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TRANSFERRED BOUNDS FOR SQUARE FUNCTIONS
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T. A. GILLESPIE

Abstract. Let G be a locally compact abelian group, and let u — Ry
be a uniformly bounded, strongly continuous representation of G
in a closed subspace X of LP(u), where g is an arbitrary measure
and 1 < p < . We show that under appropriate circumstances
the representation R will transfer to X the bounds for square
functions defined by sequences of translation-invariant operators
on LP(G). In the case when G is the additive group of real num-
bers and 1 < p < oo, the circle of ideas from the abstract setting
is refined so as to provide counterparts for X of classical square
function inequalities such as Littlewood-Paley.

1. Introduction. Let G be a locally compact abelian group with dual
group G, and suppose that u — R, is a uniformly bounded, strongly con-
tinuous representation of G in a closed subspace X of LP(u), where p is an
arbitrary measure and 1 < p < co. Denote by MP(G) the Banach algebra
of LP(G)-Fourier multipliers. In this abstract framework we shall study cir-
cumstances under which the representation R will transfer to X estimates
for square functions defined by sequences {,}3%; C M,(G). In the case
when G is the additive group Z of integers, 1 < p < 00, and the sequence
{pn}32, consists of functions having bounded variation on the unit circle
T, the transference of square function estimates was initiated in [2, §§2.3]
as a tool for treating the almost everywhere convergence properties of dis-
crete averages defined by a power-bounded operator on X. The methods
and results in [2] rely on features special to the concrete setting of Z and
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its dual group T. Our aim in what follows below will be to formulate and
develop the transference of square function estimates in the abstract set-
ting described above, and thereby to incorporate square functions into the
general transference theory initiated by R. R. Coifman and G. Weiss in [7],
[8].

In §2 we take up the transference to X of bounds for square functions
on G defined by sequences of convolution operators-that is, we consider
the particular case when each ¢, € Mp(é) is the Fourier transform of a
function belonging to L}(G). In §3 we pass to the general case when each
Pn € Mp(é) is only assumed to be continuous as a mapping of G into the
complex numbers C. In order to transfer such multipliers in this broad a
framework, it is necessary to assume additionally in §3 that X coincides
with LP(p) and that the representation R in LP(u) also has a uniformly
bounded version acting in L(x). In broad terms, the role of these two ad-
ditional assumptions consists of providing enough spectral decomposability
of R in L?(p) (via Stone’s Theorem) to implement transference to LP(u)
of individual L?(G)-Fourier multipliers ([6, Theorem (2.1) and Remarks, p.
57]). Such auxiliary assumptions on R can largely by circumvented in the
case when 1 < p < oo and G = Z, or G is the additive group R of real num-
bers, since under these circumstances the requisite spectral decomposition
of the representation R automatically exists in X C LP(y) ([3, Theorems
(4.8)-(ii) and (4.21)]), and can be used to transfer functions of bounded
variation on T or R, respectively. This theme is taken up in §4 below,
where the general methods of §§2,3 are refined so as to provide directly the
analogues for G = R of the square function transference results previously
obtained for G = Z in [2, §§2,3].

Henceforth we shall denote the Fourier transform of a function f by f.
The set of positive integers will be denoted by N. The set-theoretic (respec-
tively, group-theoretic) difference of two sets A and B will be written A\B
(respectively, A — B). The Banach algebra of all bounded linear mappings
of a Banach space Y into itself will be denoted by B(Y'), and the identity
operator on Y will be symbolized by I.

2. Transferred bounds for square functions defined by convolution
operators. We return to the abstract setting described at the outset of §1.
To fix notation for this section, let G be a locally compact abelian group
with Haar measure A, and let X be a closed subspace of LP(M, 1), where
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(M, p) is an arbitrary measure space, and 1 < p < co. We shall denote by
R a strongly continuous representation of G in X such that

(2.1) c = sup{||Ry|| : v € G} < 0.

For k € LY(G), let Hi : X — X be the corresponding transferred convolu-
tion operator defined by X-valued Bochner integration as follows:

Hyg = / k(u)R_ngdA(u), for all g € X.
G

The operator H is clearly a bounded linear operator such that ||Hg| <
c|lk]|:- The Coifman-Weiss General Transference Result improves the order
of magnitude of this bound-specifically, ||H|| does not exceed c¢®N,(k),
where N,(k) denotes the norm of convolution by k on LP(G,\) (see [7,
§2], or, for the generality stated here, [5, Theorem (2.3)]). Each of the
two theorems in the present section extends the Coifman-Weiss General
Transference Result to square functions by suitably adapting its proof.

