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ON SUPERPARACOMPACT AND LINDELOF GO-SPACES

D. BUHAGIAR AND T. MIWA

Communicated by Jun-iti Nagata

ABSTRACT. In this paper we study some compact/paracompact type prop-
erties, namely weak superparacompactness, superparacompactness and Lin-
delofness. Particular attention is given to GO-spaces. It is proved that a
GO-space X is weakly superparacompact if and only if every gap is a W-
gap and every pseudogap is a W-pseudogap. A characterization of Lindeldf
GO-spaces involving C-(pseudo)gaps is given. We also show that there is
a 1-1 correspondence between superparacompact (resp. Lindeléf) GO-d-
extensions and preuniversal ODF (resp. prelindelséf) GO-uniformities. Fi-
nally we give several examples corresponding to the above results.

1. PRELIMINARIES

Let X be a topological space and let W = {W,, : v € T'} be a collection of
subsets of X. A finite sequence W,;),7 = 1,...,s of elements of W is said to
be a chain from W, to W, if v(1) = v,7(s) = v and W, ;) N Wyiq1y # 0 for
i=1,...,5—1. The collection W is said to be connected if for every W,,, W, ¢ W,
there exists a chain from W, to W,,. Maximal connected subcollections of a
collection W, that is connected subcollections of W which are not proper subsets
of any connected subcollection of W, are called components of W.

It is known that every collection W of subsets of X decomposes into the union
of its components and that the supports of different components are disjoint.
Also, if the collection W is star-countable then each component is a countable
subcollection of W [1]. By the support W of a collection of subsets W we mean
UW = U{W : W € W} and by (W] = [W]x we mean {{W]x : W € W}, where
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[W]lx is the closure of W in X. It follows that if W is an open cover of the space

X, then the support )7\//,\ of any component W, of W is clopen (closed and open)
in X.

Definition 1. A star-finite open cover of the space X is said to be a finite com-
ponent cover if the number of elements of each component is finite.

We now turn to the definition of four classes of paracompact type topological
spaces.

Definition 2. A T3%-space X is called weakly P-complete (resp. weakly super-
paracompact) if for every z € X — X (resp. compact B C 8X — X), there exists a
clopen cover W of the space X such that z ¢ UW]gx (resp. BN (U[W]gx) = 0),
that is z is not contained in the closure in 3X of any element of W, where 38X is
the Stone-Cech compactification of X.

Thus every weakly superparacompact space is weakly P-complete.

Definition 3. AT 1-space X is called P-complete (resp. superparacompact) if for
every ¢ € 3X — X (resp. compact B C X - X), there exists a finite component
cover W of the space X such that z ¢ UW]gx (resp. BN (UW]gx) = 0).

Thus every P-complete space is weakly P-complete and every superparacom-
pact space is P-complete and weakly superparacompact (and so also weakly P-
complete). The following important characterization of superparacompact spaces
makes it possible to define such spaces outside the range of T31-spaces (cf. [8]).

Proposition 1.1. A4 TS%—space X is superparacompact if and only if for every
open cover of X there exists an open finite component refinement.

Many results concerning the above four mentioned classes of spaces can be
found in [8].

It is known that the class of superparacompact spaces lies strictly between the
class of compact spaces and the class of strongly paracompact spaces. There is
an example (S x S, where S is the Sorgenfrey line) of a P-complete (and weakly
superparacompact) space which is not a superparacompact space. Also, T'(wy)
(= [0,w;[ with the standard open interval topology) is weakly superparacompact
(and weakly P-complete), but it is not P-complete. Thus the class of P-complete
spaces lies strictly between the class of weakly P-complete spaces and the class
of superparacompact Th-spaces.

Before we give other characterizations of the above four defined classes we need
the following definition.
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Definition 4. Let X be a T3%—space. A compactification Y of X is said to be
perfect with respect to the open (in X) set U if FryO(U) = [FrxUly, where
O(U) is the biggest open set of Y such that O(U)NX = U. The compactification

Y is said to be a perfect compactification if it is perfect with respect to every open
(in X) set U.

