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ABSTRACT. In this paper we consider diffeomorphisms of C? of the special
form F(z,w) = (w,—z + 2G(w)). For such maps the origin is a parabolic
fixed point. Under certain hypotheses on G we prove the existence of a
domain  C C with 0 € 9§ and of invariant complex curves w = f(z)
and w = ¢(2), z € Q, for F~1 and F, such that F~"(z, f(z)) —+ 0 and
F"(z,9(z)) > 0 as n — oo.

1. INTRODUCTION AND STATEMENT OF RESULTS

The field of complex dynamics in several variables has dramatically developed
in recent years. Global results in the theory, such as the study of the properties
of Julia and Fatou sets are obtained in [BS], [FS1], [FS2], etc. Besides the global
aspects, it is of interest to analyze the dynamics of holomorphic maps near fixed
points. Results in this direction are obtained in [HP], [U1], [U2], etc. We are
interested in the local behavior of the iterates of holomorphic maps near certain
fixed points.

Let F : C2 — C? be a diffeomorphism which fixes 0 and is holomorphic
near 0, and let Ay, A2 be the eigenvalues of F'(0). If |A1] < 1 < |)g| then it
is well known that for r sufficiently small the sets W3, (0) = {(z,w) € C* :
|F*(z,w)|| < r for all n > 0, lim, 0 F*(2,w) = 0} and W _(0) = {(z,w) €
C?: |F(z,w)| < r forall n <0, lim,——o F*(2z,w) = 0} are invariant com-
plex one dimensional manifolds called the local stable manifold and local unstable
manifold of F at 0. In the case when |A;| = 1 or |A2| = 1 the above sets W (0)
and W}, (0) are not necessarily manifolds anymore.
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In this paper we study diffeomorphisms F of C? of the following special form
(1.1) F(z,w) = (w, —z + 2G(w)) ,

where G € C!(C) is holomorphic near 0, G(0) = 0, G’(0) = 1. For such maps the
origin is a fixed point, the eigenvalues of F'(0) are both equal to 1 and F'(0) is

nondiagonalizable (thus equivalent to [ (1] i ]) The real two dimensional case

(z,w) = (z,y) € R, F: R?2 - R%, G : R - R, is studied in [F]. Under the
assumption that G”(z) > 0 for z > 0, it is shown in [F] that there are functions
f(z) and g{z) defined for = > 0 such that the unique stable/unstable manifolds
of F in {(z,y) : = > 0} are precisely the graphs of g/f.

As described in [F], Section 2, maps F of form (1.1) have special symme-
tries. They come from the fact that F = I o J, where I and J are the involu-
tions I(z,w) = (w,z) and J(z,w) = (z,~w + 2G(2)), s0 [o FoI = F~! and
JoFoJ = F~l. Assuming for the moment that there are unique stable and
unstable manifolds for F' at 0, given by the graphs of the univalent (i.e. one-to-
one holomorphic) functions g and f respectively, it follows that I maps the stable
manifold of F to the stable manifold of F~!, which is the unstable manifold of
F; thus for every z there is a { such that (g(z),z) = I(z,g9(2)) = (¢, f({)), so
g = f~1. The same holds for J, so (z, —g(z) + 2G(2)) = J(z,9(2)) = (¢, f({)),
and we conclude that 2G = f + f~L.

We now state the results of the paper; the proofs are given in section 2. One
of our goals is to find suitable conditions on G which ensure, in the complex case,
the existence of invariant complex curves w = f(2) and w = g(z) for F such that
F*(z,w) = 0 as n = —oo for (z,w) € {w = f(2)} and F*(z,w) - 0asn — oo
for (z,w) € {w = g(2)}.

We let ©2 C C be a convex domain (not necessarily bounded) such that 0 € 99
and we assume that the function G € C1(C) is holomorphic in a neighborhood of
Q and satisfies the following conditions

(C1) G(0)=0,G'(0)=1, QCG(Q).

(C2) there exists a € (—/2,7/2) such that R [e!*(G'(z) —1)] > 0 for z € Q.

(C3) there is a ray L = {re’? : 0 <r <1y} C Q such that G'(re'®) € R for
all0<r<ry.