Theorem 2.2. Suppose that {k;};>1 C L*(G). For each j let Ty, be the
convolution operator on LP(G, A) defined by k;. If C is a constant such that

2

(23) P <C|l§ Il :

i1 i>1
LP(N) Lrp(X)

for all sequences {f;};>1 C LP(G),

o=

then

o
W=

P (DRl <ec|d Y laf ,

21 i1
Le(u) LP(p)

for all sequences {g;};>1 C X.

Proof: For purposes of utilizing Fubini’s Theorem, we observe at the outset
that [5, Lemma (2.5)] permits us to assume without loss of generality that
the measure space (M, p1) is sigma-finite, and that for g € X, expressions
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such as (R,g)(w) have a version jointly measurable in (u,w). By Monotone
Convergence we can assume that {k;};>1 is a finite sequence {k;}I_,. Sup-
pose first that each k; is a continuous function with compact support K;.
Put K = Uj-V:lK ;- Let € be a positive real number, and choose a relatively
compact open neighborhood V of the identity in G such that ’\(;/(;i() <1l+4e
[11, Lemma (18.12)]. Let x denote the characteristic function of V — K,
and fix {gj}g-\'z1 C X. By the Marcinkiewicz-Zygmund Inequality {10, p
203] and (2.1), we have for each s € V,

1P p

v
(S0

N
Z |ch g]

N
< ZIRHng

Lr(p) Lr(p)

Averaging this inequality over V with respect to dA(s), we see with
the aid of Fubini’s Theorem that:

N P
i) [ <t
21 57) Sy Ju

Lr(p)

N
@5) Iy /G () (Ro—ugs) ()dA(u)

2
2

) dp(w)dA(s) = V)/ /
N 2 12)-
S| [ B - 0) (Rams) @A) 3 dX5)dn(0).
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From (2.3) we obtain for p-almost all w € M:

2

2} dX(s)

N

I8hs

=1

— /V {Z |k * [(Reyg5) (@)x] |2}

N H
<cr [ {Z (Rugy) (w)|2} dA(u).

Using this on the right of (2.5), we see with the aid of a further application
of Fubini’s Theorem that:
1P

N 7
{Z |ij 9j |2 }
J=1
Lr(p)

c”C
<l [ {D(Rug] w)l} due)a\(w)

1P

cPC'P )
=5 | {Z]Rugj|} d\(u).

Lr(p)

[ B0 = ) (Rumagy) (@) w)

P
2

Consequently, from the Marcinkiewicz-Zygmund Inequality and (2.1) we
have:
1P 1P
2

e I g e e

Le(u) - L?(n)

N

(2.6)

p

< crCe {Z |g,-|2} (1+e).

Jj=1
Lr(p)

W=
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Letting € — 0 in (2.6) completes the proof of (2.4) for the case when the
finite sequence {k;} consists of continuous functions with compact support.
The general case of a finite sequence {k;} C L!(G) follows from this by stan-

dard approximations in L!(G) in conjunction with the following elementary
lemma. |

Lemma 2.7. If N is a positive integer, and {W;}., C B(L?(G)), then

T i} — Wi,

is a linear mapping of LP()\, ¢%;) into itself such that

N
ITI < Wil
7=1

Proof: Given {f;}}L; C L?(G), we have:

1

N 2 N
> Wikl <1 w5
= Lr(}) = Lr(X)
N N N %
<MWl IFillzeo < [ Do IWGI| (14 Do .
j=1 j=1 j=1

Lr(X)

The following companion to Theorem (2.2) is easily seen by entirely analo-
gous reasoning.

Theorem 2.8. Suppose that {k;};>1 C L*(G). If C is a constant such
that

> IT, £ < Clfllzeny,
i>1
Lr())

for all f € L?(G),
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then

D=

> Hgl” < *Cllgll Loy,
izl
Lr(p)
for allg € X.

3. Square functions defined by multiplier transforms. In this sec-
tion we continue with the notation established in §2. We shall take L?(p)
to be the space X of the representation R described at the beginning of §2,
and shall further assume that:
(3.1) for each u € G, the operator R, extends from LP(u)NL%(p)
to a bounded linear mapping R® of L2 (1) into L?(p);

(3.2) sup {\ R® ‘ tu € G} < oo0.