It is known that 3X is a perfect compactification for any Ty31-space X [7]. The
following results are known [8].

Theorem 1.2. Fora Tsé-space X the following are equivalent:

1. X is weakly P-complete (resp. weakly superparacompact);

2. For every x € bX — X (resp. compact B C bX — X ) of any perfect compact-
ification bX of X there exists a clopen cover W of X such that x ¢ UW)px
(resp. BN (UW)ex) = 8);

3. There exists a perfect compactification bX of X such that for every x €
bX — X (resp. compact B C bX — X ) there ezists a clopen cover W of X
such that x ¢ UWlpx (resp. BN {(UW]px) =0).

Theorem 1.3. For a TS%—space X the following are equivalent:

1. X is P-complete (resp. superparacompact);

2. For every x € bX — X (resp. compact B C bX — X) of any perfect com-
pactification bX of X there exists an open disjoint cover W (or equiva-
lently, a finite component open cover W) of X such that x ¢ UWlpx (resp.
BN (U[W]bX) = 0)!

3. There exists a perfect compactification bX of X such that for everyx € bX —
X (resp. compact B C bX — X ) there ezists an open disjoint cover W (or
equivalently, a finite component open cover W) of X such that x ¢ U[Wlpx
(resp. BN (UW)x) =0).

Another result which is worth mentioning is that for Ty -spaces, the following
are equivalent: (a) X is weakly superparacompact; (b) X is weakly P-complete;
(c) Every connected component of X is compact and every open neighbourhood
of every connected component contains a clopen neighbourhood of the respective
component. In section 3 we will show that this result can be strengthened for
GO-spaces.

Two other results which we will need later are: (1) Every P-complete space
is Dieudonné complete; (2) A strongly paracompact, weakly P-complete space is
superparacompact.
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2. ANOTHER CHARACTERIZATION FOR (WEAKLY) SUPERPARACOMPACT
SPACES

Let U be an open cover of a space X. By Uy we denote the open cover of X
consisting of finite unions of elements of Y.

Proposition 2.1. A T3% -space X is weakly superparacompact if and only if for
every open cover U of X there exists a clopen cover V such that V < Uy.

(Thus weak superparacompactness can be defined for any space X, without
the assumption of the Tychonoff property.)

PROOF. Let X be a weakly superparacompact space and let U be an open cover
of X. Consider §X and enlarge U to an open (in 8X) cover of X, say U =
{BU : U € U}, where BUN X = U, for every U € U.

Let B = X — UBU, then B is compact and B C 38X — X. Thus by definition,
there exists a clopen cover W of X, such that B N (UW]gx) = 0. Consider
an arbitrary W € W. Then (Wlgx is compact and is a subset of USU. Hence
there exists a finite subcover of (Wlgx, say BU,...,BUkw) € BU. Consider
Uw) = Uk(W) U; € Uy. Then we have that W C U(W), that is W < Uy.

Conversely, let X have the property that for every open cover I there exists a
clopen cover V such that V < Uy. Let B be a compact subset of X — X. Then
B is closed in X and so for every z € X there exists open (in SX) disjoint sets
U, and V, such that ¢ € U, and B C V,. Consider i = {U,NX : z € X}. Then
U is an open cover of X and so there exists a clopen (in X) cover W such that

W< U Let WeW, then W C Uz U---UUszy, for some x, ..., W) €

X. Then [W]gx < [ULY U,i]ﬂx - UW [Uslsx and so [W]sx N B = 0,
since (Uy,}3x N B = @ for every i = 1,...,k(W). Consequently we have that
n (U[W]ﬁx) =0. O

Corollary 2.2. A space X is compact if and only if it is CO-compact and weakly
superparacompact, where a space is said to be CO-compact if every clopen cover
has a finite subcover.

Similarly one can prove the following.

Proposition 2.3. A space X is superparacompact if and only if for every open
cover U of X there exists an open disjoint cover V such that V < Uy.

