g.
Fortran, although there are obvious differences.
17.7. Henkin has proposed a theory of types which can be viewed as an
equational theory. (See [ 182] .)
17.8. A theory of "heterogeneous" varieties (objects of more than one type) was

developed by G. Birkhoff and J. D. Lipson, A. I. Malcev, and P. J. Higgins. It was
useful in Taylor [420] (q.v. for full references, pages358-359). Boardman [58] used
essentially the sametheory in algebraic topology (his "colors").

17.9. One can study "products" of varietiesin a sensewhich originatedin group
theory (see H. Neumann's book [330] ), and was later extended by A. I. Malcev (see

[279, page422]) to someother varieties.For recentdevelopments,
see[249], [258].
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17.10. For "identical inclusions" see e.g. [261].
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An identical inclusion is a

(non-first-order) condition of the form

r(xl,x2,...) C •Ol(X1,x2,...),o2(x1,x2,...),...•,
where •...• denotes the subalgebragenerated by ....

53

REFERENCES

This is not really a completebibliography,but it shouldcontainenoughto allowone to track
down all important referencesrelating to this survey.Workswith expositoryor historicalsections
especiallyrelevantto this materialare denoted*. In lieu of an index, we haveindicatedin brackets
{ } the sectionsin whichtheseworksarereferredto.
1.

Acz•l, J., Lectureson functional equationsand their applications,AcademicPress,New York,

2.

1966.{16}
Adams, J. F., On the non-existenceof elementsof Hopf invariantone, Ann. Math. (2),

3.

72(1960),20-104.{16.1}
Adjan,S. I., TheBurnside
problemandidentities
ingroups,
Nauka,Moscow,1975.{ 14.5}

4.

Akataev, A. A., and D. M. Smirnov,The lattice of subvarieties
of an algebraicvariety, (in
Russian),Alg. i Logika,7(1968), 5-25.

5.
6.*

Albert,A. A., Power-associative
rings,Trans.Amer.Math.Soc.,64(1948),552-593.{ 6 }
Amitsur,S. A., Polynomial
identities,
IsraelJ. Math.,19(1974),183-199.{8.4}

7.

Andreq•a,
M., B. Dahn and I. Ne'meti,On a proof of Shelah,Bull. PolishAcad.Sci., 24(1976),
1-7. {3}
8.
Aust, C., Primitive elementsand one-relationalgebras,Trans.Amer. Math. Soc., 193(1974),
375-387. {14.12}
9.
Austin, A. K., A note on models of identities, Proc. Amer. Math. Soc., 16(1965),
522-523.{ 14.1}
10. •,
Finite models for laws in two variables,Proc. Amer. Math. Soc., 17(1966),
1410-1412.

11. •

, A closedset of laws which is not generated by a finite set of laws, Quart. J. Math.,

(Oxford),(2), 17(1966), 11-13.{9.17,11 }
12. Bacsich,P. D., Cofinal simplicity and algebraicclosedness,
Algebra Universalis,2(1972),
354-360. {17.1 }
13. •,
Thestrongamalgamation
property,Colloq.Math.,33(1975),13-23.{ 14.6}
14. __,

Amalgamation properties and interpolation theoremsfor equational theories,

Algebra
Universalis,
5(1975),45-55.{14.6}
15.*

Bacsich, P. D., and D. Rowlands-Hughes,Syntactic characterizationof amalgamation,

convexity
andrelatedproperties,
J. SymbolicLogic,39(1974),433-451.{ 14.6,14.7}
16. Baer, R., Group theoretical properties and functions, Colloq. Math., 14(1966),
285-327.{ Introduction}
17. Baker,K. A., Finite equationalbasesfor finite algebrasin a congruence-distributive
equational
class,Advances
in Math.,24(1977), 207-243.{9.11}
18.
, Primitivesatisfactionand equationalproblemsfor latticesandotheralgebras,Trans.
Amer.Math. Soc.,190(1974), 125-150. {15}

19. •
20.
21.

, Equational
classes
of modularlattices,
PacificJ. Math.,28(1969),9-15. { 13.11}

•,
Equationalaxiomsfor classes
of lattices,Bull. Amer.Math. Soc.,71(1971), 97-102.
Baker, K. A., and A. F. Pixley, Polynomialinterpolationand the Chineseremaindertheorem

for algebraic
systems,
Math.Z., 143(1975),165-174.{15}
22.

Balbes, R., Projectire and injectire distributive lattices, Pacific J. Math., 21(1967),
405-420. {14.9}
23. Baldwin,J. T., A sufficientcondition
for a varietyto havetheamalgamation
property,Colloq.

Math.,28(1973),181-183.{14.6}

54

24.* Baldwin, J. T. and J. Berman, The number of subdirectlyirreduciblealgebrasin a variety,
AlgebraUniversalis,
5(1976), 381-391. {14.8}
25.
, Varietiesandfinite closureconditions,Colloq.Math., 35(1976), 15-20. {4 }

26.

, A model-theoretic
approachto Malcevconditions,J. SymbolicLogic,42(1977),
277-288. {15}
27.* Baldwin,J. T., and A. Lachlan,On universalHorn classes
categoricalin someinfinite power,
AlgebraUniversalis,
3(1973), 98-111.{14.3}
28.

Banaschewski,
B.,An introduction
to universal
algebra,
KanpurandHamilton,1972.{3}

29.*

, On equationallycompact extensionsof algebras,Algebra Universalis,4(1974),
20-35. {14.8 }
, Injectivity and essentialextensionsin equationalclasses
of algebras,Proceedings
of a
conferenceon UniversalAlgebra,Kingston,Ontario,October, 1969, Queen'sPapersin Pure
andAppliedMathematics,
25(1970), 131-147. {14.7,14.9}
__,
Abstract731-08-4,NoticesAmer.Math.Soc.,23(1976), A-44. {4}

30.*

31.
32.

Banaschewski,B., and G. Bruns,Injectœvehulls in the categoryof distributivelattices,J. Reine

Angew.Math.,232(1968),102-109.{14.9}
33.

Banaschewski,
B. and H. Herrlich, Subcategories
defined by implications,HoustonJ. Math.,

2(1976),105-113.{3}
34.

Banaschewski,
B., and E. Nelson,Equationalcompactness
in equationalclassesof algebras,

35.

AlgebraUniversalis,
2(1972),152-165.{14.8}
__,
Somevarieties
of squags,
Hamilton,1974.{ 17.4}

36.

37.

__,
Equational compactnessin infinitary algebras, Colloq. Math., 27(1973),
197-205. {4}
Bang,C. M., and K. Mandelberg,Finite basistheoremfor ringsand algebrassatisfyinga central

condition,J. Algebra,34(1975),105-113.{9.8 }
38.

Bednarek,A. R., and A.D. Wallace, The functional equation(xy)(yz) = xz, Rev. Roumaine

39.

Maths.PuresAppl.,16(1971),3-6.{ 16.7}
Bergman,
G. M., Sulleclassi
filtralidi algebre,
Ann.Univ.Ferrara,(7), 17(1971),35-42.{ 14.7}

40.

43.

, Some category-theoreticideas in algebra, 285-296 in the Proceedingsof the
InternationalCongress
of Mathematicians,
Vancouver,1974. {3,7}
, Rational relationsand rationalidentitiesin divisionringsI, H, J. Algebra,43(1976),
252-266,267-297.{ 8.4}
__,
Some varietiesof associative
algebras,Ms. Berkeley,1976, 13 pp. (Summaryof a
lecture at Reno). Also see Abstract 735-A17, Notices Amer. Math. Soc., 23(1976),
A-393.{8.4}
, Thediamondlemmain ringtheory,Advances
in Math.,to appear.{ 5,12}

44.

__,

45.*

AlgebraUniversalis,
7(1977), 341-356. {15 }
Betman,J., Noteson equationalclasses
of algebras,
Ms.,Chicago,1974. {15}

46.

Berman, J., A. J. Burger and P. K6hler, Abstract 75T-A42, Notices Amer. Math. Soc.,

41.

42.*

47.

48.

49.

50.

The existenceof subalgebrasof direct products with prescribedd-fold projections,

22(1975), A-622.{14.5 }
Berman, J. and B. Wolk, Abstract 76T-All0, Notices Amer. Math. Soc., 23(1976),
A-358. {14.5)
Birkhoff, G., On the structure of abstract algebras,Proc. Cambr. Philos. Soc., 31(1935),
433-454.{ 1,3,5}
__,
Subdirect unions in universal algebra, Bull. Amer. Math. Soc., 50(1944),
764-768. {4}
__,
Latticetheory,3rd edition,Amer.Math. Soc.,Providence,
1967.{1,3,14.5,14.10}

55

, Currenttrendsin algebra,Amer.Math.Monthly,80(1973), 760-782.{1 }
, The rise of modem algebrato 1936,41-62 in Men and Institutionsin American
Mathematics,
GraduateStudies,TexasTech.Univ.,13(1976).{ 1,3}
, Theriseof modernalgebra,1936-1950,Ibid., 65-85. {1 }
Biryukov, A. P., Varieties of idempotent semigroups,Algebra i Logika, 9(1970),
255-273.{ 9.4,10,13.6}
55. Bleicher,M. N., M. Schneiderand R. L. Wilson,Permanence
of identitieson algebras,Algebra
52.*

__

56.

Blok, W. J., and P. Dwinger,Equationalclassesof closurealgebras,Indag.Math., 37(1975),

57.

Bloom, S. L., Varietiesof ordered algebras,J. Computersand System Sci., 13(1976),
200-212. {3}
Boardman,
J. M., Homotopystructures
and the language
of trees,37-58 in: AlgebraicTopology
(Conference,
Madison,1970). A. Liulevicius,
ed.,Symposia
in PureMath.,Vol. 22. {7,17.8}
Bolbot,A.D., Varietiesof•2-algebras,
Algebrai Logika,9(1970), 406-414. { 13}
, Varietiesofquasigroups,
Algebrai Logika,13(1972), 252-271.
Boone,W. W., Thewordproblem,Ann.Math.(2), 70(1959), 207-265.{ 12}
Boone,W. W., F. B. Cannonitoand R. C. Lyndon (eds.),Decisionproblemsand Burnside
Problems in group theory, Studies in Logic and Foundations, Vol. 71, North-Holland,
1973.{ [66] ,[302] ,[329] }
Boone, W. W., and G. Higman,An algebraiccharacterizationof groupswith solubleword
problemJ. Austral.Math.Soc.,18(1974),41-53. {12}
Brainerd,B., Reviewof Cohn [91], Amer.Math.Monthly,74(1967), 879-880.{ Introduction}
Britton,J.L., Thewordproblem,Ann.Math.,77(1963),16-32. {12}

Universalis,
3(1973),72-93.{3}
189-198.

58.
59.
60.
61.
62.

63.

64.
65.
66.
, Theexistence
of infiniteBurnside
groups,67-364in [62] .{ 14.5}
67. Bruns,G., Freeortholattices,
Canad.J. Math.,28(1976),977-985.{ 12}
68. Bruns,G. and H. Lakser,Injectire hulls of semilattices,Canad.Math. Bull., 13(1970),
115-118. {14.9}
69.

Bryars,D. A., On the syntacticcharacterizationof somemodel-theoreticrelations,Ph.D. thesis,

70.

London,1973. {14.6}
Bi•chi, J. R., Transfiniteautomata recursionsand the weak secondorder theory of ordinals,
The 1964 International Congressfor Logic, Methodology and Philosophy of Science

(Jerusalem,
1964),North-Holland.
{12}
71.

Budkin, A. I., Semivarietiesand Schreiervarietiesof unary algebras,Math. Notes Ak. Sci.,

USSR,15(1974),150-154.{14.12 }
72. Bulman-Fleming,
S., I. Fleischerand K. Keimel,Semilatticeswith additionalendomorphisms
whichareequationally
compact,
Proc.Amer.Math.Soc.,to appear.
{14.8}
73.* Bulman-Flerrdng,
S., andW. Taylor, Unionindecomposable
varieties,Colloq.Math., 35(1976),
189-199.{ 15}
74. Burris,S., On the structureof the lattice of equationalclassesL(r), AlgebraUniversalis,
1(1971), 39-45. {5,13}
75. •,
Models in equationaltheoriesof unary algebras,Algebra Universalis,1(1972),
386-392. {12.2 }
, Subdirect representationin axiomatic classes,Colloq. Math., 34(1976),
191-197.{4}
77.*
, Booleanpowers,AlgebraUniversalis,
5(1976), 341-360.
78.

Burris,
S., andE. Nelson,
Embedding
thedualof IIm in thelatticeof equationalclasses
of
commutative
semigroups,
Proc.Amer.Math.Soc.,30(1971),37-39.{ 11,13.5}

56

79. •,

Embeddingthe dual of IIoo in the lattice of equationalclassesof semigroups,

AlgebraUniversalis,
1(1971),248-254.{13.4,13.6}
80.*

Burris,S., and H. P. Sankappanavar,
Lattice-theoretic
decisionproblemsin universalalgebra,

Algebra
Universalis,
5(1975),163-177.{12}
81.

Burris, S., and H. Werner,Sheaf constructionsand their elementarypropertiesI, the ternary

discriminator,
Ms.,Darmstadt,1975,Trans.Amer.Math.Soc.,to appear.{12}
82. •,
Sheaf constructionsand their elementary properties II, Class operators, a
preservationtheorem,the Feferman-Vaughttheoremand modelcompleteness,
Ms., Darmstadt,
1975, Trans. Amer. Math. Soc., to appear.

83. Carlisle,
W.H., Ph.D.Thesis,
EmoryUniversity,
1970.{ 13.5}
84.

Chacron,J., Introductioni• la thborieaxiomatiquedes structures,
Collect.Math., 25(1974),
37-54. {4}

85. Chang,
C. C. andH. J. Keisler,
ModelTheory,North-Holland,
Amsterdam,
1973.{3,5}
86. Chin, L. H., andA. Tarski,Distributiveand modularlawsin the arithmeticof relationalgebras,

Univ.Calif.Publ.Math.,NewSeries,1(1951),341-384.{6}
87. Clark,D. M., Varietieswith isomorphic
free algebras,
Colloq.Math.,29(1969), 181-187.{15}
88. •,
Disassociative
groupoldsare not finitely based,J. Austral.Math. Soc., 11(1970),
113-114. {9.24}
89. Clark, D. M., and P.M. Krauss,Para primal algebras,Algebra Universalis,6(1976),
165-192.{13,15}
, Varieties generated by para primal algebras, Algebra Universalis,7(1977),
93-114.{ 14.2,15}
91 .* Cohn,P.M., UniversalAlgebra,
Harper& Row,NewYork, 1965.{7,13,14.4,[64],[184]}
92.
Conway,J. H., Regularalgebras
andfinite machines,
Chapman& Hall, London,1971. {6}
93.
Crawley,P., and R. P. Dilworth,Algebraictheoryof lattices,Prentice-Hall,Englewood
Cliffs,
1973. {13.11}
94. Csfikfiny,B., Characterizations
of regular varieties,Acta Sci. Math. (Szeged),31(1970),
187-189.{15}
95. •,

Conditionsinvolvinguniversallyquantified function variables,Acta Sci. Math.