Under these circumstances, the map u — R is readily seen to be a
weakly continuous representation of G in L?(u), and hence R(?) is strongly
continuous [11, Theorem (22.8)]. Moreover, R(?) is similar to a unitary
representation of G in L%(u) [9, Theorem 8.1]. Applying Stone’s Theorem
for unitary representations, we obtain a unique strongly countably additive

regular spectral measure £(-), defined on the Borel sets of G and acting in
L?(p), such that

(3.3) R® = / v(u)dE(y), for all u € G.
G

~

Suppose now that ¢ € M,(G) is continuous as a complex-valued func-
tion on G. Then the extension in [6, Theorem (2.1) and Remarks preceding
(2.7)] of the Coifman-Weiss Multiplier Transference Theorem [7, Theorem
(3.7)] asserts that [ pd€ extends from LP(u) N L?(p) to a bounded linear
mapping J, : LP(p) — LP(p) whose norm does not exceed 2| ¢| M,(G)

where c is the constant in (2.1). We remark that as an immediate conse-
quence of Fubini’s Theorem we have:

(3.4) J;, = Hy, for all k € L(G).
It will be convenient to establish one further item of notation: for
¢ € M,(G), we shall denote by S, the corresponding multiplier transform

on LP(G). Having attended to these preliminaries, we can now state the
central result of this section.
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Theorem 3.5. Let LP(p) be the space X of the representation R described
in 82, and suppose that (3.1) and (3.2) hold. Let {;};>1 C M,(G) consist
of functions which are continuous on G. If C is a constant such that

(3.6) {lewfﬂz} <C {Zlfﬂz} ,

i1 i1
LP()) Lr(X)

for all sequences {f;};>1 C L?(G),
then

37) {Zlfngjlz <cC {Zlgjl2 ;

.
W=

21 i1
Lr(u) Lr(u)

for all sequences {g;};>1 C LP(p).

The proof of Theorem (3.5) will be facilitated by the following lin-
earization lemma for square functions and its corollary. We include a simple
proof of the lemma for lack of a reference suitable for our setting. Notice
that the lemma is somewhat reminiscent of the Kenig-Tomas linearization
lemma for maximal operators [13, §1].

Lemma 3.8. Let N be a positive integer, and let q be the index con jugate
top(g=o0 if p=1). If {f;}}X, C LP(u), then

N 3
DIl = max
Jj=1
39) e ,
N N 2
] /M > figidu| g}, € L), > losl? <1
j=1 j=1

La(p)
Proof: Let {g; JN=1 be as in (3.9). Applying the Schwarz Inequality for 12
pointwise and then Hélder’s Inequality for LP(y), we obviously have:

N N
(3.10) /M ; figidu| < ; |51

W=

Lr(p)
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We complete the proof by showing that for a suitable choice of {g;}}L;
equality can be ahieved in (3.10). For j = 1,..., N, define the y-measurable
function h; on M by writing:

hi(w) = { 0 it {0 ()P =0

W{Zﬁ;l Ifk(w)|2}"21' , otherwise.

(S|

and, whenever {Zj.vzl |fj(w)|2}% £0,

Obviously,

1
2

N
= Z f]'hj on M,
j=1

[N

N
Yol =1
=1

Choose g € L9(p) so that ||g||q = 1, and

{é”ﬂz} =/M {élfjlz}%gdﬂ

(3.11) Lo () !
N
= fM (; fjhj) gdu.

Defining g; = h;g for j =1,..., N, we have

vl

1
2

N
< gl zaguy || D 1hsl® <1
j=1

Li(p) Loo(p)

1
2

N
> lgil?
=1

In view of (3.11), this particular choice of {gj};-vzl achieves equality in
(310). m
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Corollary 3.12. Suppose that N is a positive integer and {cpj};y:l C

M,(G). Let T be the Haar measure in G normalized with respect to A
for Fourier inversion, and let k € L*(r). If C is a constant such that

N -;. N
(3.13) {;lswfjl } <C {;IM }

Lr()) Lr(X)
for all sequences {f; }f’:l C L?(G),

[N

then

N
(3.14) {Z Sk }

j=1

1

N 2
< Cllkll o1y {Z |fj|2} ;
i=1

LP()) Lr(X)
for all sequences {fj};y:l C L?(G).

W=

Proof: Suppose first that {f;}/L; C L*(G)NLP(G) and {g;}}_, C L*(G)N
L9(G), where ¢ is the index conjugate to p (if p = 1, then we take L(G)
to be the space of bounded measurable functions modulo equality a.e.,
equipped with the essential supremum norm). Using Plancherel’s Theo-
rem, Fubini’s Theorem, and a change of variable, we see that:

N
; /G (Skxe, ) T5dA

N R -
)3 fG (k% 05) ) F; ()& ()

N
= [ k@ {Z /. wj(v)(afj)A(7)(591)’\(7)d7(7)} dr(o)

N
< /G el |3 | {80, @1} o dr(a).
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Applying Lemma (3.8) (for the measure space (G, X)) to the sum in the
last expression, we see from (3.13) that:

N
j; /G (Sk*wjfj) g;dA

1

N YT
< Cllkllpn |3 DI > |g]-|2} ,
j=1

i=1

(3.15)

Lr(X) La(A)
for {f;}}21 € L*(G) N LP(G) and {g;}}, C L*(G) N LU(G).