We end this section with a characterization of superparacompact spaces by
uniformities. By a uniformity on a set X we understand a uniformity defined
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by covers of X and for a uniformity i, by 7y, we understand the topology on X
generated by this uniformity.

Remember that a uniform space (X,4) is said to be R-paracompact if each
open cover U of (X, 7y) admits a uniformly locally finite open refinement V (i.e.
there exists a uniform cover, each of whose elements meets at most finitely many
elements of V) [10], [4]. This is equivalent to the fact that if I is an open cover
of (X, y), then Uy is a uniform cover.

We now define a new class of uniformities which we will also need in section 5.
Let 4 be a uniformity on a set X. We denote by I the collection {Us : U € U}.
Also, let Bop = {U € 4 : U is an open disjoint cover of X}. Then for every
U,V € Bpp we have that U ANV € Bgp and U is a star refinement of U for
every U € Bop. Thus Bpp is a base for a pseudo uniformity Yop C U, where
W € Upp if there exists B € Bpp such that B < W.

Definition 5. A uniformity Y on a set X is said to be a ODF uniformity if
ﬂf Ciop.

Proposition 2.4. A Ty-space X is superparacompact if and only if it admits a
compatible R-paracompact ODF uniformity.

PRrROOF. Let X be a superparacompact T-space. Consider the universal uni-
formity 4 on X. By Proposition 2.3 it is not difficult to see that Y is an R-
paracompact ODF uniformity.

Conversely, say X admits a compatible R-paracompact ODF uniformity 4 and
let U be an open cover of X. By definition of R-paracompactness, Uy € 4. Since
i is a ODF uniformity, (Us)s = Uy admits an open disjoint refinement and the
proof again follows from Proposition 2.3. ]

3. GO-SPACES

We now turn our attention to GO-spaces. For undefined terms related with
GO-spaces one can consult [5] and [9]. For a GO-space X, by X+ we mean
the Dedekind compactification (see for example [9]). As Examples 13 and 14
show, the Dedekind compactification of a GO-space is not necessarily a perfect
compactification. In fact we have the following result.

Proposition 3.1. Let X be a GO-space. If the Dedekind compactification X+ is
a perfect compactification then X has no internal gaps.

PROOF. Let g = (A, B) € Xt be an internal gap of X. Since B is clopen in X
we have that FrxB = 0. Now g € [B]x+ and so g € [O(B)]x+. We now show
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that g ¢ Intx+O(B) = O(B). If g € O(B) then there exists a convex open set U
of X* such that g € U € O(B). By the definition of the topology of Xt we get
that UN A # 0 and so O(B) N X # B, which is a contradiction. Consequently
we have that g € Frx+O(B), that is Frx+O(B) # 0. O

As Example 14 shows, the converse of Proposition 3.1 is not true.
It is known (8] that, if a compactification bX of a T 1-space X has the property:

(a) for every z € bX — X (resp. compact B C bX — X) there exists a clopen
cover W of X such that ¢ UWlyx (resp. BN (UW]px) = 0),
(b) for every z € bX — X (resp. compact B C bX — X) there exists an open
disjoint cover W (or equivalently, an open finite component cover W) of X
such that z ¢ UW)]px (resp. BN (UW),x) = 0),
then X is respectively,

(a) weakly P-complete (resp. weakly superparacompact),
(b) P-complete (resp. superparacompact).

(Note that the above compactification bX is not necessarily perfect.)

We now prove the converse for weakly superparacompact and superparacom-
pact spaces.

Proposition 3.2. Let X be a weakly superparacompact T3% -space and bX a com-
pactification of X. Then for every compact B C bX — X there exists a clopen
cover W of X such that BN (UW]px) = 0.

PROOF. Let B be compact and B C bX — X. Let f be a continuous map from
BX onto bX such that f(z) =z for all z € X and f(8X — X) C bX — X. Then
f~ 1B C BX — X and is compact. By definition there exists a clopen cover W of X
such that f~1BN(UW]gx) = 0. Let W € W, f([W]gx) is a closed set of bX (and
compact) and contains W. Hence, [W]yx C f([W]sx). Since [Wigx N f~'B =10
we have that BN f([W]gx) = 0. Consequently we have that BN[W]yx = @ which
implies that B N (U[W]bx) ={. O

Similarly, we have the following result.