For future references, let us denote by X (€, @) the class of functions G €
CY(C) N O(Q) satisfying condition (C1), (C2), and (C3) with § = 0 (i.e. the
Taylor coefficients of G at 0 are real).
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For the function F defined by (1.1) with G satisfying conditions (C1), (C2)
and (C3) we introduce the following sets:

WE0) = {(z,w) € C?: F'(z,w) € Q x Nforalln >0, le F*(z,w) = 0},

Wg(0) = {(z,w) € C?: F*(z,w) € A x Qforalln <0, lim F"(z,w) =0} .
We have the following:

Theorem 1.1. Let F, G and Q be as above. There ezists a function f univalent
in Q such that Q C f(Q) and the functions f and g = f~! have the following
properties:

(i) the graphs {(z,9(2)) : z € Q} and {(2,f(2)) : 2z € Q} of g and f are
invariant under of F and F~! respectively, and F"'(z,9(2)) = 0, F~"(z, f(2)) —
0, as n — oo, locally uniformly for z € Q;

(i) if condition (C2) on G holds with « = 0 then W5(0) = graph g and
W&(0) = graph f.

Following the proof of this theorem in section 2 we make some remarks regard-
ing the analyticity of f and g at the origin.

We next apply Theorem 1.1 to the following general situation: G € C*(C) is
holomorphic near 0 and it has the expansion

(1.2) G(z) = z+ a2’ + h(2),
where a >0, j > Land h(2) = 3 ;5,0 akz®, o € R.

Theorem 1.2. Let F : C2 — C2 be of form (1.1) with G as above. There ezist a
domain D C C and functions f, g holomorphic on D with the following properties:

(i) 0 € dD, D is starlike with respect to 0, D C {z : |argz| < 7/} and the
rays {z : |argz| = n/j} are tangent to OD at 0;

(i) (D) C D C f(D) and fog=id on D (hence g is univalent on D);

(i1) the graphs {(2,9(2)) : z € D} and {(z, f(2)) : z € D} are invariant under
F and F~1 respectively, and F™(z,9(z)) — 0, F~"(z, f(z)) = 0, as n — oo,
locally uniformly for z € D.

Finally, we consider some Henon maps F; of form (1.1), obtained for G(z2) =
Gj(z) = z + az?*!, where j > 1 and a > 0. For such maps we can use Theorem
1.1 to obtain results of a global nature. We introduce the following domains
D, C Ck:

(1.3) Dk:{rei¢:0<r<w,M<¢<M},

J J
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where k € {0, 1, ..., 5~ 1}. Note that the union Ui;%, Dy, equals the complex plane
minus the union of j rays joining 0 to co. We have the following

Theorem 1.3. In the above setting, there ezist functions fi and gr holomorphic
on Dy, k € {0,1,...,j — 1}, with the following properties

(i) gx(Dx) C Di C fx(Dy) (properly) and fi o gi = id on Dyg;

(ii) the graphs {(z,gx(2)) : z € Dy} and {(z, fx(2)) : 2 € Di} are invariant
under F; and Fj_1 respectively, and F'(z,gx(2)) — 0, F; "(2, fu(2)) = 0, as
n — 00, locally uniformly for z € Dy;

(1i3) fr (exp (E“]"—’) z) = exp (2%) fo(z) for 2 € Dy, and the same holds for
gr and go.

This theorem improves a result of [F] (see the remark in section 2 which follows
the proof of the theorem).

2. PROOFS
We will use the following classic results in geometric function theory (see [D]):

Lemma 2.1. Let h be a holomorphic function in a neighborhood of the closed
line segment [2g9,21] C C. Then there exists a point Z in the closed conver hull of
the set h'([z0,z1]) such that h(z1) — h(20) = Z(z1 — 20).

Lemma 2.2. (Noshiro-Warschawski Theorem) Let D C C be a conver domain
and let h be a holomorphic function in D satisfying R [e®h'(2)] > 0 in D, for
some o € R. Then h is univalent in D.

We also need the following lemma, which is essentially proved in [F] (note that
we do not make any assumptions on the second derivative of H):

Lemma 2.3. Let H : [0,z0] — R be a continuously differentiable function sat-
isfying H(0) = 0 and H'(z) > 1 for 0 < z < xo. Then the sequences of func-
tions {hy}n>0 and {kn}n>0 given by by = H, ky = H™ Y, hy,y1 = 2H — k,,
knt1 = (Bnt1)”! are well defined and satisfy the following conditions for all
O0<z <xp:

() 0 < ha(2) < hny1(2) < 2H(2);

(”) 0 S kn+1(z) S kn(m))

(i) of k(x) = lim,_ 00 kn(z) then the sequence of iterates {k’};>o converges
pointwise to 0 on [0, o] as 7 — oo.