If 1 < p < oo, then standard approximations show that the inequality in
(3.15) continues to hold for arbitrary {f;}IL, C L?(G),{g;}}~, € LI(G).
Another application of Lemma (3.8) now gives (3.14) when 1 < p < oo.

To complete the proof of the corollary, suppose that p = 1, and that
{fitY}l, € L*(G) N LP(G), {g;}}L; € LYG). For 1 < j < N there is
an increasing sequence {E;,}%2, of subsets of G such that A\(E;,) < oo
for all n, and (Sk., f;) vanishes on G\(UX,E;,). Let x;. denote the
characteristic function, defined on G, of E;,. Notice that as n — oo, we

have by Dominated Convergence:
(3.16)  (Skww, fi) Xjin — (Skxp, fj), in the norm topology of L}(G).

For each positive integer n we apply (3.15) to {f;}}_; and {Xj,ngj};vzl to
get:

N
> / (Sksp; fi) XinT5dX
=17C

)=

N 3
> |9j|2}

Jj=1
Lr()) La())

N
< Cllkllr Zlfjlz}
j=1

Letting n — oo, we see from this, (3.16), and Lemma (3.8) that for p = 1,
(3.14) holds for any sequence {f;}X; C L*(G) N LP(G). Standard approx-
imations now complete the proof for the case p = 1. |
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Remark 3.17. With obvious modifications, the foregoing reasoning
also shows that the statement of Corollary (3.12) remains valid if throughout

we replace {fj};'vzl C L?(G) by f € L?(G) and {Z;\;l |fj|2}5 by

LP(X)
| Fllzen-
We now return to the context of Theorem (3.5).

Proof of Theorem (3.5): By Monotone Convergence we can assume
without loss of generality that {p;};>1 is a finite sequence {p;}).,. By
Lemma (3.8) and simple approximation arguments similar to those used in
the proof of Corollary (3.12), it suffices for (3.7) to show that

N
,-; /M (o, £3) gsdpe

2

[N

(3.18) N
<EC|Q I
i=1

N
> lgil? ,
Jj=1
Lr(p) La(p)
for all {£;}}L; C L*(4) N L?(4) and all {g;}}L, € L*(u) N L9(n),

where, as previously, ¢ is the index conjugate to p. Fix { fj}j‘v=1 C L (p)n
LP(p), {g;}C, © L*(u) N L%p), and, for 1 < j < N, define the regular
Borel measure ©;, on G by putting 0;(-) = (£(-)fj, g;), where (-,-) denotes
the inner product in L*(p), and € is the regular spectral measure in (3.3).

We first establish (3.18) under the additional assumption that each
95,3 =1,...,N, is a compactly supported function on G. Let 7 be the
normalized Haar measure of G described in the statement of Corollary
(3.12), and, in accordance with [12, Theorems (28.52) and (33.12)], let
{hs}sea be an approximate identity for L'(7) such that: for each 8, we
have hs > 0, ||hs||L1(r) =1, hs is compactly supported; and, for each open
neighborhood W of the identity in G, i) e\w hsdT — 0, as 6 runs through
A.For 1 <j< Nandb€A,put pjs=hsxp;. Then p;s € L(1),0;s
is bounded and continuous on G, @;.6 is compactly supported, and, for
1< j <N, g5 — ; uniformly on G as & runs through A. It follows that
for each j and each 6, we have g; 5 = k; 5 for some k; 5 € L*(G), and that
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for each j,

(3.19) / ©;sdO; — / ;d©;, as 6 runs through A.
G G

Moreover, from (3.4),

(3.20) / ©;sdO; = / (Hk, 5 fi) gjdp, for all j and 6.
G M

From Corollary (3.12) and (3.6), we see that for each 6,

N % N ]7
> lkjs % z5]? =8> 1S, 44l
j=1 j:l

LP()) LP(\)

N %
<C {lejlz} )
i=1

L2())
for all sequences {z;})., C L?(G).

Applying Theorem (2.2) in order to transfer this inequality to M, we find
with the aid of Lemma (3.8) that for each 6§ € A:

N
;-/M (ij,bfj) gjd“

w0 v
<cfC {Z|fj|2} {Zlgﬂz}
Jj=1 j=1

LP(p) La(p)

(3.21)

Letting 6 run through A in (3.21), and taking account of (3.19) and (3.20),
we obtain (3.18) in the special case when each ¢;,7 = 1,..., N, is compactly
supported.