Proposition 3.3. Let X be a superparacompact T 1-space and bX a compactifi-
cation of X. Then for every compact B C bX — X there exists an open disjoint
cover W (or equivalently, an open finite component cover W) of X such that
Bn (U[W]bx) =0.
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Corollary 3.4. A GO-space X is weakly superparacompact if and only if for
every compact B C Xt — X there exists a clopen cover W of X such that BN
(UWlx+) = 0.

Corollary 3.5. A GO-space X is superparacompact if and only if for every com-
pact B C X — X there erists an open disjoint cover W (or equivalently, an open
finite component cover W) of X such that BN (UW]x+) = 0.

From what was said at the end of section 1 and from the fact that a GO-space
X is paracompact if and only if it is strongly paracompact if and only if it is
Dieudonné complete, we get that for GO-spaces, P-completeness is equivalent
to superparacompactness. Also, in this case, as was already noted, weak P-
completeness is equivalent to weak superparacompactness. Finally we note that
in this case the class of superparacompact GO-spaces is precisely the intersection
of the class of paracompact GO-spaces and the class of weakly superparacompact
GO-spaces. As examples will show in section 6, none of the last mentioned two
classes imply the other.

We now turn to a characterization of weak superparacompactness in GO-spaces
in terms of gaps and pseudogaps.

Let (X,7,<) be a GO-space. Consider the sets R = {z € X : [z,— [€ T},
L={reX:]+«,rJecrtand G ={g € X" :gisagapof X}. Denote by
W =RULUG. Now let g = (A4, B) be an arbitrary gap of X. Consider the sets
At =] ¢, g[c Xt and BT =|g,— [Cc XT.

Definition 6. A gap (A4, B) is said to be a W-gap if there exists a cofinal set
A" ={an : @ € A} C A" and a coinitial set B’ = {bs : 3 € B} C B* such that
AUB CcW.

Similarly, let ¢ = (A, B) = (] +,4],]g,— [) be a pseudogap. Then there is
a point g* € X+ — X such that g < g* < b, for every b € B, and ]g,gt[= 0.
Consider the set BT =]gt, —» [C XT.

Definition 7. The pseudogap (A4, B) is said to be a W-pseudogap if there exists
a coinitial set B’ = {bg : B € B} C B* such that B’ C W.

Similarly for psudogaps of the form g = (A4, B) = (] «,4[,[g,— [), where in
this case there is a point g~ € X+ — X such that a < g~ < g, for every a € A,
and Jg~, g[=0.

Proposition 3.6. A GO-space X is weakly superparacompact if and only if every
gap is a W-gap and every pseudogap is a W-pseudogap.



450 D. BUHAGIAR AND T. MIWA

PROOF. Let g = (A, B) be a gap of a weakly superparacompact GO-space X.
Then g € X+ — X and by definition, there exists a clopen cover W of X such
that g ¢ U[W]x+. One can assume that W is a cover consisting of convex sets.
Then each V € W lies either in A or in B. Let W4 = {V e W: V C A}. For
every V € Wy, consider [V]x+. Since this is a compact LOTS, it has a maximal
element zy < g in Xt.

If zy € X* — X then zy € G or zy = y;, for some yy € R, and if zy € X
then zyv € L. Now let 2y = zy if zy € GU L and 2y = yy if zyv = gy, for
yv € R. It is not difficult to see that A’ = {zy : V € Wy} is cofinal in At.
Similarly one can find a coinitial set B’ of Bt such that B’ ¢ W.

In the same way one can prove that every pseudogap is a W-pseudogap.