PROOF. An easy induction on n shows that {h,} and {k,} are well defined and
satisfy (7) and (4¢). Clearly k(r) < = and k(z) < 1 for all z € (0,zp), so
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|kn(z) — kn(z’)| < |z — 2’| and hence k is Lipschitz. Then for any z € (0, zo)
{k7(z)} decreases to 0, which is the only fixed point of k. O

Proof of Theorem 1.1. Let P, be the half plane P, = {z € C: R[e!*(z-1)] >
0} and let D,, be the disc D, = j(P,), where j(z) = 1/z (D, has 0 and 1 on its
boundary and is tangent to dP, at 1). Set A, = sup{|z|: 2 € Do} =1/cosa .

We first construct by induction sequences of holomorphic functions {fn}n>0
and {gy }n>0 with the following properties

fn € O(ﬁ)v fa(0)=0, fr(0)=1
(2.1) Rlet*(f.(2)=1)] >0 forze
fa i1 Q> f(Q) is univalent, Q C f,(Q), fu(L) 2 L
gn € O(Q0), 9:(0) =0, g,(0) =1
(2.2) gn{z) € D, for z € f,(Q)

gn: Ju() = Q  is the inverse of f,,, go(L) C L

(2.3) 2G(2) = fuy1(2) + gu(z) forn>1and z€ Q.

These sequences are constructed in analogy to the real two dimensional case

Let fi = G. By Lemma 2.2 f; is univalent on Q. Clearly conditions (C2) and
(C3) imply that fi(L) O L, so f; satisfies (2.1). We assume now by induction
that f, is defined so that it satisfies (2.1) and construct g, and f,4; such that
(2.1), (2.2) and (2.3) hold.

Let gn = (fa) ™' £(R) 2 2 = Q. Then g}(2) = 1/ £4(ga(2)) for z € fu(€2), 50
g..(z) € D4. In order to show that g, extends holomorphically to a neighborhood
of 2 it is enough to notice that for any ¢ € 02N f, () there is a disc A, centered
at ¢ such that g, extends holomorphically to A¢. This follows since ¢ = f,(£) for
some £ € 30 and f,, is univalent in a neighborhood of ¢, as f}.(£) # 0. Clearly
g-(0) =0, ¢/.(0) =1 and g,(L) C L. We also have

(24) mtall = [ Q] < Aol

for all z € Q. Set fo(r) = e fa(re?®) and Ga(r) = e ¥ga(re’?), 0 < 7 < 7.
Then f, and g, are real valued, f,(0) = §,(0) =0, f.(r) > 1 and g, = (f»)"*.



90 DAN COMAN AND MARIUS DABIJA

We next define f,41(2) = 2G(2) — gn(2). Then f,;1(0) =0, f,,,(0) =1 and
fn+1 is holomorphic on €, since G and g, are holomorphic on 2. Now g5.(2) € Dy,
implies R [e**(g/,(2) — 1)] €0, so

R[e"(fria(2) = D] = 2R[(G(2) — 1)] - R[e**(g,(2) - 1)] > 0,

for z € Q. Thus f,+; is univalent in 2 and f,’lﬂ(r) > 1, 50 frs1([0,70]) 2 [0,70]
and fny1(L) 2 L. Finally we let ¢ € 8Q and assume f,,41(¢) € Q. As g,(¢) €0
and {2 is convex it follows that G(¢) = fn+1(¢)/2+9.(¢)/2 € Q, which contradicts
2 C G(2). We conclude that Q C f,,411(9).

Relation (2.4) now shows that {g,} is a normal family in Q and so is {f.}, by
(2.3). I we let G(r) = e~ #G(rei®) then foy1(r) = 26(r) — Gu(r), G = (fu)"!
and, by (C2) and (C3), G'(r) > 1 for r € (0,ro). Thus Lemma 2.3 implies that
{fa} increases to a function f and {gn} decreases to a function g which satisfies
g*(r) = 0asn — oo, for all 0 < r < . It follows that any two subsequential
limits of {f,} and {g,} respectively agree on L, so there are functions f and ¢
holomorphic on  such that f, — f and g, — g locally uniformly in €. Since
QC fa(2), gn = (fn)7" and fai1 +gn = 2G we have @ C f(Q), g = 1
and f 4+ g = 2G on Q. By (2.4) [g(2)] < Aal2|, so g, and hence f = 2G — g,
extend continuously at 0 by f(0) = g(0) = 0. As g(f2) C Q the iterates {g"}
form a normal family (in the larger sense that subsequences may diverge locally
uniformly to infinity). But g™ — 0 implies that g" — 0 locally uniformly on .