It remains now to establish (3.18) for {;}., in the general case;
this will be accomplished by a suitable reduction to the foregoing case of
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compact supports. We continue with {fj};-vﬂ, {9; ;-Vzl, and {Oj};y:l as
previously described. Given € > 0, it follows from the regularity of thf:
Borel measures ©;, 7 = 1,..., N, that there is a compact subset K of G
such that |©;|(G\K) < € for 1 < j < N. Calling on a standard fact [12,
Theorem (31.37)], we get a function f € L'(G) such that f has compact

support, f =1 on K, and ||f[|z1(x) < 1 + €. Obviously the following holds:
(3.22)

N N
Jo. Fi) g:dul = / dO ;
;/M( ‘PJfJ)gJ H ; G‘PJ J

IN

N ) N R
j;/ésojfd@j + ;/@\Kw(l—f)d@j :

Using the Marcinkiewicz-Zygmund Inequality [10, p. 203] and (3.6), we see
that for all {z;}X, C L?(G):

ol

N 2

Z |S<ij$j <C

j=1
Lp())
1

N 2
T+ [8 D Iz
=1
Lr(})

AN
From this, and the previous case applied to {(pj f } , we find that:
i=1

N
Z/_(,Ojfd@j < C(1+e€)
j=17G

(3.23) 1

1
N 2 2
) 1

=1

Lr(p) L(p)
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In order to express an estimate for the second term in the majorant of (3.22),
let M; = sup {]cpj('y)| iy € G‘}, forj=1,...,N,and put M = E;vzl M;.
Elementary reasoning using the choice of K and f shows that

N S
(3.24) ; /G \K<p,-(1_ £)d;| < (2 + ) M.

Using (3.23) and (3.24) in (3.22), and letting € — 0, we obtain (3.18), and
thereby complete the proof of Theorem (3.5). |
The method of proof of Theorem (3.5), with obvious modifications,

also supplies the following companion result (note Remark (3.17) in this
regard).

Theorem 3.25. Assume the hypotheses of Theorem (3.5) except that (3.6)
is to be replaced by

[

D 1S4, 1 S Clflizeery, for all f € L¥(G).
i>1

Lr())

Then
_;_

> 0l < C|gll Loy, for all g € LP(p).
i>1

L?(p)

4. Special features when G = R. To open the discussion in this section,
we go back to the set-up in §2, where we had a uniformly bounded, strongly
continuous representation R of the general locally compact abelian group G
in X C LP(u), and we seek counterparts of Theorems (3.5) and (3.25) in the
case when R automatically has a spectral decomposition in X which will
serve as a substitute for (3.3). One benefit of such circumstances is that they
serve to eliminate the need for the extra assumptions of §3-specifically, that
X should equal LP(x) and that R should have the auxiliary representation
R® in L?(y) described in (3.1) and (3.2). As indicated in §1, the desired
spectral decomposability of R in X itself, without such extra assumptions,
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automatically exists if G = Z or G = R, and 1 < p < co. We shall
be concerned in the present section with the situation when G = R and
1 < p < co. The results we shall obtain here, including the counterparts of
Theorems (3.5) and (3.25) in Theorems (4.11) and (4.14) below, correspond
to results already obtained for G = Z in [2, §§2,3]. The general framework
afforded by Theorem (2.2), Lemma (3.8), and Corollary (3.12) makes it
possible to obtain our results for G = R more easily than could be done by
attempting to adapt directly the reasoning in [2]. We remark in passing
that the methods of this section can be applied equally well to the case
G = 7, where they afford some simplification of the reasoning in [2, §§2,3].

Before passing to the specific setting for this section, we shall review
briefly the relevant general notion of spectral decomposability and its asso-
ciated spectral integration.

Definition. A spectral family in a Banach space Y is a projection-
valued function F(-) mapping the real line R into ®B(Y’), and having the
following properties:

() sup {(IFOVI|: X € R} < oo;

(i) F(\)F(r) = F(t)F(X) = F()\) whenever A < 7;

(i) F(-) is right-continuous on R with respect to the strong
operator topology of B(Y);

(iv) at each X € R, F(-) has a left-hand limit F(A~) in the
strong operator topology of B(Y);

(v) with respect to the strong operator topology of B(Y"), F(X)
— I as A — +o0, and F(A) = 0 as A — —oo.

If there is a compact interval [a,b] such that F(A\) =0 for A < a and
F()\) = I for X > b, then we say that F(:) is concentrated on [a, b].