(Szeged),
38(1976),7-11. {15}
96. Csfikfiny,B., and L. Megyesi,Varietiesof idempotentmedial quasigroups,
Acta Sci. Math.

(Szeged),37(1975),17-23.{7}
97.*

Davey, B. A., Weak injectivity and congruenceextensionin congruence-distributive
equational

classes,
Canad.J. Math.,29(1977),449-459.{ 14.7,15}
98.

Day, A., A characterizationof modularityfor congruencelatticesof algebras,Canad.Math.

Bull.,12(1969),167-173.{15}
99. •,
Injectivity in equational classesof algebras, Canad. J. Math., 24(1972),
209-220. {14.9}
100. •
, A simplesolutionto the wordproblemfor lattices,Canad.Math. Bull., 13(1970),
253-254. {12}
101. •
, A note on the congruenceextensionproperty, Algebra Universalis,1(1971),
234-235. {14.7}

, Varieties
of Heytingalgebras,
I, II, Mimeographed,
Nashville,
1971.{13.9}

102.

, Splittinglatticesand congruence-modularity,
57-71 in the Proceedings
of the 1975

103.

Szeged
Universal
Algebra
Conferences
-Colloquia
Math.Soc.Janos
Bolyai,
Vol.17.{15}
104. •,

The C.E.P. and S.I. algebras-an

example, Algebra Universalis,3(1973),

229-237.{8,14.7}
105. Day, A., C. Herrmanand R. Wille, On modularlatticeswith four generators,Algebra

57

Universalis,
2(1972),317-323.{ 12}
106. Dean,R. A. andT. Evans,A remarkon varieties
of lattices
andsemigroups,
Proc.Amer.Math.
Soc.,21(1969),394-396.{ 13.4}
107. Diamond,A. H., andJ. C. C. McKinsey,
Algebras
andtheirsubalgebras,
Bull.Amer.Math.Soc.,
53(1947),959-962-.{10}

108. Dixon,P. G., Varieties
of Banach
algebras,
Quart.J.Math.,(Oxford),27(1976),481487.{3}
109. •,
Classesof algebraicsystemsdefined by universalHorn sentences,Algebra
Universalis,
7(1977), 315-339.{3}
110. Doner,J. andA. Tarski,An extendedarithmeticof ordinalnumbers,
Fund.Math.,65(1969),
95-127.{8.13}

111. Dwinger,P., Theamalgamation
problemfrom a categorical
pointof view,Proceedings
of a
conference
on UniversalAlgebra,Kingston,Ontario,October,1969, Queen's
Papersin Pure

andApplied
Mathematics,
25(1970),190-210.
{ 14.6}
112. Edgar,G., The classof topologicalspacesis equationally
definable,AlgebraUniversalis,
3(1973),139-146.{3}

113.•,
A completely
divisible
algebra,
Algebra
Universalis,
4(1974),190-191.
{4}
114. Ellison,
W.J., Waring's
problem,
Amer.Math.Monthly,78(1971),10-31.{6}
115. Error,Ju.L., I. A. Layroy,A.D. TaYmanov
andM. A. Tm"tslin,
Elementary
theories,
Russian
Math. Surveys,20(1965), 35-105.

116. Evans,T., The word problemfor abstractalgebras,
J. LondonMath. Soc., 26(1951),
64-71. {12}
117. •
Embeddabilityand the word problem, J. London Math. Soc., 28(1953),
76-80. {12}
118. •
Productsof points-somesimplealgebras
andtheirvarieties,
Amer.Math.Monthly,
74(1967),363-372.{14.3,16.5}
119.•
The spectrumof a variety, Z. Math. Logik Grundlagen
Math., 13(1967),
213-218. {14.1}
120. •
The numberof semigroupvarieties,Quart. J. Math (Oxford), (2), 19(1968),
121.*

335-336. {11,13.4}
Some connectionsbetweenresidualfiniteness,finite embeddabilityand the word

problem,J. LondonMath.Soc.(2), 1(1969),399403. {12}
122.

An insolvableproblem concerningidentities, Notre Dame J. Formal Logic,

10(1969),413-414.{12}
123. •

Identicalrelationsin loops/, J. Austral.Math. Soc.,12(1970), 275-286.

124.*
, Thelatticeofsemigroup
varieties,
Semigroup
Forum, 2(1971),143.{ 9.3,13.4}
125. •,
Somefinitelybasedvarieties
of rings,J. Austral.Math.Soc.,17(1974),246-255.
126.*
, Algebraic structuresassociatedwith Latin squaresand Orthogonalarrays,
(Conferenceon combinatoricsand algebra,Toronto, 1975), 31-52 in: Congressus
Numerantium13, UtilitasMath.,Winnipeg,1975.{ 17.4}
127.
, An algebrahasa solvable
wordproblemif andonlyif it isembeddable
in afinitely
generated
simplealgebra,
Algebra
Universalis,
8(1978),197-204.{12}
128. Evans,T., and D. Y. Hong,The free modularlatticeon four generators
is not finitely
presentable,
AlgebraUniversalis,
2(1972), 284-285.

129. Evans,T., K. I. Mandelberg
andM. F. Neff,Embedding
algebras
withsolvable
wordproblems
in simplealgebras-some
Boone-Higman
typetheorems,
259-277in: Proceedings
of the1973

Logic
Colloquium
at Bristol,
June1973,North-Holland.
{ 12}
130.*Fagin,
R., Generalized
first-order
spectra
andpolynomial-time
recognizable
sets,
43-73in: R.

Karp,
ed.,Complexity
ofComputation,
SIAM-AMS
Proceedings
7(1974).
{14.1}

58

131.

, Monadic generalizedspectra,Z. Math. Logik GrundlagenMath., 21(1975),
89-96. {14.1}

132. Fajtlowicz,
S.,n-Dimensional
dice,Rend.Mat.(6), 4(1971),1-11.{ 14.3}
133. •,
Categoricity
in varieties,
Abstract72T-A109,NoticesAmer.Math. Soc.,19(1973),
A-435. {14.2)
134.
, On algebraic
operations
in binaryalgebras,
Colloq.Math.,21(1970), 23-26.(14.5}
135.
, Equationally
completesemigroups
with involution,AlgebraUniversalis,
1(1972),
355-358.{8)
136. Fajtlowicz,S., and J. Mycielski,On convexlinearforms, AlgebraUniversalis,
4(1974),
244-249.{ 8.9,9)
137. Fennemore,
C.,All varieties
of bands,Semigroup
Forum,1(1970),172-179.{9.4,10,13.6)
138. Fisher,E. R., Abstract742-08-4,NoticesAmer.Math.Soc.,24(1977),A-44.{3)
139. Forrest,WilliamsK., Modeltheoryfor universal
classes
with theAP.'a studyin thefoundations
of modeltheoryandalgebra,
Ann.Math.Logic,11(1977),263-366.{14.6,17.1)
140. Fried, E.,
G. Gr•itzer and R. W. Quackenbush,
UniformCongruence
Schemes,Algebra
Universalis,
to appear.{14.7
)
141. Friedman,H., On decidabilityofequationaltheories,J. PureAppl.Alg.,7(1976), 1-3. {12]
142.
, Thecomplexityof explicitdefinitions,Advances
in Math.,20(1976), 18-29.{5,7)
143. Freyd,P.,AbelJan
categories,
HarperandRow,NewYork, 1964.{ 2,3,14.9)
144. Froemke,J., andR. W. Quackenbush,
Thespectrum
of an equational
classofgroupoids,
Pacific
J. Math.,58(1975),381-386.{14.1}
145. Fujiwara,T., On the construction
of the leastuniversalHorn classcontaininga givenclass,
OsakaMath. J., 8(1971), 425-436.{3}
146. Gaifman,
H.,InfiniteBoolean
Polynomials
L Fund.Math.,54(1964),229-250.{14.5)
147. Ganter,B.,Conbinatorial
designs
andalgebras,
Ms.,Darmstadt,
1976.{ 17.4)
148.*Ganter,B., andH. Werner,Equational
classes
of Steinersystems,
AlgebraUniversalis,
5(1975),
125-140.{12,17.4}
149.
, Equationalclasses
of Steinersystems
II, (Conference
on the algebraic
aspects
of
combinatorics,
Toronto, 1975), 283-285 in Congressus
Numerantium13, Utilitas Math.,

Winnipeg,
1975.(Eds.D. Corneil
andE. Mendelsohn)
{ 17.4)
150.*Garcik,O. D., In/ectivity in categories
of groupsand algebras,An. Inst. Mat. Univ. Nac.

Autonoma
M•xico,14(1974),95-115.{14.9)
151. Gautam, N. D., The validity of equationsof complex algebras,Archiv. Math. Logik

Grundlagenforschung,
3(1957),117-124.{3)
152. Gerhard,J. A., The lattice of equationalclassesof idempotentsemigroups,
J. Algebra,
15(1970),195-224.{9.4,10,13.6)
153. •,
Subdirectlyirreducibleidempotentsemigroups,
Pacific J. Math., 39(1971),
669-676.{ 8 )
154. __,
Injectivesin equationalclassesof idempotentsemigroups,SemigroupForum,

9(1974),36-53.{14.9)
155. Girl, R. D., Ona varietal
structure
of algebras,
Trans.Amer.Math.Soc.,213(1975),53-60.{3)
156. Givant,S., Universal
classes
categorical
or freein power,Ph.D.Thesis,
Berkeley,
1975.{ 14.3)
157. •,
Possiblecardinalitiesof irredundantbasesfor closuresystems,DiscreteMath.,
12(1975),201-204.{11)

158.Glennie,
C.M.,lde.
ntities
inJordan
algebras,
307-313
in [257].(5,12)
159. Goodstein,
R. L., Functiontheoryin an axiomfree equation
calculus,
Proc.LondonMath.
Soc.,(2), 48(1943),401-434.{ 17.5)
160. Gould,M., An equational
spectrum
givingcardinalities
of endomorphism
mortolds,
Canad.

59

Math. Bull., 18(1975), 427-429.

161. Grh'tzer,G., On the spectraof classesof algebras,Proc. Amer. Math., Soc., 18(1967),
729-735. {14.1}
162. __,

Compositionof functions, 1-106 in: Proceedingsof the Conferenceon Universal

algebraat Queen'sUniversity,Kingston,Ontario,1969. Volume25 of the Queen'sPapersin
PureandAppliedMathematics.
{14.5}
163.*__,
Universal
Algebra,Von Nostrand,
Princeton,1968.{2,3,4,9.10,11,13,14.5}
164. •,
Two Malcev-typetheoremsin universalalgebra,J. CombinatorialTheory, 8(1970),
334-342.

165.*

, Lattice Theory, First concepts and distributive lattices, H. M. Freeman, San

Francisco,
1971.{10.5,10,13,13.7
}
166. Gfiitzer,G., andH. Lakser,
Abstract
70T-A91,Notices
Amer.Math.Soc.,17(1970),642.{3}
167. Gr•itzer,G., H. Lakserand B. Jdnsson,The amalgamation
propertyin equationalclasses
of

lattices,
Pacific
J.Math.,45(1973),507-524.{14.6}
168. Grfi'tzer,G., and R. McKenzie, Equational spectraand reduction of identities,Notices Amer.

Math.Soc.,14(1967),
697.{10.7}
169. Gr/itzer, G., and J. Pt'onka,On the numberof polynomialsof an idempotentalgebraII, Pacific

J. Math.,47(1973),99-113. {14.5}
170. Gray,J., Categorical
Universal
Algebra,to appear.
{2}
171. Green,J. A., andD. Rees,Onsemigroups
in whichxr--x, Proc.Camb.Philos.
Soc.,48(1952),
35-40. {14.5}
172. Green, T. C. and A. Tarski, Abstract 70T-A49, Notices Amer. Math. Soc., 17(1970),
429-430. {10.10,11}
173. Gumre, H. P., Algebras in congruencepermutable varieties:geometricalpropertiesof affine

algebras,
AlgebraUniversalis,
(to appea
O. {15}
174. Hales,A. W., On the non-existenceof free completeBooleanalgebras,Fund. Math., 54(1964),
45-66. { 14.5}

175. Hall,P.,Somewordproblems,
J. LondonMath.Soc.,33(1958),428-496.{12}
176. Hand,T. O., Abstract76T-A136,NoticesAmer.Math.Soc.,23(1976),A425. {6}
177. Hatcher,W. S., Quasiprimitive
subcategories,
Math.Ann., 190(1970),93-96. {3}
178. Hatcher,W. S., and A. Shafaat, Categoricallanguages
for algebraicstructures,Z. Math. Logik
Grundlagen
Math.,21(1975), 433-438.{3}
179. Head, T. J., The varietiesof commutativemonoids, Nieuw Archief voor Wiskunde(3),

16(1968),203-206.{ 13.5}
180. Hedrl;n,Z., and J. Sichler,Any boundablebindingcategorycontainsa properclassof dis/oint

copies
of itself,Algebra
Universalis,
1(1971),97-103.{14.9}
181. Henkin, L., The logic of equality, Amer. Math. Monthly, 84(1977), 597-612. Synopsisibid.,

81(1974),555.{9}
182. •,
Algebraicaspects
of logic:past,presentandfuture,89-106in the Proceedings
of the
ColloqueInternationalde la Logique,Clermont-Ferrand,
July, 1975,Colloques
Internationaux

de C.N.R.S.,
No.249,l•ditions
C.N.R.S.,
Paris,
1977.{17.7
}
183.*Henkin,L.,J.D. MonkandA. Tarski,Cylindric
Algebra,North-Holland,
Amsterdam,
1971.
184. Higman,
G., Review
of Cohn[91], J. London
Math.Soc.,41(1966),760. {Introduction}
185. Higman,G., andB. H. Neumann,
Groupsasgroupoids
withonelaw,Publ.Math.Debrecen,
2(1952), 215-221.{10.3}

186. Hodges,
W.,Horn)•brmulae,
to appear.
{3}
187. •,
Compactness
andinterpolation
for Hornsentences,
to appear.
{3,5}
188. Holland,W. C., Thelargest
propervarietyof lattice-ordered
groups,
Proc.Amer.Math.Soc.,
57(1976), 25-28.{8.8,8,13.10}

60

189. Horn,A., FreeL-algebras,
J. SymbolicLogic,34(1969),475-480.{14.5}
190. Horn, A., and N. Kimura, The category of semilattices,Algebra Universalis,1(1971),
26-38. {14.9}
191. Howie, J. M., Embedding theoremswith amalgamationfor semigroups,Proc. London Math.
Soc. (3), 12(1962),511-534. {14.6}
192. Hsu, I. C., A fundamentalfunctionalequationfor vectorlattices,Aequ. Math., 13(1975),
275-278. {6}
193. Hu, T.-K., Locally equationalclassesof universalalgebras,ChineseJ. Math., 1(1973),
143-165.{17.3}
194. Hule, H., An embedding
problemof polynomialalgebras,
Conference
at Szeged,August,1975.