To prove conclusion (7) of the theorem we use the facts that f o g = id and
f+g9=2G on £ to see that

F(z,9(2)) = (g(2), —2 + 2G(g(2))) = (9(2),4%(2))
and
F~H(z,f(2)) = (2G(2) - f(2),2) = (9(2),2) = (9(2), f(9(2)))
for all z € Q. We then get by induction that F™(z,g(2)) = (g"(2),g""!(2))
and F~"(z, f(2)) = (¢g™(2), f(g"(2))), for z € Q and for n > 0. Since g" — 0
as n — o0, locally uniformly in €2, and since f extends continuously at 0 by

f(0) = 0, this shows that F"(z,g(z)) = 0 and F~™(z, f(z)) = 0 as n — oo,
locally uniformly for z € .

Finally, to prove (i) we assume that o = 0 and we notice by conclusion (7)
that graph g C W§(0) and graph f C WE(0). Let F™(z,w) = (2, wy,) for n € Z.
Assuming that (z,w) € W§(0) and n > 0 we have

Fn(sz) F(zn 1, Wn— 1) (wn 1,9(wn—1) + f(wn—l) - 2:n—l)
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so, since by (2.1) R f'(z) > 1 in 2, we see using Lemma 2.1 that there is 3 € C
with 3 > 1 such that
flwn) —zn = flg(wn-1) + f(Wn-1) = 20-1) — Wn_1
= flg(wn-1)) + B(f(Wn-1) = 2n—1) — Wn—1
= :B(f(wn 1) - Zn—l) -
)

Thus by induction we get |f(wn) — z| > |f(w) — 2| and since (z,,w,) — 0 and
f is continuous at 0 we conclude that f(w) = z, so (z,w) € graph g.

Similarly, if (2, w) € W§(0) and n < 0 we have |f(z,) —wy| > |f(2) —w|, hence
(z,w) € graph f and the theorem is completely proved.

Remark. We now make some remarks on the analyticity of f and g at 0. Without
loss of generality we may assume that § = 0 in condition (C3), so G has the
following expansion at 0

Giz)=2+ aj+1zj+1 + aj+2zj+2 +..., aj41 #0,
where 7 > 1 and o, € R.

If f and g are analytic at 0 we write

flz) = arz4+a2®+...,
9(z) = 2G(2) - f(2)
= (2-a1)z—a22® — ..+ (20541 —aj+1) 27T L,

expand go f around 0 and use go f(z) = z to find a,, inductively. Clearly a, = 1.

We first notice by induction on n that if n > 2 and 2n—1 < j+1 then a, = 0.
Indeed, the coefficient of z* in the expansion of go f is a3 — 2a2 — a3 = 0, so
as = 0; moreover, if n is such that 2n —1 < j+1and ay = ... = a,,_; = 0 then
the coefficient of 22" ! in go f is agn_1 — na2 — asn_1 =0, s0 a, = 0.

There are two cases:

Case 1. j+1=2I,1> 1. By above f(z) = z+a;;.12"! + ... . The coefficient
of 22 in go fis ag + 2ay —ag =0, s0 a1 = 0, a contradiction. Thus in the
case when j + 1 is even there are no functions f, g holomorphic around 0 such
that g = f~! and f + g = 2G. Consequently the functions f, g of Theorem 1.1
do not extend analytically at 0.

Case 2. j+1=20—1,1> 2. By above f(z) = z+a;2' + ..., and computing
the coefficients as indicated before it is not hard to see that a? = 20,41/l # 0
and the coefficient of 22/*"~1 in the expansion of go f yields a formula for a;,,
n > 0, of the type aiaiyn = E(ay,...,014n-1;0k,k < 2l +n —1). So a formal
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power series at 0 exists for f (and hence for g) such that g = f~! and f+g¢ = 2G.

Ma +tha ranfRrionta o al al
Moreover the coefficients G, are reai, since &, are reai.

Remark. The proof of Theorem 1.1 shows that the operator T : X(2,a) —
X (2, @), Tu = 2G —u~?! is well defined and that f is a fixed point of 7', obtained
as the limit of {T"G}n>¢ .

