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SUMS OF STRONGLY IRREDUCIBLE OPERATORS
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1. INTRODUCTION

A bounded linear operator T on a complex Hilbert space H is irreducible if it
has no reducing subspace other than the trivial ones {0} and H; it is strongly irre-
ducible if every operator similar to T is irreducible. Equivalently, T is irreducible
(resp. strongly irreducible) if the only projections (resp. idempotent operators)
commuting with T are 0 and I. Since (strongly) irreducible operators can act
only on a separable space, in the following we will restrict ourselves to operators
on such spaces.

Strongly irreducible operators were first considered by Gilfeather [16]. Jordan
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Cowen-Douglas operators of index one (to be specified below) and their adjoints
are some examples of them.

For a nonempty, bounded, open and connected subset  of C and n > 1,
B, (Q2) denotes the class of operators T on H, called Cowen-Douglas operators of
index n, satisfying (I' — \)H = H and dim ker(T — A) = n for all A in , and
V{ker(T' — A) : A € Q} = H. Such operators were first defined and studied in [6].
A typical operator in the class B1(D) (D = {X € C : |\| < 1}) is the backward
shift S*. These operators relate to our present situation in that operators in any
B1(Q) are always strongly irreducible (cf. [13, Theorem 2.2]). Note that in the
definition of B, (2), the condition V{ker(T' — X) : A € 2} = H can be replaced by
the weaker one V{ker(T—A)* : A € Q,k > 1} = H. More generally, an operator T
(on an infinite-dimensional space) satisfying V{ker(T—A)* : A € C,k > 1} = H is
said to be triangular. This is equivalent to requiring that it be unitarily equivalent
to an operator of the form

M
)\2 *

0

An interesting result proved by Radjavi [20] is that every operator is the sum
of two irreducible operators. In this paper, we consider the more refined problem
whether every operator is even the sum of two strongly irreducible ones. This
latter problem is much more intricate. So far we are only able to show that for
certain special-class operators it does have a positive answer. These operators
include operators on finite-dimensional spaces, triangular operators, multicyclic
operators and compact operators. In general, we prove that every operator is the
sum of three strongly irreducible operators. Many of these results are proved via
exploiting special matrix representations of the operators under consideration,
expressing them as sums of affine functions of perturbations of the backward shift
and showing such operators are in the Cowen-Douglas class of index one. The
result on the sum of three strongly irreducible operators will be proved in Section
2 below; those on the sum of two will be discussed in Section 3.

For Hilbert spaces H and K, B(H, K) denotes the algebra of all operators from
H to K and B(H, H) is abbreviated as B(H). If T € B(H), then o(T), 0,(T), 0¢(T),
04e(T) and 0,.(T) denote the spectrum, point spectrum (=set of eigenvalues),
essential spectrum, left essential spectrum and right essential spectrum of 7', re-
spectively.
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2. SUM OF THREE

The main result of this section is the following

Theorem 2.1. Every operator on an infinite-dimensional space is the sum of
three strongly irreducible operators.

This we prove through a series of lemmas, the first of which was noted before
in [1,p.131] (cf. also [14, Lemma 2.2]).

Lemma 2.2. Every operator is unitarily equivalent to an operator of the form

A1 B

Ci Ay By QO
*

0

on HI ® Hy @ - - -, where the H, s are all finite-dimensional.

It is known that if [tij]fgzl is an arbitrary matrix representation of an operator
T, then its upper triangular part, the matrix [t;;], where

o 123} if ¢ <jJ
A 0 otherwise

in general may not define a (bounded) operator even when T is Hermitian and

x
compact. One example is the operator T' = Z @®T,,, where

n=2
T 1 1 7
]_ —
0 2 n—1
log log n -1 0 :
nzz—T—
og n : 1
1
_ -1 0
L n-—1 §

(cf. [7, pp.39-40]). This should be contrasted with the next result.

Lemma 2.3. For any operator T, there is a matriz representation [t;;] whose
upper triangular part defines a (bounded) operator.
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PRrROOF. Let T be represented in the form (). It is obvious that

0

C: 0 0
Cy
0

is bounded, and hence the same is true for

Al B,
7 As By 0
A
0

Since each A, is acting on a finite-dimensional space H,, there is a unitary
operator Uy, on H,, such that U} A, U, is triangular. Let U be the unitary operator
Z@Un. Since the (bounded) operator U*T"U is exactly the upper triangular

n
part of U*TU, our assertion follows. |

Since operators in B;({2) are strongly irreducible, our strategy in proving The-
orem 2.1 is to write, via Lemma 2.3, an arbitrary operator as the sum of three
operators each of which is a multiple of an operator very close to S* or S, and then

to show that these latter operators are in By (D) or B;(D)* (the set of adjoints of
operators in By (D)).