To appear
in a volume
of Colloquia
Math.Soc.Jfinos
Bolyai.{12}
195. Hule, H., and W. B. Milllet, On the compatibility of algebraicequationswith extensions,J.

Austral.
Math.Soc.,(A) 21(1976),381-383.{14.6}
196. Isbell, J. R., Subob/ects,adequacy,completeness
and categoriesof algebras,RozprawyMath.,

36(1964).
{ 3}
197. •,

On the problemof universalterms,Bull. Acad.Polon. Sci. S•r. Sci. Math. Astronom.

Phys.,14(1966),593-595.{12}
198. •,

Two examplesin varietiesof monoids,Proc. Camb. Philos. Soc., 68(1970),

265-266.{11,13.4}
199. __,
Notesonordered
rings,Algebra
Universalis,
1(1972),393-399.{ 9.22}
200. •,
Functorial
implicitoperations,
IsraelJ.Math.,15(1973),185-188.{ 5}
201. Iskander,A. A., Coveringrelationsin the lattice of ring and group varieties,Colloquiumon

Universal
Algebra,
Szeged,
1975.To appearin Colloquia
Math.Soc.Jfinos
Bolyai.

202. Iwanik,A.,Oninfinitecomplete
algebras,
Colloq.
Math.,29(1974),195-199.{15}
203. Jacobs,E., and R. Schwabauer,The lattice of equationalclassesof algebraswith one unary

operation,
Amer.Math.Monthly,71(1964),151-155.{ 13.1}
204. James,I. M., Multiplicationson spheres,I, II, Proc.Amer.Math. Soc., 13(1957), 192-196 and

Trans.Amer.Math.Soc.,84(1957),545-558.{16.1}
205. Je•ek, J., On the equivalence
betweenprimitiveclasses
of universal
algebras,
Z. Math. Logik
Grundlagen
Math., 14(1968),309-320.
206. •,

Primitive classesof algebraswith unary and nullary operations,Colloq. Math.,

20(1969),159-179.{13.1}
207. •,

On atoms in lattices of primitive classes,Comment. Math. Univ. Carolinae,

11(1970),515-532. {13 }
208. •,

The existenceof upper semi-complements
in the latticesof primitive classes,ibid.,

12(1971), 519-532.
209.

, Upper semi-complementsand a definable element in the lattice of groupoid

varieties,
loc.cit.,565-586.{13}
210. •,
EDZ-varieties: the Schreier property and epimorphismsonto, Ibid., 17(1976),
281-290.{14.12}

211 --,

Intervals
in thelattice
of varieties,
Algebra
Universalis,
6(1976),147-158.
{13.4,13}

212. •,
Varieties of algebraswith equationallydefinable zeros, Czech. Math. J., 102,
27( 1977), 394-414.

213. Je•ek,J. and T. Kepka,The latticeof varietiesof commutative
abeliandistributive
groupoids,
AlgebraUniversalis,
5(1976),225-237.{13.8}
214. __,

A surveyof our recentand contemporaryresultsin universalalgebra,Proceedings
of

Szeged
Conference,
(1975), Colloq.Math.JfinosBolyai,Volume17.

215. •,

Extensive
varieties,
ActaUniv.Carol.-Math.Phys.,
16(1975),79-87.{14.6}

61

216. Jones,G. T., Pseudocomplemented
semilattices,Ph.D. thesis,U.C.L.A., 1972. Also seePacific

J. Math.,to appear.{14.8}
217.*Jones,J.P., Recursire undecidability- an exposition,Amer. Math. Monthly, 81(1974),
72*738. (12}

218. J6nsson,
B., Homogeneous
universal
relational
systems,
Math.Scand.,
8(1960),137-142.
{14.6}
219.*

, Extensionsof relational structures,146-157 in: J. W. Addison,L. Henkin and A.

Tarski,eds.,Thetheoryof models,North-Holland,
Amsterdam,
1965.{ 14.6}
220. •,
Varieties of groups of nilpotency 3, Notices Amer. Math. Soc., 13(1966),
488. 03.3}
221. •,
Algebras whose congruencelattices are distributive,Math. Scand., 21(1967),
110-121. (13,15 }
222.*•,
The unique factorization problem for finite relational structures,Colloq. Math.,

14(1966),1-32. {14.10}
223. __,
Sumsoffinitely basedlatticevarieties,
Advances
in Math.,14(1976),454-468. {13}
224.*•,

Varietiesof algebrasand their congruencevarieties,315-320 in Proc. International

Congress
of Mathematicians,
Vancouver,
1974,Canadian
Math.Congress,
1975.{15}
225. •,
The varietycoveringthe varietyof all modularlattices,Math.Scand.,41(1977),
5-14.{13}

226.

, A shortproofof Baker's
finitebasis
theorem,
Seetheneweditionof [163].{9.11}

227. J6nsson,B., G. McNultyandR. W. Quackenbush,
Theascending
anddescending
varietalchains

of a variety,
Canad.
J. Math.,27(1975),25-32.{14.4}
228. J6nsson,B., and E. Nelson,Relativelyfree productsin regularvarieties,AlgebraUniversalis,

4(1974),1,19. {3}
229. Jdnsson,B., and I. Rival,Lattice varietiescoveringthe smallestnon-modular
variety,PacificJ.

Math.,to appear.{13.11}
230. Jdnsson,B., and A. Tarski,Direct decompositions
of finite algebraicsystems,Notre Dame

Math.Lectures
No. 5, Notre-Dame,
1947. {14.10}
231. •,
Ontwoproperties
of freealgebras,
Math.Scand.,
9(1961),95-101.{14.1,15}
232. Kalicki,J., Oncomparison
of finitealgebras,
Proc.Amer.Math.Soc.,3(1952),36-40. {12}
233. •,

The number of equationallycomplete classesof equations,Nedeft. Akad. Wetensch.

Proc.Ser.A., 58(1955),660-662.{13}
234. Kalicki,J., andD. Scott,Equationalcompleteness
of abstractalgebras,
Indag.Math., 17(1955),
650-659. {13 }
235.*Kalman,J. A., Applicationsof subdirectproductsin generalalgebra,Math. Chronicle(New

Zealand),
3(1974),45-62.{ 9}
236. Kannapan,P., and M. A. Taylor, Abstract742-20-5, NoticesAmer. Math. Soc., 24(1977),
A-64. {10.3}
237. Kaplansky,
I., Topological
rings,Amer.J. Math.,69(1947), 153-183.{16.3}
238. Karp,C., Languages
withexpressions
of infinitelength,North-Holland,
Amsterdam,
1964.{ 5}
239. Keane,O.,AbstractHorn theories,
LectureNotesin Math.,445(1975),15-50.{3}
240. Keimel, K., and H. Werner, Stone duality for varietiesgenerated by quasi-primalalgebras,
MemoirsA.M. S., 148(1974), 59-85.
241. Keisler, H. J., Some applicationsof infinitely longformulas,J. SymbolicLogic, 30(1965),

339-349.{3}
242. •,

Logic with the quantifier "there exist uncountablymany," Ann. Math. Logic,

1(1970),1-93.{5}
243. Kelenson,P., Regular[Normal] Schreiervarietiesof universalalgebras,NoticesAmer. Math.

Soc.,19(1972),A-435[A-567].{14.12}

62

244. Kennison, J. F., and D. Guildenhuys,Equational completion,model induced triples and

pro-objects,
J. PureAppl.,Alg.,1(1971),317-346.{7 }
245. Kimura,N., On semigroups,
Ph.D.Thesis,Tulane,1957. {14.6}
246. Kleene,S.C., Introductionto metamathematics,
Amsterdam,
1952. {17.6}
247. Klukovits,L., Hamiltonianvarieties
of universal
algebras,
Acta Math.Sci. (Szeged),37(1975),
11-15. {15}
248. Knuth, D. E., and P. B. Bendix, Simple word problemsin universalalgebra,263-297 in
[257]. {5,12}
249. K6hler, P., Varietiesof Brouwerianalgebras,Mitt. Math. Sem. Giessen,116, 83 pp.
(1975). {13.9,17.9}
250. Kruse,R. L.,Identitiessatisfiedby afinite ring,J. Algebra,26(1973), 298-318.{9.6}
251. Kurosh,A. G., Lectures
ongeneralalgebra,
Chelsea,
NewYork, 1963.{5}
252.*Lausch,H., andW. N6bauer,Algebraof Polynomials,North-Holland,Amsterdam,1973.
253. Lawson,J. D., and B. Madison,Peripheralityin semigroups,
SemigroupForum, 1(1970),
128-142. {16.4}
254. Lawvere, F. W., Functorial semanticsof algebraic theories, Proc. Nat. Acad. Sci., U.S.A.,

50(1963), 869-872.{7}
255. •,

Introduction to: Model Theory and Topology, Lecture Notes in Math., Vol. 445,

Springer-Verlag,
Berlin,1975. {7}
256. Lee, K. B., Equational classesof distributivepseudocomplemented
lattices,Canad.J. Math.,

22(1970),881-891.{13.7}
257. Leech,J., ed., Computational
Problemsin AbstractAlgebra,Pergamon,
1969.{ [158],[248]}
258. Lender, V. B., The groupoid of prevarietiesof lattices, Sib. Math. J., 16(1975),
1214-1223.{17.9}
259. Levi,F. W.,Notesongrouptheory,J. IndianMath.Soc.,8(1944),1-9. {6 }
260. Lindner, C. C., Finite partial CTS's can be finitely embedded,AlgebraUniversalis,1(1971),
93-96. {12}
261. Ljapin, E. S., Atoms in the lattice of identical-inclusion
varietiesof semigroups,
Sib. Math. J.,

16(1975),1224-1230.
{17.10}
262. Lov•sz,L., On the cancellation
law amongfinite structures,
Periodica
Math. Hung.,1(1971),
145-156. {14.10}
263. Lvov, I. V., Varieties of associativerings I, II, Alg. i. Logika, 12(1973), 269-297,
667-688. {9.6}
264. •,
Finitely basedidentitiesfor nonassociative
rings,Algebra i Logika, 14(1975),
7-15. {9.9}
265. Lyndon, R. C., Identities in two-valuedcalculi, Trans. Amer. Math. Soc., 71(1951),
457-465.{8,9.1 }
266.
, Identitiesin finite algebras,
Proc.Amer.Math.Soc.,5(1954),8-9.{ 9.16}
267. •,
Noteson Logic,Van Nostrand,Princeton,1966. {5,12}
268. MacDonald, J. L., Conditionsfor a universalmappingof algebrasto be a monomorphism,Bull.

Amer.Math.Soc.,80(1974), 888-892. {14.6}
269.*Macdonald,
S., Various
varieties,
J. Austral.Math.Soc.,16(1973),363-367.{9}
270. Macdonald,S. O., and A. P. Street, On lawsin lineargroups,Quart. J. Math. Oxford (2),
23(1972), 1-12.{ 8.5 }

271. Macintyre,A., On algebraically
closedgroups,Ann. Math., 96(1972), 512-520.{17.1}
ß

272.*MacLane,S., Topologyand logic as a sourceof algebra,Bull. Amer. Math. Soc., 82(1976),
1-40. {7 }

273. Magari,R., Unadimostrazione
delfatto cheognivarieth
ammette
algebre
semplici,
Ann.Univ.

63

274.
275.

276.
277.

Ferrara(7), 14(1969), 1-4. (14.8}
, Idealizablevarieties,J. Algebra,26(1973), 152-165.
•,
Classie schemiideali, Ann. Scuola Norm. Sup. Pisa,ClasseScienze,27(1973),
687-706. { 14.7 }
Makkai,M., Preservation
theorems,
J. SymbolicLogic,34(1969),437-459. {3}
A proof of Baker's finite basis theorem, Algebra Universalis, 3(1973),

174-181.i
9.11}

278.

279.

280.

281.
282.

283.
284.

285.

Malcev,A. I., On the generaltheory of algebraicsystems,(in Russian),Math. Sbornik(N.S.),
(77), 35(1954), 3-20. English translation:Amer. Math. Soc. Transl. (2), 27(1963),
125-142. {15 }
__
, The metamathematics
of algebraicsystems,collectedpapers1936-67, translatedand
editedby B. F. WellsIII, North-Holland,
Amsterdam,
1971.{ 3,17.9,[281] }
__
, Algebraic systems, (translated from Russian by B. D. Seckler and A. P.
Doohovskoy),Vol. 192 of Grundlehrender mathematischen
Wissenschaften,
Springer-Verlag,
New York, 1973. {3 }
__
, Identicalrelationsin varieties
ofquasigroups,
appears
in [279]. {12}
Marczewski,E., Independencein abstractalgebras- resultsand problems,Colloq. Math.,
14(1966), 169-188.{7,14.5,15}
__
, OpeningAddress
ibid, 357-359.{Introduction}
Margaris, A., Identities in implicative semilattices,Proc, Amer. Math. Soc., 41(1973),
443-448. { 12}
Markov, A. A., On the impossibility of certain algorithmsin the theory of associativesystems,

Dokl. Akad. Nauk SSSR (N.S.), 55(1947), 587-590. Translation:ComptesRendusURSS,

44(1947),583-586.{12}
286.

287.
288.

289.

290.

291.

Martin, C. F., Equational theories of natural numbersand transJ?niteordinals, Ph.D. Thesis,

Berkeley,1973.{8.10,8.11,8.12,8.13,9.20,9.21,12}
, Abstract,
NoticesAmer.Math.Soc.,17(1970),638.{ 9.20}
Martihez,
J., Varieties
of lattice-ordered
groups,
Math.Z., 137(1974),265-284.{ 13.10}
Mazzanti,G., Classi
idealie distributivit•
dellecongruenze,
Ann.Univ.Ferrara(7), 19(1974),
145-156. {14.73
McKenzie,R., On the uniquefactorizationproblemfor finite commutativesemigroups,
Notices
Amer.Math. Soc., 12(1965), 315.
-Equational bases for lattice theories, Math. Scand., 27(1970),

24-38.
{6',9.10,9.19,10.1,10.8,10.9,13.11
}

292.