Proof of Theorem 1.2. For 7 > 0 small enough we let

S(ry = {z€C: |z|<r |argz| <7/j},
Q(r) = S(r)7={weC: lw| > r~7, argw # 7},

and we consider the holomorphic function
N7 .

(2.5) H(w) = [G (w‘l/’)] = w — aj + O(|w|~1/7),
defined for w € Q(r). Here G has the form (1.2). We need the following
Lemma 2.4. There ezist positive constants ro and Cy such that

(i) roCo > a(j + 1);

(i) |h(2)] < Colz’*2, |W (2)] < Col2*!, for z with |2] < ro;

(i) |H(w) —~ w + ajl < Colw|~Y7, for w € Q(ry);

(iv) |H(w)|'T > |w|5" — Colw|~ 1/’, for w € Q(ro).

)
ProoF. By (1.2) and (2.5) one can clearly choose some constants ry, Co so that
(¢), (ii) and (44%) hold. If z = w™'/7 for w € Q(ry) then

A@IT = |6E0Y = | S0 G~ Dasd +0(=*)
1 _ o
> g = O(l2]) = [w|'T" - O(jw| "),
|21
o (tv) also holds for rg, Cq suitably chosen. O

For 8 € | -2 X | we define
(-%%)

25725

Co (14 ain) ’

(26) co) = { aj cos 50

@7 @) = {z —rei® £0: cosj(é— 0) > max (G(TC::T)T cww‘)} ,
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D= |J 0.
be(-%.%)

Clearly 0 € 8D. Using the fact that a domain {r < (3(¢)} is convex if and
only if 82 + 2(8')? — 88" > 0 it is easy to see that () is the intersection of
two convex domains, hence it is convex. It follows that D is starlike with respect
to 0, hence simply connected. Now 99 has two tangents at 0, namely the rays
{z: |argz - 0| = 37} This implies that D C {2z : |arg 2| < m/j} and that the
rays {z: |argz| = w/j} are tangent to 8D at 0, so assertion (i) of the theorem
holds.

Lemma 2.5. G € X(Q(6), —j6) and G((6)) > (8) \ {0}.

PROOF. Recall the definition of X (2, &) from section 1, using the conditions (C1),
(C2), (C3). By (i) and (ii) of Lemma 2.4 and by the definition (2.7) of (8) we
have that if z = re'® € Q(6) then |z| < r¢ and
R(e™(G'(z) = 1)] = a(j+ DR (/e ) + R(e ¥R/ (2)
> a(j+1ricosj(op—0) —Coritl >0,
so (C2) holds. We now show that G(€2(8)) D Q(8) \ {0}. This is equivalent to
showmg (since G is conjugated to H by w = z77) that H(w(8)) D w(f), where

w(8) =00) 7 = {w : R (we'?) > max (—(9+—1)|w| 0(9))} .

It suffices to prove that H(0w(6))Nw(8) = 0. Let w € dw(f). Then |w| > C(6).
We have two cases.

Case 1. R (we'l?) = W’;T|w| . Then by (2.5) and by (4ii) and (iv) of
Lemma 2.4 we have

R(H(w)e"?) < R(we’) — agcosjf + Colw|~ '/

- ﬁ'wl?—ajcosjewolwl‘”f
C -1 C? _
< a(j—jl)lH(w)lLTwL e v meyikd Y3 — aj cos 6 + Colw| ™1
Co i=1 C . . .
< (]+1)|H( w)| J’1+Co (1+a(jTO1))C(9)'1/’—a]c08]9
Co izt
= H K] s
eyl iCo]

the last equality following from the definition (2.6) of C(6). So H(w) is not in
w(8).
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Case 2. R (we'/%) = C(6). Then by (2.5) and (2.6) we get
R(H(w)e®) < R(we'?) — ajcosjd + Colw| =Y
< C(8) —ajcosjf+ CoC(O)~Y7 < C(8),
hence H(w) is not in w(#).
We already proved that () is convex, so the proof of the lemma. is complete
once we notice that (0, z(6)] C () NR, for some z(#) > 0. O