Lemma 2.4. Let 0 < r < 1. If T = S§* + X, where S* is the backward shift
and X s an operator with || X ||< 1 —r, then T — X is surjective and dim ker
(T = X)) =1 for any A\ |A| <.

PROOF. Since
[ SX=MISN X +HA<(A=r)+r=1

for |A| < 7, we infer that 1+S{X —A) is invertible. Hence T—A = S*(1+S(X —X))
is surjective.

To prove the assertion on the kernel, we first show that v(.S* — A), the reduced
minimum modulus, and m.(S* — A), the essential minimum modulus, of §* — A
are both equal to 1 — |A| for any |A] < r. Recall that y(A4) =inf(c(]A]) \ {0}) and
me(A) =inf o.(|A]) for any operator A, where |A| = (A*A)? (cf. [5, Section XI.6]
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and (2] for their basic properties). Since

a((S=A)*(S-2X) = (1 -2Re(AS)+[)\?)
=1+ AP -2[Alo(Re S) = [(1—- AN (1+ A2,
we have indeed y(S* —A) = m.(S* —A) = 1—|A. Thusif | X | 1-7<
L= A} =9(8* = A) = m(S* — A}, then dim ker(T — A\) =dim ker(S* — \) = 1
(cf. [5, Proposition XI1.6.6] and [21, Corollary 4.5]), completing the proof. a

Note that in the situation of the preceding lemma, S* + X is in general not a
Cowen-Douglas operator (cf. [17, p.214]). We need some extra condition on X to
guarantee this. This is what the next two lemmas do.

Lemma 2.5. If X is a block triangular operator of the form
X1 X2 *
X = Xoo  Xoz
0

on? =H ®Hy&---, where the H;s are all finite-dimensional with dimensions
bounded, then for any r,0 < r < 1, there is 6 > 0 such that S* + 81X is in By(D,)
for any 61,0 < 8, < 4. Here D, ={ e C: |\ <r}.

PROOF. For n > 1, let J,, denote the n x n Jordan block

0 1 0
. o1 ]
0 0

and for j > 1, let n; =dim H;. Since the mapping taking a finite-dimensional
operator to its spectrum is continuous and the n;s are bounded, for 0 < r < 1
we can choose 6,0 < 6§ < (1 —r)/ || X ||, such that the spectrum o(J,, + 01X;;)
is contained in D, for every 7 > 1 and 4,0 < 8; < 4. Since

Ty + 61 X11 *
T=8+6X= Ty + 61 X022
0

is unitarily equivalent to a triangular matrix with all diagonal entries in D,., we
have V{ker(T — A)* : A € D,,k > 1} = ¢2. This together with the assertions of
Lemma 2.4 implies that T is of class Bi(D,). O
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Corollary 2.6. If
11 Ti2 *
X = T22 Ta3
0

on €2, then for any r,0 < r < 1, there is § > 0 such that S* 4+ §; X is in By(D,)
for any 81, 0 < 8y < 4.

In the next lemma, we consider the unilateral shift S acting on H? : (Sf)(z) =
2f(z) for f € HZ.

Lemma 2.7. If ¢ is a function analytic on a neighborhood of D, then for any
1,0 <r <1, there is § > 0 such that S* +61¢(S) is in B1(D,) for any 0 < §; < 6.

PROOF. Assume that ¢ is analytic on D,.,, where 1y > 1. Fix re,1 < rp < 71, and
let M =sup{|¢(2)| : |z| < r2}. We tentatively require that 0 < § < (1 —r)/M. If
T = S5* 4+ 01¢(S), where 0 < &; < &, then, by Lemma 2.4, T — X is surjective and
dim ker (T'— A) = 1 for any A in D,. Hence to complete the proof, we need only
show that for sufficiently small 4, the condition V{ker T% : k > 1} = H? holds.
Let Y = 14 §;S¢(S). Then, as shown in the proof of Lemma 2.4, Y is invertible,

and also
T(Y7'S) = (S* +a1¢(S)Y 'S
= S*(146,54(S)Y 1S = 1.
If e denotes the function in H? which is constant 1, then
T+Y ~1(SY—1)Fle = TH(Y-18)* -1y e
= TY 'e=S*=0
and hence Y 1(SY~1)*~le is in ker Y* for any k > 1. Thus for our purpose

it suffices to show that V{(SY1)¥e : k > 0} = H? Since SY~! = %(S),
where ¥(z) = z/(1 + 812¢(2)) for 2 € D,,, this is the same as showing that
v{y* : k >0} = H2