Conversely, let X be a GO-space and x € XT — X. Then z is either a gap
or a pseudogap. Say z is a gap, = = (4, B). By definition, there exists a cofinal
set A’ = {a, : @ € A} C AT with A’ ¢ W. There can be three cases: (a) aq
is a gap, that is a, € G, then ay = (A4, By), 4x C A and z ¢ [Ay]x+; (b)
a, € L, then let A, =] <, a,}, and we have that = ¢ [As]x+; (¢) aa € R, then
let Ay =] ¢,a,[, and again we have that z ¢ [A,]x+. Thus {4, :a € A} isa
clopen (in X) cover of A and = ¢ U[A,]x+. In the same way one can construct
a clopen cover {Bg : 8 € B} of B such that z ¢ U[Bg|x+.

A similar argument applies for the case that the point z is a pseudogap, since
if, say, z = (] «,a],]a,— [), then z ¢ [ | «,a]] +. 0

Corollary 3.7. A GO-space X is superparacompact if and only if every gap is a
QW-gap and every pseudogap is o QW-pseudogap, where by a QW-(pseudo)gap
we mean a (pseudo)gap which is a Q- and W- (pseudo)gap.

PROOF. This follows from the following two facts: (i) for GO-spaces, paracom-
pactness plus weak superparacompactness imply superparacompactness, and (ii)
a GO-space is paracompact if and only if every gap is a Q-gap and every pseudo-
gap is a Q-pseudogap. ]

As mentioned in the last part of section 1 we have the following result for

GO-spaces.

Proposition 3.8. A GO-space X is weakly superparacompact if and only if the
connected components of X are compact.

PROOF. We need only to prove the sufficiency. Say the connected components
Cu,a € A, are all compact and X is not weakly superparacompact. Then there is
at least one gap or pseudogap which is not a W-gap or W-pseudogap respectively.
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Say g = (A, B) is a gap which is not a W-gap. Without loss of generality
one can assume that there is no cofinal (in A*) subset of W. Then there exists
some a € A such that [a, — [NA has no gaps and no elements in RU L, and so is
connected. Thus the connected component containing [a, — [NA is not compact,
which is a contradiction. A similar argument holds for the case that (4, B) is a
pseudogap which is not a W-pseudogap. O

4. SOME RESULTS ON LINDELOF SPACES

Definition 8. We call a space X CO-countable, if every disjoint collection of
clopen sets covering X is not more than countable.

Examples of CO-countable spaces are CO-finite spaces (in particular, pseudo-
compact spaces and so countably compact and compact spaces, and connected
spaces [8]). Also, Lindel6f spaces are CO-countable, where a space X is said to
be Lindelf if every open cover of X has a countable subcover.

Definition 9. A space X is called CO-Lindeldf, if every clopen cover of X has a
countable subcover.

Obviously, every CO-Lindelof space is CO-countable. The converse is not true
as Example 15 shows. Remember that a space X is called countably strongly
paracompact if every open cover of X has an open star countable refinement.

Proposition 4.1. Let X be a countably strongly paracompact space. Then the
following are equivalent:

1. X is Lindeldf;

2. X is CO-Lindeldf;

3. X is CO-countable.

PROOF. (1) = (2) = (3) is trivial. We now prove that (3) = (1) for countably
strongly paracompact spaces.

Let U be an open cover of a countably strongly paracompact space X. Then
there exists a star countable open refinement V of i. The components V,, a € A,
of ¥ are countable and disjoint, that is ¥V = |J,, Va, where each V,, has a countable
number of elements and each U(V,) = U{V : V € V,} is clopen in X. Since X is
CO-countable, there are countably many U(V,)’s, that is X = {J;o; U(V;), and
each U(V;) is covered by countably many elements of . Hence, X is covered by
countably many elements of ¢/ and so is Lindelof. |

Corollary 4.2. Let X be a paracompact GO-space, then the following are equiv-
alent:
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1. X is Lindeldf;
2. X s CO-Lindeldf;
3. X 1s CO-countable.

From the results of section 2 one can also add (see Proposition 2.3);

Proposition 4.3. A space X is Lindelof and superparacompact if and only if for
every open cover U there exists an open disjoint countable cover V < Us.