, Definability in lattices of equationaltheories,Annals Math. Logic, 3(1971),
197-237.{13}

293.

, lql-incompactness
of Z, Colloq.
Math.,23(1971),199-202.

294.

, A method for obtaining refinement theorems, with an application to semigroups,

AlgebraUniversalis,
2(1972), 324-338. {14.10}
295.

, Equational basesand nonmodular lattice varieties, Trans. Amer. Math. Soc.,

174(1972),1-43.{13}
296. __
297.

298.

299.

, On spectra,and the negativesolutionof the decisionproblemfor identitieshavinga

finite non-trivialmodel,J. SymbolicLogic,40(1975), 186-196.{ 10.7,12.2,14.1,14.3}
, Abstract731-20-47,NoticesAmer. Math. Soc.,23(1976), A-93. {9.5}
, Someunresolved
problemsbetweenlattice theoryand equationallogic, Proceedings
of the 1973 HoustonLatticeTheoryConference,564-573.{ 15}
, On minimal locally finite varieties with permuting congruence relations, Ms.,

Berkeley,1976.{ 9.12,9}

300. --,

Para primal varieties:a study of finite axiomatizabilityand definableprincipal

congruences
in locallyfinite varieties,
AlgebraUniversalis
8(1978),336-348
.{9.13,14.2,15}
301. McKenzie, R., and S. Shelah, The cardinalsof simplemodelsfor universaltheories,53-74 in:

Proc. Tarski Symposium(1971)-Vol. 25 of Symposiain Pure Math., Amer. Math. Soc.,

Providence,
1974.{14.8}
302. McKenzie,R., and R. J. Thompson,An elementaryconstructionofunsolvableword problems
in grouptheory,457-478 in [62]. {12}
303. McKinsey, J. C. C., The decisionproblem for someclasses
of sentenceswithout quantifiers,J.

Symbolic
Logic,8(1943),61-76.{3}
304. McKinsey, J. C. C., and A. Tarski, On closed elements in closure algebras,Ann. Math.,

47(1946),122-162.{8.3}
305. McNulty, G., The decisionproblemfor equationalbasesof algebras,Annals Math. Logic,

10(1976),193-259.{5,11,12}
, Undecidable
propertiesof finite setsof equations,J. SymbolicLogic,41(1976),
9-15.{5, 12, 12.5,12.9,12.10,12.11,12.12}
307.*
, Fragments
of first orderlogicI: universal
Horn logic,J. SymbolicLogic,42(1977),
221-237.{3,5}
306.*

308. __,
Structuraldiversityin the latticeof equationalclasses,
Ms.(seeNoticesAmer.Math.
Soc.,23(1976), A-401.)
309.*McNulty, G., and W. Taylor, Combinatoryinterpolationtheorems,DiscreteMath., 12(1975),
193-200. {11 }
310. Mendelsohn,
N. S., Abstract76T-A252,NoticesAmer.Math. Soc.,23(1976), A-640.{14.1}
311. Meskin,S., On someSchreiervarietiesof universalalgebras,J. Austral.Math. Soc., 10(1969),
442-444. {14.12}

312. Monk,J. D., On representable
relationalgebras,
Michigan
Math.J., 11(1964),207-210.{9.23}
313.*

, Model-theoreticmethodsand resultsin the theoryof cylindricalgebras,238-250 in:
Addison,Henkin,Tarski(eds.),The theoryof models,North-Holland,Amsterdam,1965.
314.
, Nonfinitizability of classesof representable
cylindricalgebras,J. SymbolicLogic,
34(1969),331-343.{9.23}
315.
, On equationalclassesof algebraicversionsof logic I, Math. Scand.27(1970),
53-71. {13.7 }

316.Murskii
v, V. L., Nondiscernible
properties
of finitesystems
of identity
relations,
(in Russian)
Doklady Akad. Nauk SSSR, 196(1971), 520-522. Translation:SovietMath. Dokl., 12(1971),
183-186.{12.9}
317. --,
Examplesof varietiesof semieroups,
Mat. Zametki,3(1968), 663-670.Translation:
423-427. {12}
318.

, The existencein three-valuedlogic of a closedclasswith a finite basishavingno
finite complete systemof identities,(in Russian),Dokl. Akad. Nauk SSSR, 163(1965),
815-818. {9.16}

319. •,

The existenceof a finite basis,and someother properties,for "almost all"finite

algebras,
(Russian),
Prob.Kib.,50(1975),43-56.{9.11,9.15}
320. Mutylin, A. F., DokladyAkad. Nauk SSSR,168(1966), 1005-1008;translation:SovietMath.

Doklady,7(1966),772-5.{16}
321.*Mycielski,
J.,Somecompactifications
of general
algebras,
Colloq.Math.,13(1964),1-9.{14.8}
322. Nation, J. B., Varietieswhosecongruencesatisfycertain lattice identities,AlgebraUniversalis,
4(1974), 78-88. {15}
323. Nelson, E., Finiteness of semigroupsof operators in universalalgebra, Canad. J. Math.,

19(1967),764-768.{4}

65

324.

The lattice of equational classesof semigroupswith zero, Canad. Math. Bull,

14(1971),531-535. {13.5}
325.
The lattice of equationalclassesof commutativesemigroups,Canad. J. Math.,
23(1971),875-895. {13.5}
326.

, Not every equationalclassof infinitary algebrascontainsa simplealgebra,Colloq.
Math., 30(1974), 27-30. {14.8}
327.
Classesdefined by implication, Algebra Universalis,7(1977),
405-407.
{3}
328. Neumann B. H., On a problem of G. Gr•tzer, Publ. Math. Debrecen, 14(1967),
325-329. {14.1 }
329.
Theisomorphism
problemfor algebraically
closed
groups,553-562in [62]. { 17.1}

330.*Neumann,
H., Varieties
of groups,
Springer-Verlag,
Berlin,1967.{13.3,14.5,17.9
}
331. •,
Letterto J.Mycielski,
June,1968.{8.6}
332.*Neumann, W. D., Representing varieties of algebras by algebras,J. Austral. Math. Soc.,

11(1970),
1-8.{7,14.3}
333.*•,

OnMalcevconditions,
J. Austral.Math.Soc.,17(1974),376-384.{15,[427]}

334. Novikov, P.S., On the algorithmicundecidabilityof the word problem in group theory, Trudy

Mat.Inst.Steklov.,No. 14,Izdat.NaukSSSR,Moscow,1955.{12}
335. Novikov,P.S., and S. I. Adjan,Infinite periodicgroupsI, II, III, Izv. Akad. Nauk SSSRSet.

Mat.,32(1968),212-244,251-524and709-731.{14.5}
336. Oates, S., and M. B. Powell, Identical relationsin finite groups,J. Algebra, 1(1965),
11-39.{9.2 }

337. Ol•anskff,
A. Ju.,Ontheproblem
of afinitebasis
for theidentities
of groups,
Izv.Akad.Nauk
SSSR, 34(1970), 376-384. Translation: Math. USSR Izvestiya, 4(1970),
381-389. {9.18,13.3,14.4}
338.*Osborn,J., Varietiesof algebras,Advances
in Math., 8(1972), 162-369.

339. Padmanabhan,
R., On identities
defininglattices,AlgebraUniversalis,
1(1971),359-361.{10}
340.

, Equational theory of idempotent algebras, Algebra Universalis,2(1972),
57-61. {10.12}

341. •,
Equational theory of algebraswith a ma/ority polynomial, Algebra Universalis,
7(1977), 273-275. {10.1,10.2}
342. Padmanabhan,R., and R. W. Quackenbush,Equational theoriesof algebraswith distributive

congruences,
Proc.Amer.Math.Soc.,41(1973), 373-377.{6,10.7,10.13}
343. Page,W. F., Equationallycompletevarietiesof generalizedgroups,Bull. Austral.Math. Soc.,

13(1975),75-83. {13}
344. Page, W. F., and A. T. Butson, The lattice of equationalclassesof m-semigroups,Algebra

Universalis,
3(1973),112-126.{13.5}
345. Palyutin, E. A., The descriptionof categoricalquasivarieties,
Alg. i Logika, 14(1975),
145-185.{ 14.3}

346. Pareigis,
B.,Categories
andFunctors,
Academic
Press,
NewYork,1970.{ 2,7}
347. Peake, E. J., and G. R. Peters, Extension of algebraic theories, Proc. Amer. Math. Soc.,

32(1972),358-362.{7}
348. Perkins, P., Unsolvableproblemsfor equational theories, Notre Dame J. Formal Logic,
8(1967), 175-185. {12,12.1,12.3,12.4,12.6}
349.
, Bases for equational theories of semigroups,J. Algebra, 11(1969),
298-314.{9.3,9.17,11,13.5}
350. •,

An unsolvableprovability problem for one-variablegroupoM equations,Notre Dame

J. FormalLogic,13(1972),359-362. {12}

66

351. Petrich, M., All subvarieties
of a certain variety of semigroups,
SemigroupForum, 7(1974),
104-152.{13.5)
352. __,
Varietiesof orthodoxbandsof groups,PacificJ. Math., 58(1975), 209-217.
353. Pierce, R. S., Introduction to the theory of abstractalgebras,Holt, Rinehart and Winston,New
York, 1968. {14.9}
354.**Pigozzi, D., Equational logicand equationaltheoriesof algebras,Mimeographedat Iowa State

University,
1970,andreissued
atPurdue
University,
1975.{Introduction,8,13}
355.*

, Amalgamation, congruence-extensionand interpolation in algebras, Algebra

Universalis,
1( 1971),269-349.{ 14.6,14.7
}
356. •,
Base-undecidable
propertiesof universalvarieties,AlgebraUniversalis,6(1976),
195-223.{12.7,12.8}
357. •,
On some operations on classesof algebras, Algebra Universalis,2(1972),
346-353. {4}
358. •,
Thejoin ofequationaltheories,Colloq.Math,, 30(1974), 15-25.
359. __,
Universalequational theoriesand varietiesof algebras,Annals Math. Logic, to

appear.
{ 14.11}
360. __,

On the structureof equationallycompletevarieties,TransactionsAmer. Math. Soc.,

to appear.
{ 13}
361. •,
The universalityof the varietyofquasigroups,J. Austral.Math. Soc.(A), 21(1976),
194-219. {14.11}

362. Pixley, A. F., The ternarydiscriminator
function in universalalgebra, Math. Ann., 191(1971),
167-180. {10.7,14.5,15}

363.__,

LocalMalcev
conditions,
Canad.
Math.Bull,15(1972),
559-568.{15,17.3}

364. Pt'onka, J., On algebraswith [at most] n distinct essentiallyn-ary operations, Algebra

Universalis,
1(1971),73-79and80-85.{14.5}
365. •,
On a methodof constructionof abstractalgebras,Fund.Math., 61(1967), 183-189.
366.
, Remark on direct productsand sumsof direct systemsof algebras,Bull. Pol. Acad.
Sci.,23(1975), 515-518. {3}
367. Post, E., Recursire unsolvabilityof a problem of Thue, J. Symbolic Logic, 12(1947),
1-11. {12)

368. Potts,D. H.,Axioms
for semilattices,
Canad.
Math.Bull.,8(1965),519. {10.6,10.11}
369.*Quackenbush, R. W., Structure theory for equational classesgenerated by quasi-primal

algebras,
Trans.Amer.Math.Soc.,187(1974),127-145.{10.7, 13.2,14.5}
370.
, Variett,'es
ofsquags
andsloops,
Canad.
J.Math.,28(1976),1187-1198.
{ 14.4,17.4}
371. •,
Algebras
withsmallfinespectrum,
Algebra
Universalis,
to appear.{ 14.2,15}
372. •,
Near-BooleanalgebrasI: CombinatorialAspects, Discrete Math., 10(1974),
301-308. {10,14.4}
373.
, Semisimpieequational classeswith distributivecongruencelattices, Ann. E6tv6s
L6randUniv.,17(1974),15-19.{15}
374. Razmyslov,
P., A finite basisfor the identitiesof a matrixalgebraof secondorderovera field

of characteristic
zero,(in Russian),
Algebra
i Logika,12(1973),83-111.{ 9.7}
375.

, A finite basisfor some varietiesof algebras,(in Russian),Algebra i Logika,
13(1974), 685-693.
376. Remeslennikov,
V. N., Tworemarkson 3-stepnilpotentgroups,(in Russian),Algebrai Logika,

4(1965),59-65.{ 13.3}
377. Richardson,
D., Solutionof the identityproblemfor integralexponential
functions,Z. Math.

LogikGrundlagen
Math.,15(1969),
333-340.
{ 8,12}
378. Robbie,D., Powerassociative
topological
groupoids
andtheelusive
SAG,NoticesAmer.Math.

67

Soc.,23(1976),A-93. {16.7)
379. Rosenbloom,P. C., Postalgebras
I. Postulates
andgeneraltheory,Amer. J. Math., 64(1942),
167-188.{9.11}
380. Saade,M., A commenton a paper by Evans,Z. Math. Logik GrundlagenMath., 15(1969),
97-100.

381.Sabbagh,
G.,Caract•risation
alg•briq.
uedesgroupes
detypefiniayantunprobl•me
demots
r•soluble,
Lecture
Notesin Math.,514(1976),53-80.{17.1}
382. Sankappanavar,H. P., A study of congruencelattices of pseudocomplementedsemilattices,

Ph.D.Thesis,Waterloo,Ontario,1974. {14.8}
383. Sauer,N., andM. Stone,Thealgebraic
closureof a semigroup
of functions,AlgebraUniversalis,
7(1977),219-233.{17.2}
384. Schmidt,G., and T. Strohlein,Seminar•ber Baxter-Algebren,
Bericht7315, AbteilungMath.
der T. U. M•inchen,1973. {6}
385. Schreier,O., AbstraktekontinuierlicheGruppen,Abhand.Math. Sem., Hamburg,4(1926),
15-32.