Corresponding to any spectral family F(-) of projections in Y, a
Riemann-Stieltjes notion of spectral integration with respect to F(-) can
be defined as follows. For a compact interval J = [o, 5] of R, let BV (J)
denote the algebra consisting of all complex-valued functions ¢ on J whose
total variation var (¢, J) is finite, equipped with the Banach algebra norm
|| - ||+ specified by

lells = sup {lp(N)}: A € T} + var(p, J).
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Given ¢ € BV(J), for each partition P = (X, A1,...,A,) of J put

(1) S(Pip, F) = 3" o) F () — FOveon)):

k=1

Then (see [9, Chapter 17] or the abbreviated account of spectral integration
in [3, §2]) the net {S(P; ¢, F)} converges in the strong operator topology
of B(Y') as P increases through the partitions of J directed by refinement,
and we denote the strong limit by f[a,ﬂ] edF. If ¢ € BV(J) is a contin-
uous function, then for k¥ = 1,...,n,¢(Ax) can be replaced on the right
of (4.1) by @(A}), where A} € [Ak_1, k] is chosen arbitrarily. The cor-
responding assertions for a notion of spectral integration likewise obtain
when the compact interval J is replaced by R (see [15, Proposition 2.1.11
and Theorem 2.1.14]). In particular, for ¢ € BV(R), the Riemann-Stieltjes
approximating sums corresponding to (4.1) are taken on partitions of the
extended real number system [—o00,+00], and have a limit in the strong
operator topology of B(Y’), which is denoted by [ ¢dF. In this situation
the functions F'(-) and ¢ are extended from R to [—oco,+o0] by defining
F(—o00) = 0, F(400) = I, and ¢(£00) = limy_, 400 ¢(A). The relationship
between spectral integration over compact intervals and over R is expressed
by the fact that for ¢ € BV(R), f[_a,a] @dF converges in the strong oper-
ator topology of B(Y) to [, pdF, as a — +oo0.

We now describe the setting for the results of this section. As previ-
ously, (M, u) will be an arbitrary measure space. We shall denote by X,
a closed subspace of LP(p), where 1 < p < oo, and we shall consider a

strongly continuous one-parameter group {U; : t € R} of operators on X
such that

(4.2) co = sup {||U]| : t € R} < 0.
By [3, Theorem (4.21)], {U; : t € R} automatically has a spectral decom-

position acting in Xo-specifically, there is a unique spectral family E(-) of
projections in X such that:

(4.3) Uiz = lim e'*dE(N)z, forteR,z € X,.

4=+ JI_g,q]
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Moreover, it follows from [4, Theorems (5.12)-(ii) and (5.16)], in combi-
nation with the Coifman-Weiss General Transference Result [5, Theorem

(2.3)] and the boundedness properties of the classical Hilbert transform,
that

(4.4) sup {|EO] : ) € R} < G,

where, here and henceforth, C, denotes a positive real constant which de-
pends only on p and may change in value from one occurrence to another.
Given a function ¢ € BV(R), we define ® € BV(R) by writing

(4.5) 20y =27 { lim () + lim (o)}

Notice that by Ste¢kin’s Theorem [10, Theorem 6.2.5], BV(R) C M,(R),
and consequently

(4.6) T = /'; ddE

can be viewed as a transferred Fourier multiplier-a fact underscored by the
next theorem (compare the discrete case in [3, Theorem (4.14)]).

Theorem 4.7. Suppose that {U; : t € R} is a strongly continuous, uni-
formly bounded one-parameter group of operators acting on a closed sub-
space Xo of LP(u), where p is an arbitrary measure and 1 < p < oo. Let
{Kk2}52, be the (sequential) Fejér kernel of R:

1 sinz%t
Kln(t) = % (1)2 .
2

If p € BV(R) N L!(R), then:
(1) in the notation of (4.6), we have for each z € X,

Jor = lim i/ﬁzn(t)cﬁ(t)Uimdt,
2m R

n—+oco

where Bochner integration is used on the right;
(i) || Tl < cBllellm,my where co is the constant in (4.2).
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Proof: Straightforward calculations show that:

(4.8) var (k, * p,R) < var (p,R), foralln €N,
and that, in the notation of (4.5),
(4.9) lim (K, x @)(A) = ®(A), forall AeR.

Suppose that n € N, a is a positive real number, and z € {E(a)—E(—a)}Xo.
Using (4.3) together with successive integrations by parts on the left-hand
member of the following equation, we find with the aid of Fourier inversion
that:

1
(4.10) = fn(D)3()Uzdt = / (kn + )dEx.
[-n,n] —a,a]
Letting n — oo on the right of (4.10), we can use (4.8) and (4.9) to invoke a
standard limit theorem for spectral integrals [3, Proposition (2.10], thereby
inferring that, in the norm topology of Xj:

lim i/ Rn(t)p(t)Upzdt = Tz,
27 R

n—oo
for all z € Uyso{E(a) — E(—a)}X,.