We now give a characterization of Lindel6f spaces similar to that of (weakly)
superparacompact spaces, the proof of which runs on the same lines as that of
Proposition 2.1 and so we omit it.

Proposition 4.4. For a T3%—space X the following are equivalent:

1. The space X is Lindeldf;

2. For every compactification bX of X and every compact B C bX — X there
exists a countable open cover U of X such that BN (U[U]px) = 0;

3. For every compact B C X — X there ezists a countable open cover U of X
such that BN (UU]sx) = 0;

4. There ezists a compactification bX of X such that for every compact B C
bX — X there ezists a countable open cover U of X such that BN (U[U]px) =
0.

We end this section with a result concerning GO-spaces.

Remember that if X is a GO-space and U is a subset of X, then a (pseudo)gap
(A, B) is said to be covered by U if there is a convex set V such that V C U,
VNA#Band VNB # 0. A cover U of X is said to cover the (pseudo)gap (A, B)
if U has an element which covers (A, B).

The following lemma is known [9]:

Lemma 4.5. An open cover U of a GO-space X has a finite subcover if every
gap and pseudogap of X is covered by U.

Definition 10. A (pseudo)gap (4, B) of a GO-space X is said to be a C-(pseudo)gap
if A has a countable cofinal subset and B has a countable coinitial subset.

Note that every C-(pseudo)gap is a Q-(pseudo)gap.

Now let (X,7,<) be a GO-space and U an open cover of X. Denote by Fy,
the set of all gaps and pseudogaps of X which are not covered by U. It can be
easily seen that Fy, is closed in X and so is compact.
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Lemma 4.6. Let (X, T, <) be such that every gap is a C-gap and every pseudogap
is a C-pseudogap. Let U be an open cover of X. If X+ — Fy; is decomposed into
a countable number of conver components, then U has a countable subcover.

PROOF. Let G;,i < w, be the convex components of X+ - Fj;. Since Fj; is a
closed set, the convex components G; are open in X*. Let H; = G; N X, then
{H; : i < w} is a disjoint open cover of X by convex sets. Regard H; as a GO-
space covered by the open cover U. Then U covers every gap and pseudogap of
H; except possibly its endgaps. Select an arbitrary point @ of H,. If H; has a
maximal point, then by Lemma 4.5, H] = {z € H; : z > a} is covered by finitely
many elements of Y. If (H;,0) is an endgap of H;, then it determines a C-gap
or C-pseudogap. In either case there is a countable cofinal set ay,az,... in H;,
which one can take to be monotonically increasing and a7 > a. By Lemma 4.5
we get that [a,a;] is covered by finitely many elements of U for every j < w and
so H] is covered by countably many elements of . We apply the same argument
to the left half of H; to conclude that H; is covered by countably many elements
of the open cover U. O

Proposition 4.7. The GO-space (X, 1, <) ts Lindelof if and only of
1. Ewvery gap is a C-gap and every pseudogap is a C-pseudogap;

2. For every compact set F C X* — X, Xt — F is decomposed into a countable
number of convexr components.

Proor. If (1) and (2) hold then X is Lindel6f by Lemma 4.6. Conversely, if X
is Lindelof, then for every compact set ¥ C Xt — X the convex components of
X+ — F gives rise to an open disjoint cover of X and so they are not more than
countable. The fact that every (pseudo)gap is a C-(pseudo)gap is not difficult to
see. [ |

Remark. One might ask about which GO-spaces have property (1) of Proposition
4.7. Tt can be proved that a GO-space X has property (1) if and only if for
every € XT — X there exists a countable open cover U of X such that z ¢
U[U]x+. This characterization is a characterization of realcompact spaces if one
changes X+t to 8X. Thus every GO-space satisfying property (1) is realcompact.
Unfortunately, property (1) is not a topological property as Example 19 shows.