386.*Schupp, P. E., Varieties and algebraicallyclosed algebras, Algebra Universalis,to
appear.
{14.6,17.1}

387. Schtitzenberger,
M.P., Surcertains
axiomes
de la th•oriedesstructures,
C. R. Acad.Sci.,Paris,
221(1945), 218-220.

388. Schwabauer,
R., Commutative
semigroup
laws, Proc. Amer. Math. Soc., 22(1969),
591-595. {13.5}
389. Scrimger,F. B., A largeclassof smallvarieties
of latticeorderedgroups,Proc.Amer.Math.
Soc.,51(1975), 301-306.{13.10}

390. Scott,D., Equationally
complete
extensions
of finitealgebras,
Ned.Akad.Wetensch.
(Ser.A),
59(1956), 35-38. {13.2}

391. Scott,W.R.,Algebraically
closed
groups,
Proc.Amer.Math.Soc.,2(1951),118-121.
392. Sekaninovfi,
A., On algebras
havingat mosttwoalgebraic
operations
depending
onn variables,

•asopis
prop•st
ovani'
mat
ematiky,
98(1973),
113-121.
{14.5}
393. Selman,
A., Calculi
for axiomatically
defined
classes
of algebras,
Algebra
Universalis,
2(1972),
20-32.{5}

394. Shahat,A., On implicationally
definedclasses
of algebras,
J. London
Math.Soc.,44(1969),
137-140. {3}

395. •,
On varietiesclosedunderthe construction
of poweralgebras,
Bull.Austral.Math.
Soc.,11(1974),213-218. {3}
396. Shelah,S., Everytwo elementarily
equivalent
modelshaveisomorphic
ultrapowers,
IsraelJ.
Math.,10(1971),224-234. {3}
397.
, A compactness
theorem
for singular
cardinals,
free algebras,
Whitehead
problems
andtransversals,
IsraelJ.Math.,21(1975),319-349.{2}

398. Sichler,J., Testingcategories
and stronguniversality,
Canad.J. Math., 25(1973),
370-385.{14.9}

399.*Simmons,
H.,Existentially
closed
structures,
J. Symbolic
Logic,37(1972),293-310.{ 14.6}

400. •,

Theuseof injectire-like
structures
in modeltheory,Compos.
Math.,28(1974),

113-142.

401. Sioson,F. M., Equationalbasesof Booleanalgebras,
J. SymbolicLogic,29(1964),
115-124. {10.5}

402.St•omir•ski,
J., Thetheoryof abstract
algebras
withinfinitary
operations,
Rozprawy
Mat.,
18(1959).{3,5)

403. Smith,D. D., Non-recursiveness
of the set of finite setsof equations
whosetheories
are
one-based,
NotreDameJ. FormalLogic,13(1972), 135-138.{12.5}

68

404. Solovay,
R. M., Newproofof a theorem
of Gaifman
andHales,Bull.Amer.Math.Soc.,
72(1966),282-284.
{ 14.5)

405.Stralka,A. R., The CEPfor compact
topological
lattices,
PacificJ. Math.,38(1971),
795-802.{ 14.7}

406.Stromquist,
W.,Solution
to Elementary
Problem
#2411,Amer.Math.Monthly,
81(1974),
410. {6)

407.S•vierczkowski,
S., Topologies
in freealgebras,
Proc.London
Math.Soc.(3), 14(1964),
566-576. {16 )

408. Tarski,
A.,A remark
onfunctionally
freealgebras,
Ann.Math.(2),47(1946),163-165.
{ 8,8.3)
409. •,
Arithmetic
classes
andtypes
ofBoolean
algebras,
Bull.Amer.Math.Soc.,55(1949),
63-64. { 12)

410....
411.*

[Abstracts],
J.Symbolic
Logic,
18(1953),
188-189.
{12)
, Contributions
to thetheoryof models
I, H, III, Indag.Math.,16(1954),
572-581

and582-588,and17(1955),56-64.{3)

412.__,

Equationally
complete
ringsand relationalgebras,
Indag.Math.,18(1956),

39-46. {13 )

413.**

, Equational
logicandequational
theories
ofalgebras,
275-288
in:H. A. Schmidt,
K.

Schi•tteand H. J. Thiele, eds., Contributions
to Mathematical
Logic,North-Holland,

Amsterdam,
1968.{ Introduction,
9.25,10.3,10.4,10.10,11)
414.•,
An interpolation
theorem
for irredundant
bases
of closure
systems,
Discrete
Math.,
12(1975),185-192.
{5,11)
415.--,
Set theorywithoutvariables,
(to appearas a volumeof Symposia
in Pure
Mathematics,
American
Math.Society).
{6)
416. Tarski,A., with A. Mostowski
and R. Robinson,
Undeeidable
theories,
North-Holland,
Amsterdam,
1953.{12)
417.Taylor,M. A., R- andT-groupoids.'
a generalization
of groups,
Aequat.
Math.,12(1975),
242-248. { 3}

418.Taylor,W., Someconstructions
of compact
algebras,
Ann. Math.Logic,3(1971),
395-435.{ 14.8,14.9}

419.*
420.*

, Residually
small
varieties,
Algebra
Universalis,
2(1972),33-53.{ 14.8}
CharacterizingMa!•ev conditions,Algebra Universalis,3(1973),

,

351-397.{7,9.14,14.1,15,16.6,17.8}

421. •,

Uniformity
of congruences,
Algebra
Universalis,
4(1974),342-360.

422.•,

Problem
225,Canad.
Math.Bull.,17(1974/75),
151.Solution
(P.Olin,
et al.),tT•id,

770. {6 }

423.*

, Reviewof seventeen
paperson equational
compactness,
J. Symbolic
Logic,

40(1975), 88-92. {14.8}

424.*

The fine spectrumof a variety,AlgebraUniversalis,
5(1975),

,

263-303.{9.14,14.2,14.3,14.5,14.10,16.6
}

425. .

, Purecompactifications
in quasi-primal
varieties,
Canad.J. Math.,28(1976),

50-62. { 14.8}

426.•,

Baker's
finitebasis
theorem,
Algebra
Universalis,
8(1978),
191-196.
{9.11}

427.•,
428.•

Review
of W.D. Neumann
[333], MR51,(1976),#7998.{7}
Varietiesof topological
algebras,
J. Austral.Math. Soc., 23(A)(1977),

429.•.

Varietiesobeying homotopylaws, Canad. J. Math., 29(1977),

207-241.
i3,15}

498-527.
i14.1,16.4,16
}

430. Trahtman,
A. N., Covering
elements
in the latticeof varieties
of algebras,
Math.Notes,

69

15(1974),174-177.(13}
431.*Trakhtenbrot,B. A., Algorithmsand automaticcomputingmachines,Heath, Boston,
1964. {12}

432. Tulipani,S., Sull'aggiunto
delfuntoredimenticante
tra dueclassiequazionali,
Accad.Naz.dei
Lincei(8), 54(1973), 503-508.(2}
433.
, Propriet[t
metamatematiche
di alcuneclassidi algebre,Rend.Sem.Math.Padova,
47(1972), 177-186. (15}
434. Vaughan-Lee,
M. R., Uncountably
manyvarieties
ofgroups,
Bull.LondonMath.Soc.,2(1970),
280-286.{ 9.18,13.3,14.4}
435.

Wagner,
W., Uberdie Grundlagen
derprojektiven
Geometrie
undallgemeine
Zahlensysteme,

436.

Math.Z., 113(1936-37),528-567.{8.4}
Wallace,A.D., Cohomology,
dimension
andmobs,SummaBrasil.Mat., 3(1953),43-55.

437.

Waterman,
A. G., Thefreelatticewith3 generators
overN5, Portugal.
Math.,26(1967),

438.

Waterman,
A. G., andG. Bergman,
Connected
fieldsof arbitrarycharacteristic,
J. Math.Kyoto
Univ., 5(1965), 177-184.{16 }
W•glorz,B.,Equationally
compact
algebras
[IIIJ, Fund.Math.,60(1967),89-93.{14.8}
Wenzelburger,
E., and J. E. Lin, Reductionof all 3-termsyzygies,
Publ.Math. Debrecen,
21(1974), 57-59. (2}
Whitman,
P.M., Freelattices,Ann.Math.,42(1941),325-330.{12}

285-288. { 14.5}

439.
440.

441.

442.

Wille,R., Kongruenzklassengeometrien,
LectureNotesin Math.,No. 113, Springer-Verlag,
Berlin,1970. {15 }

Wraith,G. C., Lectureson elementary
topoi,114-206in: ModelTheoryandTopoi,Lecture
Notesin Mathematics,
Vol. 445, Springer-Verlag,
Berlin,1975.{ 7 }

Yaqub,A., On the identities
of certainalgebras,
Proc.Amer.Math. Soc.,8(1957),
522-524.{9.11}
445.

Yasuhara,
M., Theamalgamation
property,theuniversal-homogeneous
models
andthegeneric
models,Math. Scand.,34(1974), 5-36. {14.6}

71

SUPPLEMENTAL

BIBLIOGRAPHY

The following articlesare all closelyrelated to one aspector anotherof our survey.We have
not usuallyreferredexplicitly to them, either becausethey are peripheral,or becausethey are very
recent,or becausethey had escapedour noticeuntil the lastmoment.We thankBjarniJ6nsson
who
didmuchofthe workin compilingthisbibliography.

Ad•mek,J., and J. Reiterman,
Fixed-point
properties
of unaryalgebras,
Algebra
Universalis,
4(1974), 163-165.
Adjan, S. I., Infinite irreduciblesystemsof group identities,(Russian),Dokl. Akad. Nauk SSSR,
190(1970),499-501.
Aliev,I. Sh.,On theminimalvarietyof a symmetricvariety,Algebrai Logika,5(1966), 5-14.
Appel, K. I., Horn sentences
in identity theory, J. SymbolicLogic,24(1959), 306-310.
Astromoff,A., Some structuretheoremsfor primal and categoricalalgebras,Math. Z., 87(1965),
365-377.

Backmuth,
S.,Mochizuki,
H.Y., Theclass
of thefreemetabelian
group
withexponent
p2,Comm.
PureAppl. Math., 21(1968), 385-399.
Bacsich,
P. D., Primalityandmodelcompletions,
AlgebraUniversalis,
3(1973), 265-270.
Baker,K., Equationalaxiomsfor classes
oœtteyting
algebras,
AlgebraUniversalis,
6(1976), 105-120.
Balbes,R., On free pseudo-complemented
and relativelypseudo-complemented
semi-lattices,
Fund.
Math., 78(1973), 119-131.
Balbes,R., and Dwinger,P., Distributivelattices,Univ. of MissouriPress,Columbia,1974.
Banaschewski,B., and Nelson, E., On residual finiteness and finite embeddability,Algebra
Universalis,2(1972), 361-364.

BaranoviE,
T. M., On multi-identities
in universal
algebras,
(Russian),
Sibirsk.
Math.•., 5(1964),
976-986.

•,

Free decompositionsin the intersectionof primitive classesof algebras,Dokl. Akad. Nauk

SSSR,155(1964), 727-729,(Russian),Mat. Sb.(N.S.), (109), 67(1965), 135-153.
__,
Theequivalenee
of topologicalspacesand primitivealgebraclasses,
Math. Sb.(N.S.), (98),
56(1962), 129-136.
Bateson, C. A., Interplay between algebra and topology.' groupoids in a variety, Ph.D. Thesis,
Boulder, 1977.

Berman,J., Algebraswith modularlattice reductsand simplesubdirectirreducibles,
DiscreteMath.,
11(1975), 1-8.
--,
On the congruence
latticesof unaryalgebras,Proc.Amer. Math. Soc.,36(1972), 34-38.

:--•,

Distributivelatticeswith an additionalunaryoperations,
Aequ.Math., 16(1977),
165-171.

Birkhoff,G., andJ. D. Lipson,Heterogeneous
algebras,
J. Combinatorial
Theory,8(1970), 115-133.
., Universalalgebraand automata,41-51 in Proc.InternationalCongress
of Mathematicians,
Vancouver,1974, CanadianMath. Congress,
1975.
Biryukov,A. P., On infinitesetsof identitiesin semigroups,
(Russian),Algebrai Logika,4(1965),
31-32.

•.,

.,Semigroups
definedby identities,Dokl. Akad. Nauk SSSR,149(1963), 230-232.
The latticesof varietiesof idempotentsemigroups,
(Russian),All-UnionColl.on General
Algebra,Riga,(1967), 16-17.
., Varieties
of idempotentsemigroups,
AlgebraandLogic,9(1970), 153-164.

72

, Certainalgorithmicproblemsfor finitely determinedcommutativesemigroups,
Sib. Mat.
Zh. 8(1967), 525-534.
Blikle,A., Equationallanguages,
InformationandControl,21(1972), 134-147.
Blok,W. J., Varietiesof closurealgebras,
A.M. S. Notices,21(1974), A-475.
, Thefree closurealgebraon finitely manygenerators,Indag.Math., 39(1977), 362-379.
, Varietiesof interioralgebras,Ph.D. Thesis,Universityof Amsterdam,1976.
Blok. W. J. andP. Dwinger,Varietiesof closurealgebras
III, NoticesAmer. Math. Soc.,21(1974),
A475-476.

Blok, W. J., and P. K6hler, The semigroupof varietiesof generalizedinterior algebras,HoustonJ.
Math., 3(1977), 315-327.
Bol'bot,A.D., Equationallycompletevarietiesof totally symmetricquasigroups,
Algebrai Logika,
7(1967), 13-19.
Bruck, R. H., A surveyof binarysystems,Ergebnisse
derMath. und ihresGrenzgibieten,
N. F. Hefte,
20(1958).
Bruns,G., and G. Kalmbach,Varieitesoforthomodularlattices,Canad.J. Math., 23( 1971), 802-810,
II Ibid., 24(1972), 328-337.
Bryant,R. M., Someinfinitelybasedvarietiesof groups,J. Austral.Math. Soc.,16(1973),29-32.
Bulman-Fleming,S., and H. Werner,Equational compactness
in quasi-primalvarieties,Algebra

Universalis,
7(1977), 3346.
Burgin,M. S., Freeproductsin linear•2-algebras,
(Russian),UspekiMat. Nauk, 28(1973), 195.

•.,

Multiplication
of varieties
of linear•2-algebras,
Izv.Vyss,U[ebn.Zaved.
Mat.,1976,3-14.

•.,

Thefreenesstheorem in somevarietiesof linear algebrasand rings, RussianMath. Surveys,

24(1969), 25-35.
Burmeister,P., PrimitiveKlassenpartiellerAlgebren,HabilitationsschriftBonn, 1971.
Burris,S.,A noteon varieties
of unaryalgebras,
Colloq.Math.,22(1971), 195-196.
ßRemarkson reductsof varieties,to appear.
•.,
Sub-Booleanpower representations
in quasi-primalvarieties,to appear.
Burris,S., and J. Lawrence,Definableprincipalcongruences
in varietiesof groupsand rings,Algebra
Universalis,to appear.