To prove this, we check that for very small § > 0, v is univalent on D. Indeed,
assume that ¥(z;) = ¢(22) for 2; and 2z in D. Then

21 + 1 21229(22) = 22 + d121229(21),

which implies that
2y — 22 = 12122(B(21) — P(22))-
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Let
L = sup{|¢(w1) — d(w2)|/|w1 — wy| : w1, w2 € Dy, w1 # we} < 0.
If 2y # 2o, then
1
5 = 1l leal 19(21) = d(z2)l/ 21 — 2] < L.
Hence if we choose §; smaller than 1/L, then 9 must be univalent on D. We
conclude from Theorem 4 and Proposition 1 of [8] that V{y* : k > 0} = H?,

completing the proof. O

PrROOF OF THEOREM 2.1. By Lemma 2.3, every operator can be expressed as a
sum A + B, where

0
ail 212 . * b21 0 0
A = 22 23 and B = b31 b32 0
0 .

are bounded operators. Fix some r, 0 < r < 1. Corollary 2.6 and Lemma 2.7
imply that there is § > 0 such that S* + 624, S* + §B* and S* + 6S are all in
Bi(D,). Hence

T = (1/8%)(S* + 82A) + (1/6)(S + 6B) + (—1/6%)(S* + 45)

expresses 1" as the sum of three strongly irreducible operators by [13, Theorem
2.2].

3. SUM OF TWO

In this section, we prove that operators in certain special classes can be writ-
ten as the sum of two strongly irreducible operators. We start with the finite-
dimensional case.

Proposition 3.1. Every operator on a finite-dimensional space is the sum of two
strongly irreducible operators.

PrOOF. Let T be any operator on an n-dimensional space, and let A = T —
1 .

(—— tr T> I. Then A has trace 0. We consider two separate cases.
n
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If rank A <1, then A is unitarily equivalent to a matrix of the form
0 a 0 --- O
0

0 0

1
Let b= on tr T' and c be any scalar # 0,a. Then T is unitarily equivalent to the
sum of

b a-—c 0
b —c
b and i
c -ooc

0 b 0 b

Since these latter two matrices are both similar to a Jordan block, they are
strongly irreducible. This shows that in this case, T is the sum of two strongly
irreducible operators.

On the other hand, if rank A > 1, then, by [4, Theorem 2.f], A is similar to

a matrix [a;;], whose zero entries are exactly its diagonal elements. Hence T is
similar to the sum of

b aio e Al1n b 0
b - : ay b
and .
Ap—1n
0 b an1 - An n-1 b

As above, these latter two matrices are strongly irreducible. This completes the
proof. |

For the remainder of this paper, we consider only operators on an infinite-
dimensional separable space. Making use of some of the tools developed in Section
2, we can prove the following sum-of-two-strongly-irreducible results.

Theorem 3.2. If an operator T has the matriz representation [a;;]75., with
a;; = 0 for all pairs (i,5) satisfying i — j > n, where n > 0, then T is the
sum of two strongly irreducible operators. Moreover, if T is compact, then for
any zg in C and arbitrarily large R > 0, the two strongly irreducible operators can
be chosen to have spectrum equal to {z € C : |z — 29| < R}.
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PROOF. We may assume that n > 1. By the hypothesis, T' can be expressed as
the sum of operators

A 0

A= Ay % and B =

0
0

where the A’s and B;-s are all of size 2n and the diagonal 0 of B is of size n.

Lemma 2.5 implies that for any fixed 7,0 < r < 1, there is § > 0 such that S*+46A4
and S* — 0B are both in B;(D,). Hence

T = (1/6)(S" + 64) + (—1/6)(S* ~ 6B)

is the sum of two strongly irreducible operators.

If T is compact, then so are A and B. Since S has no eigenvalue, o(S + dA*)
consists of points of D together with at most countably many isolated points (cf.
[12, Corollary of Theorem 3.3]). But the strong irreducibility of S + §A* implies
that its spectrum is connected. We conclude that o(S + 6A*) = D and hence
o((1/8)(S* + 8A)) = Dy for arbitrarily small §. The same arguments apply to
o((—1/8)(S* — §B)), and our assertion follows. |

Recall that operator T' on H is multicyclic if there are finitely many vectors
zy, "+ ,Z, in H such that \/{T’“z]- :k>0,1<j<n}=H. IfTis multicyclic,
then T has a matrix representation of the form given in Theorem 3.2. Thus
follows the next corollary.