Since Usso{E(a) — E(—a)} X, is dense in X, the desired conclusions (4.7)-
(i), (ii) are now immediate from the following uniform boundedness esti-
mate, obtained for all n € N with the aid of the Coifman-Weiss General
Transference Result (stated just prior to Theorem (2.2)):

1 Rn®
— | R (D)) Udtl| < 2N,
‘271,‘/';'{’()()0()'5 ’._CO p(27f)
= cp||n * ellm, @y < Cg”‘P”M,,(R)- |

Theorem 4.7 bis. Let {U; : t € R}, Xo,u, and p be as in the hypotheses
of Theorem (4.7). Then the inequality in (4.7)-(ii) remains valid for each
» € BV(R).

Proof: For n € N, let ¢, € BV(R) N Ll(IR) be given by ¢,

¢, and @ correspond to ¢, and ¢ as in (4.5). Thus, @,
consequently ®,, — ® pointwise on R, while

:1611; var (®,,R) < 2[sup {|®(t)|: t € R} + var (9,R)].
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The analogue for R of the limit theorem for spectral integrals ([3, Propo-
sition (2.10)]) now shows that J,, — J, in the strong operator topology.
The proof of Theorem (4.7) bis is completed by applying (4.7)-(ii) to ¢, to
get
17eall < cBllfnellm,@) < llella,m. ™

The next result generalizes Theorem (4.7) bis to square functions
and provides the counterpart for Theorem (3.5) in the setting of the one-
parameter group {U; : t € R}, which is not required to have an L?(u)-
version. Recall the notation of Theorem (3.5) for multiplier transforms.

Theorem 4.11. Let {U; : t € R}, Xy, p, and p be as in the hypotheses
of Theorem (4.7), and suppose that {¢;};>1 C BV(R). If C is a constant
such that

.

> IS, £il? <C {Zlfﬂz} :

Jj>1 Jj21
L?(R) L?(R)

for all sequences {f;};>1 C LP(R),
then

[N
»

Z Ij%gjlz <cC Z |gj‘2 )

i>1 i>1
LP(w) Lr(w)

for all sequences {g;};>1 C Xo,

where cg is the constant in (4.2) and the operators J,; are as defined in
(4.6).

Proof: It suffices to consider the case of a finite sequence {(,oj};y:l -
BV(R). Moreover, the Marcinkiewicz-Zygmund Inequality {10, p. 203] to-
gether with the approximation reasoning used to prove Theorem (4.7) bis
allows us to assume without loss of generality that ¢; € BV(R) N L}(R),

for 1 < j < N. For each n € N, we infer from Corollary (3.12) that
N
<CIRYIfP :
J=1

N
Z |S'€n*‘P.‘i f] |2
j=1
L?(R) Lr(R)

for all sequences {fj}?f__l C LP(R).

1
2 2

(4.12)
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Notice that for each j and n, we have K, * @; = ¥, ;, where ¥, ; € L(R)
is given by:

Pn,i(t) = —— =

Denoting by 7, ; the convolution operator on LP(R) defined by 1, ;, we
can rewrite (4.12) in the form:

Ra(®)®i(=1)
27

N ? N ¥
>_ITnifil <cly Il ,
i=1 i=

LP(R) L?(R)
for all sequences {fj};-\f__l C L?(R).
An application of Theorem (2.2) to this now gives:

1

2

N N
Hn'g42 SCZC 9.2 ]
(413) ;l VYn,j ]l 0 ZlJI

Lr() ” LP(u)
for all sequences {gJ} . C Xo.

o

The proof of Theorem (4.11) is now easily completed by letting n — oo in
(4.13) and invoking (4.7)-(1). a

Similar reasoning which takes account of Remark (3.17) and Theorem
(2.8) provides the following counterpart to Theorem (3.25).

Theorem 4.14. Let {U, : t € R}, Xo,p, and p be as in the hypotheses

of Theorem (4.7), and suppose that {¢;};>1 C BV(R). If C is a constant
such that

=

Y 180, fI7 < C|fllr(m), for all f € LP(R),
j>1
L?(R)
then
“ Z |jw19|2 < CSCHQHLP(M)’ for all g € X,.
Jj21

Lr(p)
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Theorem (4.11) enables us to transfer to Xy the classical M. Riesz
Property of R [10, Theorem 6.5.2]. This development, which is described
in the next result, parallels the transference in [2, Theorem (3.15)] of the
classical M. Riesz Property for 7.