Remark. With respect to property (2) of Proposition 4.7 we have that if a compact
set F C X —X is countable then Xt — F is decomposed into a countable number
of convex components but as Example 20 shows, the converse is not true.
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5. LINDELOF AND SUPERPARACOMPACT GO-D-EXTENSIONS

It is well known that a topological space (X, 7) is a GO-space together with
some ordering <x on X if and only if (X, 7) is a topological subspace of some
LOTS (Y, M(<y),<y) with <x = <y|x, where the symbol <y|y is the restric-
tion of the order <y to X, so any GO-space has a linearly ordered extension. Note
that a LOTS (Y, A(<y), <y) is called a linearly ordered extension of a GO-space
(X,7,<x) if X CY,7 = A(<y)|x and <x = <y|x [6]. Any GO-space X has a
linearly ordered extension Y such that X is dense in Y (such an extension is called
a linearly ordered d-extension). A GO-eztension of the GO-space (X,7x,<x) is
a GO-space (Y, 7y, <y) such that X C Y,7x = 7y|y and <x = <yl I X is
dense in Y then the GO-extension is called a GO-d-eztension [3]. The extensions
that we will consider are all GO-d-extensions, so by an extension we always mean
a GO-d-extension.

Let X be a set, 4 a uniformity on X, 7 a topology on X and < a linear order
on X. If a cover U of X consists of convex (w.r.t. <) sets, then it is called a
convex cover.

Definition 11. The triple (X, 4, <) is called a GO-uniform space if the unifor-
mity 4 has a base B, consisting of convex covers. In this case 4l is called a
GO-uniformity on (X, <) [3].

Every GO-uniformity induces a GO-topology on (X,<). This follows from
the fact that if i is a GO-uniformity on (X, <), then 7y (the topology on X
generated by U) is T} and has a base consisting of convex sets [3]. We say that
a GO-uniformity i is a GO-uniformity of a GO-space (X,7,<) if 7y = 7. The
universal uniformity of a GO-space (X, 7, <) is always a GO-uniformity.

Let U(X, 7, <) be the set of all GO-uniformities of a GO-space (X, 7,<). It
is partially ordered by inclusion. If il € U(X, 7, <), then by ®() we denote
the set of all minimal Cauchy filters of the uniform space (X,4). For the set
U(X,7,<) an equivalence relation is defined in the following manner: {; ~ s if
and only if ®(U;) = &(U2). By E(U) we denote the equivalence class containing
the uniformity ¥ and let Up = sup{W : &' € E(W)}.

Let (X,4, <) be a GO-uniform space. The GO-uniformity g is called E-
leader of the GO-uniformity Y. The GO-uniformity i is called a preuniversal
GO-uniformity if the equality $ = ${x holds [2].

In [3] it was proved that if (X,4,<) is a GO-uniform space and (X,{) is
the completion of the uniform space (X,4), then there exists a linear order
< on X such that (X,Tu, <) is a GO-d-extension of the GO-space (X, 7y, <).



ON SUPERPARACOMPACT AND LINDELOF GO-SPACES 455

Also, it was proved that for a GO-space (X, T, <) there is a 1-1 correspondence
between GO-paracompactifications (that is, paracompact GO-d-extensions) and
GO-uniformity classes (and so preuniversal GO-uniformities). We now prove sim-
ilar theorems concerning Lindel6f and superparacompact GO-d-extensions.

Definition 12. A GO-uniformity 3 on (X, <) is said to be prelindeldf, if it is
preuniversal and has a base consisting of convex countable covers.

Let (X,7,<) be a GO- -space. If il is a prelindelof umformlty compatible with
7, then the completion 1 is the universal uniformity on (X, it <) [2], havmg a
base consisting of convex (with respect to <) countable covers. Since (X ,Ty) 18
paracompact and so every open cover is a uniform cover with respect to ﬁ, we get
that (X, 7g) is Lindelof.

Now let (X 7,<) be a Lindelof GO-d-extension of (X, 7, <) Being Lindeldf,
it is paracompact. Let il be txlgee universal uniformity on (X,7, <), that is the
uniformity that consists of the set of all open (convex) covers. It has a base of
countable convex covers and it is clear that the uniformity 4 induced on X by 4
is a preuniversal uniformity having a base of convex countable covers, that is, it
is prelindel6f.