Corollary 3.3. Any multicyclic operator is the sum of two strongly irreducible
operators.

Corollary 3.4. If T has the matriz representation [a;;]75 . _., with a;; = 0 for
|t £ j| > n, where n > 0, then T is the sum of two strongly irreducible operators.

PRrROOF. Let {ex}g> _ . be the orthonormal basis of the underlying space with
respect to which T has the asserted matrix. Rearranging {ex} into the (ordered)
basis {eo,e1,e_1,€2,€-2, -} results in a matrix representation [b;;]$5_, for T
with b;; = 0 for i — j > 2n 4 1. Our assertion then follows from Theorem 3.2. O

Corollary 3.5. Any bilateral weighted shift is the sum of two strongly irreducible
operators.

ProOF. This follows from the case n =1 in Corollary 3.4. O
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If T is a triangular or an analytic Toeplitz operator, then, by Theorem 3.2,
T is the sum of two strongly irreducible operators. The next proposition says
something more about these two latter operators.

Proposition 3.6. Any triangular (resp. analytic Toeplitz) operator is the sum
of two strongly irreducible triangular (resp. analytic Toeplitz) operators.

PROOF. If T' = [a;;]$5_, is such that a;; = 0 for ¢ > j, then for a fixed 7,0 <
r < 1, let § > 0 be such that S* + 0T is in By1(D,) by Lemma 2.6. Then
T =(1/6)(S* +6T) + (—1/4)S* is the sum of two strongly irreducible triangular
operators.

The same arguments above applied to the adjoint of an analytic Toeplitz op-
erator yield our second assertion. [}

Proposition 3.7. If T = A+ B, where A = [a;;]35_; and B = [b;]75_, are

such that a;; = 0 fori > j and z |bij| < oo, then T is the sum of two strongly
3,5

irreducible operators.

PROOF. As before, for a fixed r,0 < r < 1, the operator S* + ¢ A is in B{(D,) for

all sufficiently small 6 > 0. Since Z |bij| < oo, the operator S — §B* is similar

T,
to S for very small § (cf. [19, Corolljary 2.7] or 3, Theorem A.4]; the idea of the
similarity of S with its small perturbation originates from a paper of Freeman
[15]). Hence T = (1/8)(S* + §A) + (—1/6)(S* — 6B) is the sum of two strongly
irreducible operators. O

It follows from above that any operator having a matrix representation [ti,-]g?jzl
with summable entries is the sum of two strongly irreducible operators. Note that
such an operator must be of trace class. Indeed, in this case we have

SO 12 <D0 Ity <
J i j i

and our assertion follows from [10, Lemma XI1.9.32]. The next result, our final
one, is much more general than this.

Theorem 3.8. Any compact operator is the sum of two strongly irreducible op-
erators.
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For its proof, we need the following two lemmas. If A and B are operators on
H and K, respectively, denote by 74 5 the operator

Ta,B(X)=AX — XB for X in B(K,H).
Lemma 3.9. If

Tn T
T— T, Ty »

0

satisfies (1) Ty, is strongly irreducible, (2) 1, 1,,, is one-to-one, (8) Tpni1 &
ran T, T,,, ond (4) T, A, is one-to-one, where

T Tyo ... Tin
' .12 ' 1 Tonttr Tnti ne2
An _ . .. . and Bn _ T - ,
Tn—l n 2
0 T, 0

for everyn > 1, then T is strongly irreducible.

PROOF. Let E = [E;;]?5_, be an idempotent operator commuting with 7. From
(4), we derive that F;; = 0 for all i > j. Hence each Ej; is an idempotent
commuting with T;. Since the latter is strongly irreducible, we obtain E;; = 0 or 1.
Assume that Ey; = 0. From ET = TE, we derive that E5Ty = Ty E1o + T12E95.
Hence we have F2; = 0 from (3) and thus E12 = 0 from (2). In a similar fashion,
we obtain E;; = 0 for all ¢ and E;; = 0 for all 4 < j. In this case, E = 0. On
the other hand, if Fy; = 1, apply the above arguments to 1 — E to obtain E = 1.
This proves the strong irreducibility of T O

The next lemma from (18, Lemma 2] is useful in verifying the injectivity of
operators of the form 74 5.