Chiaro,M. R.,A clustertheorem
for polynomial
complete
algebras,AlgebraUniversalis,5(1975),
197-202.

Cignoli,R., Injectire de MorganandKleenealgebras,
Proc.Amer.Math. Soc.,47(1975), 269-278.
Comer,S. D., Arithmetic propertiesof relativelyfree products,preprint.

, Monadicalgebras
of finite degree,AlgebraUniversalis,
5(1975), 313-327.
Comer, S. D., and D. X. Hong,Someremarksconcerningthe varietiesgeneratedby the diamondand
the pentagon,Trans.Amer.Math. Soc., 174(1972), 45-54.
Comer, S. and J. Johnson,The standardsemigroupof operatorsof a variety, AlgebraUniversalis,
2(1972), 77-79.

Csfikdny,B., Abelianpropertiesof primitiveclasses
of universal
algebras,
Acta Sci.Math. (Szeged),
25(1964), 202-208.
, On the equivalence
of certainclasses
of algebraicsystems,
(Russian),Acta Sci. Math.
(Szeged),23(1962),46-57.
ßPrimitiveclasses
of algebraswhichare equivalentto classes
ofsemimodulesand modules,
(Russian),Acta.Sci.Math.(Szeged),24(1963), 157-164.
Varieties
ofaffinemodules,
Acta.Sci.Math.(Szeged),
37(I 975), 17-23.
¾

Cupona,
G., On someprimitiveclasses
of universal
algebras,
Mat.Vesnik,(18), 3(1966),105-108.
Correction,Ibid.(2! ), 6(1969), 354.

Daigneault,
A.,Injectireenvelopes,
Amer.Math.Monthly,
76(1969),766-774.

73

Dale, E. C., Semigroupand braid representationsof varietiesof algebras,Thesis, Manchester,1956.
Davey, B. A., Duality of equational classesof Brouwerian algebrasand Hey ting algebras,Trans.

Arner.Math. Soc.,22(1976), 119-146.
, Topologicaldualityfor prevarietiesof universalalgebras,Mimeographed,Bundoora,1976.
Day, A., Injectivity in non-distributive
equationalclasses
of lattices,Arch. Math. (Basel),21(1970),
113-115.

, l>modularity implies modularity in equationalclasses,AlgebraUniversalis,3(1973),
398-399.

Day, I. M., andH. Neumann,TheHopf propertyofœreeproducts,Math. Z., 117(1971), 325-339.

Diego,A., $ur lesalggbres
de Hilbert, Collectionde logiquemath•matique,Sdr.A., Volume21.
Gauthier-Villars,Parisand Nauwelaerts,Louvain, 1966.
Diener, K. H., A remark on equationalclasses
generatedby very smallfree algebras,Arch. Math.
(Basel),20(1969), 491-494.
Diets, Y., Foncteurpleinementfiddle denseclassantles algdbres,
Cahiers
deTopologie,
27(1976),
171-186.

Dorofeev,G. V., Thejoin of varietiesof algebras,
Algebrai Logika,15(1976), 267-291.Translation:
Algebraand Logic,15(1976), 165-181.

Dra•kovi•ov•,
H.,Independence
ofequational
classes,
Mat.•asopis
Sloven
Acad.
Vied.,
23(1973),
125-135.

Drbohlav,K., A categoricalgeneralizqtionof a theoremof G. Birkhoff on primitiveclasses
of
universalalgebras,Comm.Math. Univ. Carolinae,6(1965), 2141.

Dudek,J., Remarkson algebras
havingtwo basesof differentcardinality,•olloq.
Math.•2(1971),
197-200.

Duncan,H. F., Someequationally
completealgebras,
Amer.Math.Monthly,84(1977), 544-548.
Edmunds,Charles C., On certain finitely basedvarietiesof semigroups,
SemigroupForum,
15(1977), 21-39.
Esakia,Leo, RevazGrigolia,ChristmasTrees,On free cyclic algebrasin somevarietiesof closure
algebras,
PolishAcad.Sci.Inst. Philos.Sociol.Bull.Sect.Logic,4(1975), 95-102.
Evans,T., Properties
of algebras
almostequivalentto identities,J. LondonMath.Soc.,37(1962),
53-59.

•,

Finitely presentedloops, lattices,etc. are Hopfian, J. LondonMath. Soc., 44(1969),
551-552.

•,

Schreiervarietiesof semigroups,
Math. Z., 112(1969), 296-299.
, When is a functionally free algebra free? A remark on a problem oœB. M. Schein,

__,
•,

SemigroupForum,4(1972), 197-184.
Residualfinitenessandfinite embeddability,AlgebraUniversalis,
2(1972), 397.
Identitiesand relationsin commutativeMoufangloops,J. of Algebra,31(1974), 508-513.
., The constructionof orthogonalk-skeinsand Latin k-cubes,Aequ. Math., 14(1976),
485-491.

•.,

WordProblems
(survey
article),Bulletinof theAmer.Math.Soc.,84(1978),789-802.

Fajtlowicz,
S.,Birkhofjøs
theorem
in thecategory
of indexed
algebras,
Bull.Acad.Polon.Sci.,Sci.
Sdr.Math.Astron.,
Phys,17(1969),
273-275.
•,
•,

•,

Independent
subsets
of ageneral
algebra,
Colloq.Math.,14(1966),225-231.
The existenceof independentsetsin abstractalgebra,Bull. Acad.Polon.Sci. S•r. Sci.
Math.Astron.,Phys.,15(1967),765-767.

Properties
of thefamily of independent
subsets
of a general
algebra,
Colloq.Math.,
14(1964), 225-231.

Fajtlowicz,
S., Gl'azek,
K. andK. Urbanik,
Separable
variables
algebras,
Colloq.
Math.,15(1967),

74
161-171.

Fajtlowicz,S. and E. Marczewski,On somepropertiesof the family of independentsetsin abstract

algebras,
Colloq.Math.,213(1969),
189-195.
Felscher,W., AdjungierteFunktorenund primitiveKlassen,Sitzungsbericht
Heid. Akad.Wiss.-Nat.
Klasse,
(1965), 1-65.
, Equationalclasses,
clones,theoriesand triples,Ms., 1972.
Felscher,W. and G. Jarfe,Free structuresand categories,The Theory of Models,Proc.of the 1963
International Symposiumat Berkeley,Amsterdam,1965, 427428.
Fichtner, K., Distributivity and modularityin varietiesof algebras,Acta Sci. Math. (Szeged),
33(1972), 343-348.
•,
Eine Bemerkungiiber MannigfaltigkeitenuniversellerAlgebren mir Idealen, Monatsblatt
Deutsch.Akad.Wiss.Berlin, 12(1970), 21-25.
•,
Varietiesof universalalgebraswith ideals,(Russian),Mat. Sb., (N.S.), (117), 75(1968),
445-453.

, On the theory of universalalgebraswith Meals, (Russian),Mat. Sb., (N.S.), (119),
77(1968), 125-135.
Forder,H. G., and J. A. Kalman,Implicationin equationallogic,Math. Gazette,46(1962), 122-126.
Foster,A. L., Algebraicfunction spectra,Math. Z., 106(1968), 225-244.
__,
An existencetheoremfor functionallycompleteuniversalalgebras,Math. Z., 71(1959),
69-82.

•,

•,

•,
•,

Automorphi•ms and functional completeness in universal algebras I.

General

automorphisms,
structuretheoryandcharacterization,
Math. Ann., 180(1969), 138-169.
Congruencerelationsand functional completenessin universalalgebras;structure theory
and hemi-primalalgebras,
Math. Z., 113(1970), 293-308.
Familiesof algebraswith unique(subJ-direct
factorization.'Equationalcharacterizationof
factorization,Math. Ann., 166(1966), 302-326.
Functional completenessand automorphisms.General infra-primal theory of universal
algebra "fields"of Galois-class
II, Monatsheftffir Math., 76(1972), 226-238.

•,

Functional completenessin the small Algebraic Structure theorems and identities, Math.

•,

Ann., 143(1961), 29-58.
Functionalcompleteness
in the smallII. AlgebraicStructuretheorem,Ibid., 148(1962),
173-191.

., Generalized "Boolean" theory of universal algebras, I. Subdirect sums and normal
representationtheorem, Math. Z., 58(1953), 306-336. II. Identities and subdirectsumsof
functionallycompletealgebras,
Ibid., 59(1953), 191-199.
., Generalizedequationalmaximality of primal-in-the-small
algebras,Math. Z., 79(1962),
127-146.

•,

, Homomorphisms and functional completeness.Hemiprimal algebras,II., Math. Z.,
115(1970), 23-32.
On the finitenessof free universalalgebras,
Proc.Amer.Math. Soc.,7(1956), 1011-1013.

•,

On the embeddabilityof universalalgebrasin relation to their identities,I. Math. Ann.,
138(1959), 219-238.
__,
PrefieMs and universalalgebra extensions;equationalprocessions,Monatsh. Math.,
72(1968), 315-324.

__,

Semi-primalalgebras,
characterization
and normal-decomposition,
Math. Z., 99(1967),
105-116.

__,

Thegeneralized
Chineseremaindertheoremfor universal
algebras;
Subdirectfactorization,
Math. Z., 66(1956), 452-469.

75

, The identities of - and unique subdirectfactorization within - classesof universal
algebras,Math. Z., 62(1955), 171-188.
Foster, A. L., and A. Pixley, Algebraicand equationalsemi-maximality;
equationalspectraI., Math.
Z., 92(1966), 30-50,II, Ibid., 93(1966), 122-133.
•,
Semi-categorical
algebras.
I. Semi-primalalgebras,
Math. Z., 83(1964), 147-169,II. Math.
Z., 85(1964), 169-184.
Franci, R., Filtral and ideal classesof universal algebra, Quaderni dell'Istituo di Matematica

dell'Universitfi
di Siena,July,1976, 128pages.
Fraser, G. A., and A. Horn, Congruencerelations in direct products, Proc. Amer. Math. Soc.,
26(1970), 390-394.
Freese, R. S., Varietiesgeneratedby modular lattices of width four, Bull. Amer. Math. Soc.,
78(1972), 447-450.
•,
The structureof modularlatticesof width four with applicationsto varietiesof lattices,
MemoirsAmer.Math. Soc.,181(1977),91 pages.
Freese, R., and B. J6nsson,Congruencemodularity implies the ArguesJanidentity, Algebra

Universalis,
6(1976),225-228.
Freese,R. S., andJ. B. Nation,Congruence
latticesof semilattices,
PacificJ. Math.,49(1973), 51-58.
Fried, E., Subdirectly irreducible weakly associativelattices with congruenceextensionproperty,

Ann. Univ. Sci.Budapest
E6tv6sSect.Math., 17(1974), 59-68, (1975).
Tournamentsand nonassociativelattices, Ann. Univ. Sci. Budapest,Sect. Math.,
13(1970), 151-164.
, Weakly associativelattices with congruenceextensionproperty, AlgebraUniversalis,
4(1974), 150-162.
Fried, E. and G. Gr•itzer,Some examplesof weaklyassociative
lattices,
Golloq.Math.,27(1973),
__,

215-221.

, A non-associative
extension
of theclassof distributive
lattices,PacificJ. Math.,49(1973),
59-78.

Fried, E., and A. F. Pixley, Thedualdiscriminatorin universalalgebra,to appear.
Fried, E. and V. T. S6s, Weaklyassociativelatticesand projectiveplanes, Algebra Universalis,
5(1975), 114-119.
Fujiwara,T., Note on free algebraicsystems,
Proc. JapanAcad.Sci.,32(1956), 662-664.

•,

, Note onfreeproducts,Proc.JapanAcad.Sci.,33(1957),636-638.
Note on the isomorphism
problemfor free algebraicsystems,
Proc. JapanAcad.Sci.,
31(1955), 135-136.

•,

Supplementary
noteonfreealgebraic
systems,
Proc.JapanAcad.Sci.,33(1957),633-635.

Fujiwara,T., and Nakano,Y., On therelationbetweenfree structures
anddirectlimits,Mathematica
Japonica,15(1970), 19-24.

Furtado-Coelho,
J., Functors
associated
withvarieties
of universal
algebras,
Estudos
deMatemfitica,
1974, 1-31.

Gaskill,H. S., Classes
of semilattices
associated
with equationalclasses
of lattices,Canad.J. Math.,
25(1973), 361-365.
Gedeonovfi,E., A characterizationof p-modularityfor congruencelatticesof algebras,Acta. Fac.
RerumNatur.Univ.Comenian
Math.Publ.,28(1972), 99-106.
Gerhard,J. A., Semigroups
with an idempotentpowerI,II, Semigroup
Forum,14(1977), 137-141,to
appear.

Glass,A.M. W., W. C. HollandandS. H. McCleary,Thestructureof L-groupvarieties,to appear.
Gluhov, M. M., On free productsand algorithmicproblemsin R-manifoldsof universalalgebras,
SovietMathmatics-Doklady,
11(1970), 957-960.

76

Goetz, A. and C. Ryll-Nardzewski,On basisof abstractalgebras,Bull. Acad. Polon. Sci. S•r. Sci.
Math., Astronom,Phys.,8(1960), 147-161.
Gr/itzer, G., A theorem on doubly transitive permutation groups with applications to universal

•,

algebras,Fund.Math., 53(1963), 25-41.
, Equationalclasses
oœlattices,
DukeMath. J., 33(1966), 613-622.
., Free algebrasoverfirst order axiom systems,MagyarTud. Akad. Mat. Kutat6 Int. K6zl.,
8(1963), 193-199.
Free S-structures,
Trans.Amer.Math. Soc.,135(1969), 517-542.
., On polynomialalgebras
andfree algebras,
Canad.Math. J., 20(1968), 575.581.
., On the existenceof free structuresover universalclasses,Math. Nachr., 36(1968),
135-140.

., Stonealgebrasform an equationalclass.Remarks on lattie.e theory,III, J. Austral.Math.
Soc.,9(1959), 308-309.
Gr//tzer,G., andH. Lakser,Equationallycompactsemilattices,
Colloq.Math., 20(1969), 27-30.

., Thestructure
ofpseudo-complemented
distributive
lattices,
II. Congruence
extension
and
amalgamation,
Trans.Amer.Math. Soc.,156(1971), 343-358.
, Two observations on the congruence extension property, Proc. Amer. Math. Soc.,

35(1972), 63-64.
Gr/itzer, G., Lakser, H., and J. Pt'onka,Joins and direct productsofequationalclasses,Canad.Math.
Bull., 12(1969),741-744.
Gumm, H. P., Malcev conditions in sums of varietiesand a new Malcev condition, Algebra
Universalis,
5(1975), 56-64.
Hagemann,J. and A. Mitschke,On n-permutable
congruences,
AlgebraUniversalis,
3(1973), 8-12.
Halkowska, K., Congruencesand automorphismsof algebrasbelongingto equational classeswith

non-trivializing
equalities,
Bull.Soc.Roy.Sci.Liege,44(1975),8-11.