We have thus proved the following theorem.

Theorem 5.1. In a GO-space (X,7,<), there is a 1-1 correspondence between
Lindelof GO-d-extensions and prelindeldf GO-uniformities.

We now turn to superparacompact GO-d-extensions.

Let (X, 7, <) be a GO-space. If il is a preuniversal ODF GO- unlformlty com-
patible with 7, then the completion £l is the universal uniformity on (X » Tio <).
From the construction of the completion (see for example [2] or [9]), it is not dif-
ficult to see that il is also an ODF uniformity. Hence by Proposition 2.4, (X )
is a superparacompact space.

Now let ()NC ,7,<) be a superparacompact GO-d-extension of (X,7,<). Be-
ing superparacompact, it is paracompact. Let #{ be the universal uniformity on
(X,%,<), that is the uniformity that consists of the set of all open (convex) cov-
ers. As shown in Proposition 2.4, this uniformity is an ODF uniformity and thus
the uniformity Y induced on X by flisa preuniversal ODF uniformity.

We have thus proved the following theorem.

Theorem 5.2. In a GO-space (X, 7,<X), there is a 1-1 correspondence between
superparacompact GO-d-extensions and preuniversal ODF GO-uniformities.
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6. EXAMPLES

Ezample 13. Let X = Q, the set of rational numbers with standard order and
topology (that is, as a subset of R with standard order and topology). Then
Xt = RU{+oc}U{—0c}. Let U =] ¢, p[NQ, where pis an irrational number. One
can easily see that O(U) =] <, p[ and so we get that, FrxU =0, [FrxUl,, =0
and Frx+O(U) = {p}. Hence X is not a perfect compactification.

Ezample 14. Consider the subspace ]0,1] C R and let X C ]0,1] be the subspace
U{[W—lg, -21—,] 1i = 0,2,4,...}. Then X is a LOTS. Now take the subset U of
the space X to be U{[zi—lﬂ, %] 1= 0,4,8,...}. Then U is clopen in X and so
FrxU = @, which in turn implies that [FrxU]y, = 0. But since O(U) = U
and 0 € [O(U)]y+, we have that 0 € Frx+O(U). Thus X7 is not a perfect
compactification and X has no internal gaps (cf. Proposition 3.1).

Bzrample 15. Let X = T(w;) = [0,w;][. Then X is CO-finite (and so also CO-
countable), but the cover i = {O, = [0,a] : @ < w;} of X is clopen in X and does
not have a countable subcover. Thus, X is not CO-Lindeldf (and not Lindelof).
Note that this space is not paracompact (and so not superparacompact), while it
is weakly superparacompact.

Ezample 16. Let S be the Sorgenfrey line. The GO-space S is weakly super-

paracompact and paracompact, and so is superparacompact. The space S is also
Lindel6f, but not compact.

Ezample 17. Let M be the Michael line in which the subspace of all irrational
numbers is discrete. The GO-space M is weakly superparacompact and paracom-
pact, and so is superparacompact, but M is not Lindelof.

Ezample 18. Let R be the real line with standard order and topology. The space
R is Lindeldf (and so is paracompact), but is not weakly superparacompact, and
so is not superparacompact.

Ezample 19. Let X = [0,w;[ with standard order and discrete topology. Then
we have that X is homeomorphic to D(R;) (i.e., the discrete space of cardinality
N;) and as a GO-space does not have property (1) of Proposition 4.7. On the
other hand, let X’ = R with standard order and discrete topology. Then, if one
assumes CH to hold, we also have that X’ is homeomorphic to D(X;) (and so is
homeomorphic to X) and as a GO-space has property (1) of Proposition 4.7.

Ezxample 20. Let R be the set of rational numbers with the standard order and
discrete topology. It is not difficult to see that the uncountable set Rt — R is
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closed in R*, while ® C RT is decomposed into countably many convex (with
respect to the order in ®1) components.

(4]
(2l
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