Lemma 3.10. Let A and B be operators on H and K, respectively. If there is a
subset I' of C' with the properties T N op(A) = ¢ and V{ker(B — X\)*: A e T,k >
1} = K, then 74 p is one-to-one.

PROOF OF THEOREM 3.8. Let T be a compact operator. By Corollary 3.3, we
may assume that T is of multicyclic. Hence T' can be expressed in the form

T T
T Tis * | nHioH & -,
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where the T; s are all cyclic (cf. [9, Theorem 5]). By “absorbing” the finite-
dimensional T}, s into the infinite-dimensional ones, we may further assume, in
view of Theorem 3.2, that each T, has a matrix representation of the form
[aij]$%=; with a;; = 0 for ¢ — j > 1. Apply Theorem 3.2 to each of such T/s to
obtain T,, = A, + B,, with A, and B, in By(D™) and o(4,) = ¢(B,) = D™,
where D" = {2 € C: |z — 51;| < R} with R a sufficiently large number.

We next define A, ,y1 and B, ,41 for n > 1. Let M,=ran TAn,Any, and
N, =ran 75, 8,,,. Since gg(An) N 0re(A,) = D™ (cf. [5, Theorem XI, 6.8]),
we have 0,¢(A,)N0ge(Ant1) # ¢ for any n > 1. By [11, Theorem 1.1], this implies
that M, is not dense in B(H,). Similarly, N, is not dense in B(H,). Hence by
the Baire category theorem, we have M,, UN,, # B(H,,). Let C,, 41 € B(H,) be
an operator not in M, U N, with || C,, ,41 ||< €n, where ¢, is a small positive
number to be specified later, and let

1 .
An nyl = B, n+l1 = 5 n n4l if T, n+l¢MnUNn;
An n+l = T, n+l + Cn n+1 and B, n+l1 = —Up n41 if T, n+1 € Mn\Nna
An n+l = _Cn n+1 and Bn n+1 = Tn n+1 + Cn n+1 if Tn n+l € Nn\Mru
and
1 .
An n+l — 5 n n+l + Cn n+1l and Bn n+l — 5 n nt+l Cn n+1 if Tn n+1 € Mn ﬂNnn

Then An n+1 ¢ Mn,Bn n+l1 ¢ Nn and An n+1 + Bn n+l1 = Tn n+1-

Finally, let

A Ay Tiz o+ By B 0
A= Ay Axz Tas and B = By B
0 0

Then T = A+ B. It remains to show that both A and B are strongly irreducible.
We prove this for A by verifying the conditions in Lemma 3.9; that for B is
analogous. By our construction, we need only check conditions (2) and (4) there.

To prove (2), note that D"+ ¢ D(®) for any n > 1. Hence the set I' =
D("‘H)\m is nonempty. We have I' N ¢(A,) = ¢ and V{ker(A,41 — A)F: A ¢

'k > 1} = Hnpy1. Lemma 3.10 implies that 74, 4,., is one-to-one.

n+1
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o) T
Now we verify (4). First note that o Z BA; | = U DY for any
j=n+1 j=n+1

n > 0. Indeed, since by our construction Z@Aj is a compact perturbation
J

1 1
of Z@ <RS* + 2—]), its spectrum is contained in o Z@ (RS* + 2—]> U
J J

{Ae} = U; DU U {Ai}, where {\;} is a set of at most countably many isolated

eigenvalues of Z@Aj disjoint from Uj DG). In particular, each A is an eigen-
J
value of Z @®A] and hence an eigenvalue of some A}. Since A;, being in B;(D\)),

J
has a triangular matrix representation

I *

0

with the diagonal entries z; in D) X\, must be equal to some z; and hence in

DY) which contradicts our assumption. This proves O'(Z BA;) C U D). Since

J J
the converse containment is trivial, our assertion is proved. Let
Ay A - Ar g
. An+l An+1 n+2 *
X’n = - . ' and Y, = An+2 )
An—ln 0
0 Ap

and let = ﬂ?le(j). Since A, is in B;(DW) for 1 < j < n, we have X,, €
B,(£2). By the upper semicontinuity of the mapping X — o(X), we may choose
very small €,, > 0 such that o(Y,,) is contained in

[e0]
{zeC:dist |z, | ] DO | <2 ?}UE,
j=n+l

where F is a countable set of isolated points. Hence I' = Q\o(Y,,) is a nonempty
subset of 2. From Lemma 3.10, we infer that v, x, is one-to-one. This proves
(4) and hence the strong irreducibility of A.
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