Theorem 4.15. Let {U, : t € R}, Xy, i, and p be as in the hypotheses of
Theorem (4.7), and let E(-) be the unique spectral family associated with

{U; : t € R} by (4.3). Then there is a positive real constant C, depending
only on p such that:

. : R
> |E(aj)g;I? <G4 Y lgil? ,
j:l 1=1
Lo(u) Lo(n)
for all sequences {g;}72, C Xo, and all sequences {a;}32; C R.

Proof: For j € N,n € N, let 2, = a; — n and y;,, = a; + =. Denote
the characteristic function of the interval (z; 5, y;n] by ©jn. Temporarily
fix N € N. According to the classical M. Riesz Property for R, we have for
each n € N:

1
2 2

N N
> 1Se; . fil? < Cpl[4 DIl :

j=1 j=1
L?(R) LP(R)

for all sequences {f; }j-v=1 C L?(R).

It follows from this by direct application of Theorem (4.11) that:

1
2 2

N N
(4.16) > T 052 <GC 18D gl
j=1 Jj=1
Le(p) Lr(p)

Since simple direct calculations show that

Toyn = 5B @s0) + B} = 51 @) + B3},
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it is easy to see that for each j € N,
Je;n9; — E(aj)gj, as n — oco.

Hence the proof can be completed by letting n — oo in (4.16), and then
letting N — oo. ]

We close with a brief account describing how Theorem (4.7)-(ii) per-
mits the spectral family E(-) associated with {U; : ¢ € R} to transfer to
Xo the Littlewood-Paley Theorem for the dyadic decomposition of R [10,
Theorem 7.2.1]. Let {t;}32 _ be the usual sequence of dyadic points in R
10, §7.1.2):

2=t if >0
t; = -1, if j=0;
—2lil, ifj<o.
For each j € Z, we let I'; be the open interval (¢;,¢;4+1), and we define the

dyadic sigma-algebra ), to be the sigma-algebra of subsets of R generated
by the collection

G={l:jeZ}u{{t;}:5€Z}.

Clearly each o belonging to 3, can be expressed as the union of a uniquely
determined subcollection £, of &.

We define a projection-valued function Fy on & by writing for each
JjEeZ:
Fo(T5) = E(t54,) — E());
Fo({t;}) = E(t;) - E(t5).

We next extend Fy in the following way to a projection-valued function

defined on the algebra i  of subsets of R generated by &. If o € iy and
R, is finite, we put

Fo(o) = Z{fo(a) ta € Ry}
FoR\0) =T = S {Fola) : 0 € &,
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We claim that
(4.17) sup {||Fo(o)| : o € Ug} < ch’p.

The essence of the proof of (4.17) occurs in the case when o € {; has
the form o = U;_;T;,, with ji,...,j, distinct integers, and we shall es-
tablish (4.17) by treating this case. For k = 1,...,n, let a;, and b;,
satisfy t;, < a;, < bj, < tj.41. Let ¢ be the characteristic function of
the union of the closed intervals [aj,,b;.], ¥ = 1,...,n. It follows from
the Strong Marcinkiewicz Multiplier Theorem [10, Theorem 8.3.1] that
llell ar,my < Cp- Hence applying Theorem (4.7)-(ii) to ¢, we get:

(4.18) 171l < C%Cp-

It is easy to see by direct calculations that:

n

Jo=3 5 (Bl + BOL)} = 35 {Blas) + B3}

k=1
Substituting this in (4.18), we let a;, — t;, and b;, — t;,+1. This gives
1Fo(0)ll < c5Cs,

and so we can regard the claim in (4.17) as established. By using [1, Corol-
lary 2] in conjunction with (4.17), we can now extend Fy from i  to a
projection-valued function F defined on the dyadic sigma-algebra ), by
writing for each 0 €},

(4.19) F(o) = {Fola): a € R},

where the convergence of the sum on the right is in the sense of unordered
summation with respect to the strong operator topology of B(X).

It can now be shown that F is a strongly countably additive spectral
measure, whereupon recourse to Khintchine’s Inequality [14, Theorem 2.
b. 3] provides a transferred Littlewood-Paley Theorem for X,. We specify
these end-results in the following theorem. The remaining details of its
demonstration parallel the treatment in [2, Theorem (2.12) and Corollary
(2.14)], and will be omitted for expository reasons.
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Theorem 4.20. The projection-valued function F defined in (4.19) is a
strongly countably additive spectral measure on ), such that

sup {IF(@) :0 € Y } <G,

where C,, is a positive real constant depending only on p. Moreover, there is
a positive real constant B, depending only on p such that whenever g € Xo
and {o;};>1 is a sequence of mutually disjoint elements of ), whose union

is R, then
1
2
—2n-1 2 2
cg By gl < || 2 17 (05)gl < 3 Bollgll Lo (u)-
i1
Le(u)
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