Hecht,T., andT. Katrih•ik,
Equational
classes
of relativeStonealgebras,
NotreDameJ. Formal
Logic,13(1972), 248-254.
Hedrlih, Z. and Lambek,J., How extensiveis the categoryof semigroups?
J. Algebra,11(1969),
195-212.

Hedrlih, Z. and A. Pultr, On full embeddings
of categoriesof algebras,Ill. J. Math., 10(1966),
392-406.

Hedrlih,Z. andVop•nka,P.,An undecidability
theoremconcerning
full embeddings
intocategories
oœalgebras,
Comm.Math. Univ. Carolinae,7(1966), 401-409.
Herrmann,C., Weakprojectiveradiusand finite equationalbasesfor classes
of lattices,Algebra
Universalis,
3(1973), 51-58.
Herrmann, C., and Andrea Hahn, Zum Wortproblemfiir freie Untermodulverbiinde,Arch. Math.,

(Basel),26(1975), 449-453.
Herrmann, C., and Huhn, A., Zum Begriff der charakteristic modularer Verbgnde, Math. Z.,

144(1975), 185-194.
Herrmann, C. and Poguntke, W., The class of serblattices
of normal subgrouplattices is not
elementary,
AlgebraUniversalis,
4(1974), 280-286.
Higgs,D., Remarkson residuallysmallvarieties,AlgebraUniversalis,
1(1971), 383-385.
Hilton, P. J., Note onfree anddirectproductsin generalcategories,
Bull. Soc.Math. Belg.,13(1961),
38-49.

Hong,D. X., Covering
relationsamonglatticevarieties,
PacificJ. Math.,40(1972),575-603.
Hu, T.-K., Characterizationof algebraicfunctions in equationalclassesgeneratedby independent
primalalgebras,AlgebraUniversalis,
1(1971), 187-191.
.... On the basesof free algebras,
Math. Scand.,16(1965), 25-28.

77

•,

On the fundamentalsubdirectfactorizationtheoremof primalalgebratheory,Math.
Zeitschr.,112(1969), 154-162.
•,
On the topological
dualityfor primalalgebras,
AlgebraUniversalis,
1(1971), 152-154.
•,
Stonedualityfor primalalgebratheory,Math.Z., 110(1969),180-198.
Hu, T.-K., and P. Kelenson,Independenceand direct factorizationof universalalgebras,Math.
Nachr.,51(1971), 83-99.
Hulanicki,A., E. Marczewski,andJ. Mycielski,Exchangeof independentsetsin abstractalgebras,
I.,
Colloq,Math., 14(1966), 203-215.
Hule, H., Algebraische
Gleichungen
iiber universalen
Algebren,MonatshefteFtirMath., 74(1970),
50-55.

•,
Polynomei•beruniversale
Algebren,Ibid., 73(1969),329-340.MR 41, (I971), #133.
Iqbalunnisa,
On typesof lattices,Fund.Math., 59(1966), 97-102.
Isbell,J. R., Epimorphisms
anddominions,V., AlgebraUniversalis,
3(1973), 318-320.
•,
Two examplesin varietiesof monoids,Proc.Cambridge
Philos.Soc.,68(1970), 265-266.
Istinger,M., andH. K. Kaiser,/I characterization
ofpolynomiallycompletealgebras,
Mimeographed,
Vienna, 1976.

Je•ek,J.,Principal
dualideals
inlattices
ofprimitive
classes,
Comm.
Math.Univ.Carolinae,
9(1968),
533-545.

John,R., On classes
of algebrasdefinedby regularequations,Colloq.Math., 36(1976), 17-21.

Johnson,
J. S.,Marczewski
independence
in mono-unary
algebras,
Colloq.Math.,20(1960),7-11.
•,

Nonfinitizability of classesof representablepolyadic algebras,J. Symbolic Logic,
34(1969), 334-352.
J6nsson,
B.,Equational
classes
of lattices,Math.Scand.,22(1968),187-196,
•
, Relativelyfree lattices,Colloq.Math., 21(1970), 191-196.
•.,
Relativelyfreeproducts
of lattices,AlgebraUniversalis,
1(1971),362-373.

•.,

Theclass
of Arguesian
latticesisselfdual,
Algebra
Universalis,
2(1972),396.

J6nsson,B., and P. Olin, Elementaryequivalence
and relativelyfree productsof lattices,Algebra
Universalis,
6(1976), 313-325.
Jordan,P., Beitri•gezur Theorieder Schri•gverbi•nde,
Akad. Wiss.Meinz, Abh. Math.-Nat.KI.,
15(1956),27-42.

,Die TheoriederSchr•gverbi•nde,
Abh.Math.Sem.Hamburg,
21(1957),127-138.
, Nicht-Kommutative Verallgemeinerung
der Theorie der l/erb•nde, Celebrazioni

Archimedee
delSec.XX (Siracusa,
1961),Vol.III, pages
11-18.Gubbio,1962.

, •bernichtkommutative
Verb•nde,
Arch.
Math.,
2(1949),
56-59.
., Zur Axiomatik der Verkn•pfungsbereiche,
Abhandlungen
aus dem Mathematischen
SeminarderUniversit•tHamburg,16(1949), 54-70.
., Zur Theorieder nichtkommutativen
Verb•nde,Akad. Wiss.Mainz Abh. Math. - Nat. Ki.,
12(1953), 59-64.
Jordan,P., W. B6ge,Zur Theorieder Schriigverb•nde
II, Akad.Wiss.
Mainz,Abh. Math. - Nat. KI.,
13(1954), 79-92.
Jordan,P., E. Witt, Zur Theorieder Schri•gverb•nde,
Akad. Wiss.Mainz, Abh.Math.-Nat. KI.,
12(1953),223-232.
Kalman,J. A., Equational
completeness
andfamiliesof setsclosedundersubtraction,
Nederl.Akad.
Wetensch.
Proc.Ser.A. 63 = Indag.Math.,22(1960),402-405.

•.,
•,

Onthepostulates
for lattices,
Math.Annalen,
137(1959),362-370.
Axiomatizations
of logicswith valuesin groups,J. LondonMath. Soc. (2), 14(1976),
193-199.

Katrii•a3c,
T., Equationalclasses
of modularp-algebras,
Collection
of papersonthetheoryof ordered

78

setsand generalalgebra,Acta. Fac. Rerum Nat. Univ. ComenianMath. SerialNo. (1975),
19-21.

•,
•,
__,

PrimitiveKlassenyon modulatenS-Algebren,J. Reine Angew.Math., 261(1973), 55-70.
Subdirectlyirreduciblemodularp-algebras,
AlgebraUniversalis,
2(1972), 166-173.
The cardinality of the lattice of equational classesof p-algebras,Algebra Universalis,
3(1973), 328-329.

, Varieties
of modularp-algebras,
Colloq.Math.,29(1974),179-187.
Keisler,H. J., On someresultsof Jdnssonand Tarskiconcerning
free algebras,Math. Scand.,
9(1961), 102-106.
Knoebel, R. A., Congruence-preserving
functions in quasiprimalvarieties, Algebra Universalis,

4(1974), 287-288.
•,

Productsof independentalgebraswith finitely generatedidentities,AlgebraUniversalis,

3(197,,3),
147-151.
Kogalovskii,
S. R., OnBirkhoff'stheorem,(Russian),
UspehiMat. Nauk,20(1965), 206-207.
Koz•ik,M., Finiteness
conditions
in EDZ-varieties,
Comment. Math. Univ. Carolinae,17(1976),
461-472.

Krauss,P. H., On quasi-primal
algebras,Math. Z., 134(1973), 85-89.
•,
On primalalgebras,
AlgebraUniversalis,
2(1972), 62-67.

Krupkov•,
Vlasta,
Algebraic
theories,
Kiznice
Odborn
...Brne,115-124.
Lakser,H., The structureof pseudo-complemented
distributivelatticesI: Subdirectdecompositions,
Trans.Amer.Math. Soc., 156(1971), 335-342.
Lakser, H., R. Padmanabhanand C. R. Platt, Subdirectdecompositionsin Pfonka sums,Duke Math.
J., 39(1972), 485-488.
Lakser, H., Injectire completeness
of varietiesof unary algebras:A remark on a paper by Higgs,
AlgebraUniversalis,
3(1973), 129-130.
Lanekan,R., Das verallgemeinerte
freie Produkt in primitivenKlassenuniverseller
AlgebrenI, Publ.
Math. Debrecen,17(1970), 321-332.
Landholt, W. J., and T. P. Whaley, Relativelyfree implicativesemilattices,AlgebraUniversalis,
4(1974), 166-184.
Lewin, Jacques,On Schreiervarietiesof linear algebras,Trans. Amer. Math. Soc., 132(1968),
553-562.

Liv•ic,
A. H.,M. S.Celenko,
andE.G. •ulgeifer,
Varieties
incategories,
Mat.Sb.(N.S.),
(105),
63(1964), 554-581.

Lo•, J., Commonextensions
in equational
classes,
Methodology
andPhil.of Sci.,Proc.of the 1960
•,

InternationalCongress,136-142.
Free productsin generalalgebras,Theory of Models,Proc. 1963 Internat. Sympos.,
Berkeley,229-237, Amsterdam,1965.

Ljapin, E. S., An infinite irreducibleset of semigroupidentities,MathematicalNotes,7(1970),
330-332.

MacDonald,
JohnL., Coherence
andembedding
of algebras,
Math.Z., 135(1974),185-220.
Macdonald,S. O., Varietiesgeneratedby finite algebras,Proc.SecondInternat.Conf. on the Theory
of Groups(Austral.Nat. Univ. Canberra,1973), pages446-447. LectureNotesin Math.,Vol.
372, Springer-Verlag,
1974.
Manes,E.G., Algebraictheories,Volume26 of GraduateTexts in Mathematics,
Springer-Verlag,
1975.

Marczewski,
E., Independence
andhomomorphisms
in abstract
algebras,
Fund.Math.,50(1961),
45-61.

__,

Independencein someabstractalgebras,Bull. de l'Acad. Polon. Sci., Sgr. Sci. Math.

79

Astronom.Phys.,7(1959), 611-616.
Marczewski,E., and K. Urbanik,Abstractalgebrasin whichall elementsare independent,Colloq.
Math., 9(1962), 199-207.
Matsumoto,
K., On a latticerelatingto intuitionistic
logic,J. OsakaInst.Sci.Tech.,PartI, 2(1950),
97-107.

Matsushita,
M., Zur Theoriedernichtkommutativen
Verbiinde
I., Math.Ann.,137(1959),1-8.
Matus,V. N., Free expansionof the intersectionof manifoldsof universalalgebras,Mathematical
Notes(A translation
of Matemati•eskii
Zametki),7(1970),333-339.
McCoy,N.H., andD. Montgomery,
A representation
of generalized
Booleanrings,Duke Math. J.,
3(1937), 455-459.
McKay, C. G., The decidabilityof certain intermediate
propositionallogics,J. SymbolicLogic,
33(1968), 258-264.
A classof decidableintermediate
propositional
logics,J. SymbolicLogic,36(1971),

127•128.

Medefly,
P.,ThreeMal'cev
typetheorems
andtheir
applications,
Math.
•asopis
Sloven.
Akad.
Vied.
25(1975), 83-95.

Meredith,C. A., andA. N. Prior,EquationalLogic,NotreDameJ. FormalLogic,9(1968),212-226.
Corrigendumibid., 10(1969), 452.

Mitschke,A., Implicationalgebras
are 3-permutable
and3-distributive,
AlgebraUniversalis,
1(1971),
182-186.

Moore,G. H., Free algebraicstructures.'
categorical
algebras,
Bull. Austral.Math. Soc.,3(1970),
207-216.

Moore, H. G., and A. Yaqub, On the structureof certainfree algebras,MathematicaJaponicae,
14(1970), 105-110.
Muzalewski,M., On the decidabilityof the identitiesproblemin someclasses
of algebras,Bull. Acad.
Pol.Sci.,S•r. Sci.Math.Astron.et Phys.,23(1975), 7-9.
Mycielski,
J.,Independent
setsin topological
algebras,
Fund.Math.,55(1964),139-147.
Narkiewicz,W.,A noteon v*-algebras,
Fund.Math., 52(1963), 289-290.
•,Independence
in a certainclassof abstractalgebras,
Fund.Math., 50(1962), 333-340.
__,
On a certainclassof abstractalgebras,
Fund.Math.,54(1964), 115-124.Corrections
ibid.,
58(1966), 111.
•,
Remarkson abstractalgebrashavingbaseswith different numberof elements,Colloq.
Math., 15(1966), 11-17.

Nation,J. B.,Congruence
latticesof relatively
freeunaryalgebras,
AlgebraUniversalis,
4(1974),132.
Nelson,E.,Infinitaryequational
completeness,
AlgebraUniversalis,
4(1974), 1-13.
•,
Semilattices
do not haveequationally
compacthulls,Colloq.Math.,34(1975), 3-5.
Nemitz,W., and T. Whaley,Varietiesof implicativesemilattices,
I, II, PacificJ. Math., 37(1971),
759-769 and45(1973), 303-311.

Nerode,A., Composita,
equations
andfreelygenerated
algebras,
Trans.Amer.Math.Soc.,91(1959),
139-151.

Neumann,B. H., and E. C. Wiegold,A semigroup
representation
of varieties
of algebras,
Colloq.
Math., 14(1966), 111-114.
Neumann,
P.M., OnSchreier
varieties
of groups,
Math.Z., 98(1967),196-199.
, Theinequality
of SQPSandQSPasoperators
on classes
of groups,
Bull.Amer.Math.
Soc.,76(1970), 1067-1069.
Neumann,P.M., and J. Wiegold,Schreiervarietiesof groups,Math. Z., 85(1964), 392-400.
Neumann,W. D., On cardinalities
of free algebrasand ranksof operations,Arch. Math. (Basel),
20(1969), 132-133.