We now return to the proof of the theorem. By Theorem 1.1 there are univalent
functions fp : 60) — fe(Q(8)) and g¢ = (fg)~! satisfying conclusion (i) of
Theorem 1.1. It follows from the proof of Theorem 1.1 and from Lemma 2.3 that
for 9, 6" € (—3;,3;) we have fs = for and go = go on Q(8) NQ(#') NR. Since
D is simply connected we conclude that there are holomorphic functions f and
g defined on D such that f = fg and g = g¢ on Q(6) for all 6 € (=35, 35)- Now
9(D) = Uy 9(22(6)) € U, Q2(6) = D and since fgo gg = id and fg + g¢ = 2G on
Q(0) it follows that fog =14d and f +g = 2G on D. Since (gs)" — 0 on Q(8) we
see that g” — 0 pointwise on D, and hence locally uniformly on D, by Montel’s
theorem. Assertion (7i7) of the theorem is now proved as in Theorem 1.1.

Remark. The domain D constructed here has maximal aperture at 0, in the sense
that G doesn’t satisfy condition (C2) on domains with aperture larger than 2r/j.
Indeed, if z = re® is such that |¢| = 7 /5 then for any a € (—7/2,7/2) we have

R[e(G'(2) = 1)] < —a(j + 1)r? cosa + Cori ™! <0,
provided that Cor < a(j + 1) cos a.

Proof of Theorem 1.3. We fix k € {0, ..., — 1} and consider the following rays

Lk:
2kmi
Lk:{rexp( _m>:0<r<oo}.
J

We also define, for 3 € (0,7/5),

Q(k,ﬁ):{rew: 0<r<oo, @+ﬂ<¢< mj—ﬂ+ﬂ} .

We have Ly C Q(k,B) for every B, Uge(o,r/j) UK, B8) = Di, where Dy is
defined by (1.3). Also, if @ = 7/2 — j3 then a € (—7/2,7/2) and G, satisfies
R[e**((G;)'(z) —1)] > 0 for z € Q(k,B8). We claim that Q(k, 3) C G;(Qk, B)),
for all 3. Indeed, if we write 9Q(k, 3) = R_ U Ry, where ¢_ = (2k — D)w/j + 3,
¢4 = 2kr/j + B, R- = {rexp(i¢_)}, Ry = {rexp(i¢+)}, then (R_)’*! is a
ray lying in the half plane H_ = {2z : ¢_ — 7 < argz < ¢_}, so G;(R_) C
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R_+ (R_)’*! C H_. Similarly, G;(Ry) C Ry + (Ry)’t! C Hy, where H, =
{z: ¢4 <argz < ¢4 + 7}, and the claim is proved.

By Theorem 1.1 there are univalent functions fi g : Q(k,8) — fi s(Q(k, 8))
and grg = (fr,3)"! satisfying conclusion (i) of Theorem 1.1. As the rays Ly
are invariant for G, it follows from the proof of Theorem 1.1 that they will be
invariant for fx g and gi g as well and that all the functions f 5 agree on Lj and
all the functions gi g agree on L. Thus there are holomorphic functions fi and
gk defined on Dy so that fr 3 = fi and gk g = gk on Q(k, B3), for all 3. As in the
proof of Theorem 1.2 we have g(Dy) C Dy and fx o gx = id on Dj,. Assuming
for a contradiction that gp(Dy) = Dy, (or fi(Dx) = D) we get fi(Di) = Dy (or
gk(Dk) = D) and 2Gj(Dk) - flc(Dk) +gk(Dk) = Dy, so Gj(Dk) C Dy, which is
false.

Finally, as G;(exp(2kmi/j)z) = exp(2kni/j)G;(z), z € Dy, it follows easily
from the uniqueness part (conclusion (i7)) of Theorem 1.1 that

fr(exp(2kmi/j)z) = exp(2kmi/j) fo(z) ,

g (exp(2kmi/j)z) = exp(2kmi/j)go(z) ,
for 2 € Dg. The rest of the assertions of Theorem 1.3 follow directly from Theorem
1.1

Remark. In [F], Theorem 4, the author considers the real Henon map F(z,y) =
(y, —r + 2G(y)), obtained for G(z) = z + z2. He shows, via real methods, that
the functions g(z) and f(z), defined for z > 0 and whose graphs give the sta-
ble/unstable manifolds of F in {(z,y) : z > 0}, are real analytic on (0, 00) and
the radii of convergence of their Taylor series at =g € (0,00) are zo; thus f and
g are analytic on the right half plane {z > 0}. Theorem 1.3 shows that these
functions f and g are actually analytic on the slit plane C \ {z < 0}.
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