8O

Newman, M. H. A., A characterization of Boolean lattices and rings, J. London Math. Soc.,

16(1941), 256-272.
Nieminen,J., Join-semilattices
and simplegraphicalgebras,Math. Nachr., 77(1977), 87-91.
NObauer, W., Polynome und algebraischeGleichungenfiber universMenAlgebren, Jahresbericht
Deutsch.Math. -Verein.,75(1973/74), 101-113.
Nolin, L., Sur lesclasses
d'algbbres
•quationelles
et lesthdordmes
de reprbsentations,
C. R. Acad.Sci.
Paris,244(1957), 1862-1863.
O'Keefe, E. S., On the independence
of primalalgebras,Math. Z., 73(1960), 79-94.
•,
Primalclustersof 2-elementalgebras,PacificJ. Math., 11(1961), 1505-1510.
Olin, P., Free productsand elementaryequivalence,
PacificJ. Math., 52(1974), 175-184.
Padmanabhan,
R., Characterizationof a classofgroupoids,AlgebraUniversalis,1(1971), 374-382.
Petrich, M., Certain varietiesand quasivarietiesof completely regular semigroups,Canad. J. Math.,
29(1977), 1171-1197.
Pierce,R. S.,A noteon free algebras,
Proc.Amer.Math. Soc.,14(1963), 845-846.
•,
A note on free productsof abstractalgebras,Indag.Math., 25(1963), 401-407.

Pixiey, A. F.,A noteonhemi-primal
algebras,
Math.Z., 124(1972),213-214.
•,
Completeness
in arithmetic
algebras,
Algebra
Universalis,
2(1972),179-196.
__,
Distributivity
andpermutability
of congruence
relations
in equational
classes
of algebras,
Proc.Amer.Math.Soc.,14(1963), 105-109.

•,
•,
•,

Equationally
semi-complete
varieties,
Algebra
Universalis,
4(1974),323-327.
Functionally
complete
algebras
generating
distributive
andpermutable
classes,
Math.Z.,
114(1970), 361-372.
Characterizations
of arithmeticalvarieties,to appear.

Platt,C.,Oneto-one
andontoinalgebraic
categories,
Algebra
Universalis,
1( 1971),117-124.
P4bnka,
J., A noteon thedirectproductof someequation
classes
of algebras,
Bull.Soc.Roy. Sci.
Ligge,42(1973),561-562.

•,
•,

•,

A note on thejoin and subdirect
productof equational
classes,
AlgebraUniversalis,
1(1971), 163-164.
Diagonalalgebras,
Fund.Math.,58(1966),309-321.

Diagonalalgebras
andalgebraic
independence,
Bull.Acad.Polon.Sci.,Sdr.Sci.Math.
Astronom.Phys.,12(1964),729-733.
Exchange
of independent
setsin abstractalgebras,
II, Colloq.Math.,14(1966),217-224.
III, Ibid., (1967), 173-180.

On equationat
classes
of algebras
defined
byregular
equations,
Fund.Math.,64(1969),
241-247.

, Onfree algebras
andalgebraic
decompositions
of algebras
fromsomeequational
classes
defined
byregular
equations,
Algebra
Univer_salis,
1(1971),261-264.
On thejoin of equational
clasdes
of idempotent
algebras
andalgebras
with constants,
Colloq.Math., 27(1973), 193-195.

•.

On thesubdirect
productof someequational
classes
of algebras,
Math.Nachr.63(1974),
303-305.

•.

Remarkson diagonal
andgeneralized
diagonal
algebras,
Colloq.Math.,15(1966),! 9-23.

Plotkin,B. I., Varieties
andquasi-varieties
connected
with representations
of groups,
Soviet
Mathema
tics,Doklady,12(1971), 192-196.
Polin, S. V., Subalgebras
of free algebras
of somevarietiesof multioperator
algebras,
Mathematical
Surveys,24(1969), 15-24.
•,
On theidentities
of finitealgebras,
Sib.Math.J., 17(1976),1356-1366.
•,
Onidentities
in congruence
latticesof universal
algebras,
Mat.Zametki,22(1977),443-451.

81

Post,E., The two-valuediterativesystems
of mathematical
logic,Annalsof Math. StudiesNo. 5,
PrincetonUniversityPress,1941.

Pultr,A., Concerning
universal
categories,
Comm.Math.Univ.Carolinae,
5(1964),227-239.
•,
Eine Bemerkungfiber volle Einbettungyon Kategorienyon Algebren,Math. Ann.,
178(1968),78-82.
Pultr, A., and J. Sichler,Primitiveclasses
of algebras
with two unaryoperations,
containing
all
algebraic
categories
asfull subcategories,
Comment.
Math.Univ.Carolinae,
113(1969),
425-445.
Quackenbush,
R., Demi-semi-primal
algebrasandMal 'eevconditions,Math. Z., 122(1971), 166-176.
__,
Equationalclasses
generatedby finite algebras,
AlgebraUniversalis,
1(1971), 265-266.
__,
Someremarkson categorical
algebras,
AlgebraUniversalis,
2(1972), 246.
Rebane,J., Primitiveclasses
of single-type
algebras,
(Russian,EstonianandEnglishsummaries)
Eesti
NSV. Tead.Akad.Toimetised
Ffihs.-Math., 16(1967), 143-145.
, On primitive classesof a similarity type, Izvestia Akad. Nauk Estonia, 16(1967),
141-145.

Ribelto, H. B., and R. Schwabauer,A remark on equationalcompleteness,Arch. Math. Logik,
Grundlagenforsch.,
7(1963), 122-123.
Robinson, D. A., Concerningfunctional equationsof the generalizedBol-Moufangtype, Aequ.
Math., 14(1976), 429-434.
Romanowska,A., and R. Freese,Subdirectlyirreduciblemodular doublep-algebras,HoustonJ.
Math., 3(1977), 109-112.
Rosenberg,
I. G., Completeness
propertiesof multiple-valued
logicalgebras,144-186 in: R. Rine, ed.,
ComputerScienceandMultiple-valued
Logic,North-Holland,1976.
Schein,B. M., On the Birkhoff-Kogalovskii
theorem,(Russian),UspekhiMat. Nauk, 20(1965),
173-174.

Schmidt, E. T., A remark on lattice varieriesdefined by partial lattices, Stud. Sci. Math. Hung.,
9(1974). 195-198.
, On n-permutable
equationalclasses,
Acta Sci.Math. (Szeged),33(1972), 29-30.
..

__,
Uberreguliire
Mannigfaltigkeiten,
ActaSci.Math.(Szeged),31(1970), 197-201.
Schmidt, J., Concerningsome theoremsof Marczewskion algebraicindependence,
Colloq,Math.,
13(1964), 11-15.
•,

Algebraic operationsand algebraicindependencein algebraswith infinitary operations,

Math. Japonicae,
6(1963), 77-112.
Schi/tzenberger,
M.-P.,Sur la thboriedesstructures
de Dedekind,C. R. Acad.Sci.Paris,216(1943),
717-718.

__,
Sur lesstructures
deDedekind,C. R. Acad.Sci.Paris,218(1944), 818-819.
Shafaat,A., A noteonMal'cevvarieties,
Canad.Math.Bull, 17(1974),409.
, Latticesof sub-semivarieties
of certainvarieties,J. Austral.Math. Soc.,12(1971), 15-20.
•,

Two isotopicallyequivalentvarietiesof groupoids,Publ. Math. Debrecen,17(1970),
105-110.

Sichler,J., U(1,1) can be stronglyembedded
in categoryof semigroups,
Comm.Math. Univ.
•,

Carolinae,9(1968), 257-262.
The category of commutative groupoids is binding, Comm. Math. Univ. Carolinae,

9(1967), 753-755.
Concerningminimalprimitiveclasses
of algebrascontainingany categoryof algebrasasa
full subcategory,
Comm.Math. Univ.Carolinae,9(1968), 627-635.
Sioson,F. M., Free-algebraic
characterizationof primal and independentalgebras,Proc.Amer. Math.
Soc.,12(1961), 435-439.
Skala,H. L., Trellistheory,AlgebraUniversalis,
1(1971/72),218-233.

•,

82

__,

Trellistheory,MemoirsAmer.Math. Soc.,121(1972), 42 pages.

Slavi•k,
V., Someprimitive
classes
of lattices
closed
undertheformation
of projectire
images,
CommentMath. Univ.Carolinae,15(1974), 65-68.

SiSomit/ski,
J., On the commonembedding
of abstractquasi-algebras
into equationally
definable

•,

classesof abstractalgebras,(Russiansummary),Bull. Acad. Polon. Sci., S•r. Sci. Math.
Astronom.Phys.,8(1960), 277-282.
On the embeddingof abstractquasi-algebras
into equationallydefinableclasses
of abstract

algebras,
(Russian
summary),
Bull.Acad.Polon.Sci.,S•r.Sci.Math.Astronom.
Phys.,8(1960),
11-17.

__,

On the determiningof the form of congruences
in abstractalgebraswith equationally
definableconstantelements,
Fund.Math.,48(1959/60),325-341.

__,

On the extendingof models,III. Extensionsin equationallydefinableclasses
of algebras,
Fund. Math., 43(1956), 69-76.

Smimov, D. M., Latticesof varietiesand free algebras,(Russian),SibirskMath. Z., 10(1969),
1144-1160.

Smith, JonathanD. H., Mal'cev varieties,Lecture Notes in Mathematics554, Springer-Verlag,
Berlin-NewYork, 1976.
Stanley,M. G., Generationof full varieties,MichiganMath. J., 13(1966), 127-128.
Stein,S. K., Finite modelsof identities,Proc.Amer.Math. Soc.,14(1963), 216-222.
Stone,M. G., Propercongruences
do not implya modularcongruence
lattice,Coil.Math., 23(1971),
25-27.

Stone,M. H., The theoryof representations
of Booleanalgebras,
Trans.Amer.Math. Soc.,40(1936),
37-111.

Suh, Tae-il, Equationallycompletenon-associative
algebras,
Indag.Math.,30(1968), 321-324.
Suszko, R., Equational logic and theories in semantic languages,Polish Acad. Sci. Inst. Philos.

SociologySect.Logic,1(1972), 2-9.

•,
,

Equational
logicandtheories
in sentential
languages,
Colloq.Math.•29(1974),19-23.

Swierczkowski,S., Algebraswhichare independentlygeneratedby everyn-elementset, Fund. Math.,

49(1960/61),93-104.

•,
•,
•,

A sufficient
condition
for independence,
Colloq.Math.,9(1962),3942.
On independent
elementsin finitely generated
algebras,
Bull.Acad.Polon.Sci. Se'r.Sci.
Math. Astronom.Phys.,6(1958), 749-752.
On isomorphic
free algebras,
Fund.Math., 50(1961/62), 35-44.

Szdkely,
S.,andF. Gdcseg,
Onequational
classes
of unoids,
ActaSci.Math.,34(1973),
99-101.
Tamura, T., and F. M. Yaqub, Examplesrelated to attainability of identitieson latticesand rings,
Math. Japon.,10(1965), 35-39.

Taylor,W.,Fixedpointsof endomorphisms,
AlgebraUniversalis,
2(1972), 74-76.
Terehov,A. A., On algebras
in whichthedirectandfreeproductcoincide,(Russian),
U•en.Ivan.
Ped.Inst., 18(1958),61-66.
., On free productsand permutablecongruencerelationsin primitive classes
of algebras,
UspekiMat. Nauk.,13(1958),232.

Trnkov•,
V.,Strong
embeddings
ofc.a,.t.egory
ofallgroupoids
intocategory
ofsemigroups,
Comm.
Math. Univ.Carolinae,9(1968), 251-256.
, Universalcategories,
Comm.Math. Univ. Carolinae,7(1966), 143-206.
Urbanik,K., A remarkon v*-free algebras,Coll. Math., 20(1969), 197-202.
, A representation
theoremforMarczewski'salgebras,
Fund.Math.,48(1959/60), 147-167.
•,

A representationtheoremfor two-dimensionalv*-algebras,Fund. Math., 57(1965),
215-236.

83

, .4 representation
theoremfor v*-algebras,Fund. Math., 52(1963), 291-317.
, Linearindependence
in abstractalgebras,
Colloq.Math., 14(1966),233-255.
•,
On a classof universal
algebras,
Fund.Math., 57(1965), 327-350.
, Remarkson independence
in finite algebras,Colloq.Math., 11(1963), 1-12.
Urman, A. A., Groupoidsof varietiesof certainalgebras,(Russian),Algebrai Logika,8(1969),
241-250.

Valutse,I. I., Universalalgebraswith properbut not permutablecongruences,
(Russian),Uspeki
Mat.
Nauk, 18(1963), 145-148.
Vancko,R. M., Thespectrumof someclasses
of free universal
algebras,
AlgebraUniversalis,
1(1971),
46-53.

Varlet, J., A regularvarietyof type (2,2 1,1,0,0),AlgebraUniversalis,
2(1972), 218-223.
Vaughan-Lee,M. R., Laws in finite loops,AlgebraUniversalis,
to appear.
Vaught, R., On the arithmeticequivalence
of free algebras,Bull. Amer.Math. Soc., 61(1955),
173-174.

Vitenko, I. V., and V. V. Nikolenko, .4 certain variety of algebras,SibirskMat. Z., 15(1974),
430-433, (Russian).
Wenzel,G. H., Konstantenin endlichenfreienuniversellen.4lgebren,
Math. Z., 102(1967), 205-215.
Werner,H., .4 Maldevconditionfor admissible
relations,AlgebraUniversalis,
3(1973), 263.
__,
Congruences
on productsof algebrasandfunctionallyfree algebras,AlgebraUniversalis,
4(1974), 99-105.
•,
Diagonalcompleteness
and affine products,AlgebraUniversalis,4(1974), 269-270.

•,
•,

Finite simplenon abeliangroupsarefunctionallycomplete,Bull.Soc.Roy. Sci.Li6ge,
43(1974), 400.
Eine Charakterisierung
funktional vollstiindiger
A lgebren,Arch. Math. (Basel),21(1970),
381-385.

Wille, R., Primitive Liinge und primitive Weitebei modularenVerb•nden,Math. Z., 108(1969),
129-136.

•,

Variety invariantsfor modular lattices,Canad.J. Math., 21(1969), 279-283.

Yanov,Yu.I., Systems
of identities
for algebras,
Problems
in cybernetics,
8(1964),122-153.

Yaqub,A., Oncertain
classes
of -- andanexistence
theorem
for - primalclusters,
Ann.Scuola
Norm. Sup.Pisa(3), 20(1966), 1-13.

., On theidentities
of directproducts
of certainalgebras,
Amer.Math.Monthly,68(1961),
239-241.

.,Primalclusters,PacificJ. Math., 16(1966), 379-388.
., Semi-primal
categorical
independent
algebras,Math. Z., 93(1966),395-463.

The Department of Mathematics and the University of
Houstonaregreatlyindebtedto Mr. Roy H. Cullenfor a major
grant which made it possibleto establishthis publication.

