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RECURSIVENESS, POSITIVITY, AND TRUNCATED
MOMENT PROBLEMS

RAUL E. CURTO
LAWRENCE A. FIALKOW

Abstract. Using elementary techniques from linear algebra, we de-
scribe a recursive model for singular positive Hankel matrices. We
then use this model to obtain necessary and sufficient conditions
for existence or uniqueness of positive Borel measures which solve
the truncated moment problems of Hamburger, Hausdorff and
Stieltjes. We also present analogous results concerning Toeplitz
matrices and the truncated trigonometric moment problem.

Dedicated to the memory of Domingo A. Herrero

1. Introduction. Given an infinite sequence of complex numbers v =
{Y0,71,---} and a subset K C C, the K-power moment problem with data
7 entails finding a positive Borel measure g on C such that

(1.1) / tdp(t) = 7; ( > 0)

and
supp p C K.

The classical theorems of Stieltjes, Toeplitz, Hamburger and Hausdorff pro-
vide necessary and sufficient conditions for the solubility of (1.1) in case
K =[0,+00),K =T :={teC:|t|=1},K =R and K = [a,b](a,b € R),
respectively ([AhK], [Akh], [KrN], [Lan], [Sar], [ShT]). For example,
when K = R, Hamburger’s Theorem implies that (1.1) is soluble if and
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only if the Hankel matrices A(n) := (vi+;)};j=o(n = 0,1,...) are positive
semidefinite [ShT, Theorem 1.1.2].

The classical theory also provides uniqueness theorems and parame-
terizations of the sets of solutions. Parts of the theory have been extended to
cover more general support sets for p ([BeM], [Cas], [Sch]), and the “mul-
tidimensional moment problem” has also been studied extensively ([Atz],
[Ber], [Fug], [Put]).

For 0 < m < oo, let v = (70,-.-,7m) € C™*!, and consider the
truncated K-power moment problem

(1.2) [#auty =x @< <m)

and
supp p C K.

For example, the “even” case of the truncated Hamburger problem corre-
sponds to m = 2k for some k > 0 and K = R. On the basis of Hamburger’s
Theorem, one might surmise that the criterion for solubility of (1.2) in this
case is A(k) > 0. As we will see in the sequel, this positivity condition is al-
ways necessary, and is sufficient when A(k) is nonsingular [AhK, Theorem
1.3]; however, when A(k) is singular, the positivity of A(k) is not sufficient.
In particular, the classical theory for the “full” moment problem does not
include the theory of the truncated moment problem as a special case. On
the other hand, it is known that the theory of the truncated moment prob-
lem can be used to solve the full moment problem and to recover such
results as Hamburger’s Theorem [Lan, p. 5], [Akh].

Observe that the truncated Stieltjes moment problem differs slightly

from the classical truncated Stieltjes moment problem for v = (7, ..., ¥m),
defined by:

[ tdu = ©<i<m-1)
0

and

(13) / " dp(t) < o

For purposes of parameterizing the solution spaces, the classical problem
has proved more amenable than the problem we consider. However, for cer-
tain basic interpolation problems in operator theory (discussed below), it is



TRUNCATED MOMENT PROBLEMS 605

necessary to consider the Stieltjes moment problem of (1.2), i.e., where the
inequality in (1.3) is replaced by equality. Despite the importance of trun-
cated moment problems, their treatment in the literature seems somewhat
fragmentary. Most sources ignore the “odd” case entirely, although for us
this case is fundamental. The usual approach (e.g. [Ioh, Theorem A.IL.1},
[ShT, p. 28 ff.]) is to treat the “nonsingular even” case of Hamburger’s
problem and then reduce the “singular even” case to the nonsingular case
by means of quasi-orthogonal polynomials and Gaussian quadrature.

In the present note we present a comprehensive and unified treat-
ment of necessary and sufficient conditions for the solubility of (1.2) in case
K = R,[a,b],[0,+00) or T. Our approach revolves around the notion of
“recursiveness” for positive Hankel and Toeplitz matrices (Theorems 2.4
and 6.4). This key ingredient, apparently neglected in the literature, allows
us to recover many classical results and to obtain many new ones. Our
basic result, Theorem 3.1, provides simple operator-theoretic necessary and
sufficient conditions for solubility of the “odd” case of the truncated Ham-
burger moment problem. Our solution is based on elementary techniques
concerning nonnegative polynomials, Lagrange interpolation, and linear al-
gebra (Proposition 3.3); for the “singualr odd” case, the solution rests on
a description of positive singular Hankel matrices. Theorem 2.4 shows that
each entry of such a matrix (except perhaps the lower right-hand entry!)
is recursively determined by the entries in the largest nonsingular upper
left-hand “corner” of the matrix. Theorem 2.4 immediately allows us to re-
duce singular Hamburger moment problems to equivalent nonsingular ones
without recourse to quasi-orthogonal polynomials or Gaussian quadrature
(Corollary 3.4). The “even” cases of Hamburger’s problem are then treated
as consequences of the “odd” cases (Theorem 3.9). Theorems 3.8 and 3.10
contain our uniqueness criteria for the truncated Hamburger problem. So-
lutions of the Hausdorff and Stieltjes moment problems are corollaries of
this approach and are presented in Sections 4 and 5, respectively. In Sec-
tion 6 we treat the trigonometric moment problem (K = T) through a
corresponding (but independent) analysis of positive Toeplitz matrices.

The present work supplements [CuF], where, as part of a detailed
study of k-hyponormality and quadratic hyponormality for unilateral
weighted shifts, we solved the following “subnormal completion problem”
of J. G. Stampfli [Sta]: When may a finite sequence of positive numbers,
Y05 - --,Ym, be “completed” to a sequence v = {v,}3%, which is the mo-
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ment sequence of a subnormal unilateral weighted shift W, ? In [CF] the
subnormality of W, was established using Berger’s Theorem [Con]: We
essentially solved the truncated Stieltjes moment problem with a measure
produced from the spectral measure of a normal operator. Our motivation
for the present work was the desire to develop a more transparent method
of solving such truncated moment problems, without recourse to such an-
alytic tools as the spectral theorem or quasi-orthogonal polynomials: our
new treatment satisfies this requirement. In particular, Section 3 concludes
with a simple computational algorithm for solving the truncated Hamburger
problem.

2. Recursive Models for Positive Hankel Matrices. Our goal in this
section is to prove a structure theorem for positive semi-definite Hankel
matrices. If A is a Hankel matrix of size k+1, let v = (7q,. . ., y2x) € RZ*+1
represent the entries of A, in the sense that A = A, := (7z~+j):-°’j=0. The
Jj—th column of A will be denoted by v; := (vj4+¢)f_o, 0 < j <k, so that 4
can be briefly written as (vg - - - vi). More generally, let v(z,7) := (Vite)j—o;
observe that v; = v(j,k). Since we’ll be mainly interested in positive
semi-definite Hankel matrices, we shall always assume that o > 0. The
(Hankel) rank of 7, denoted rank vy, is now defined as follows: If A is
nonsingular, rank v := k + 1; if A is singular, rank v is the smallest integer
i,1 < ¢ < k, such that v; € span (vq,...,vi—1). Thus, if A is singular,
i.e., rank v < k, there exists a unique ® = ®(vy) = (po,...,pi—1) € R
such that v; = povo + -+- + @i—1Vi—1. When A > 0 (i.e., A is positive
semidefinite), rank v admits a useful alternate description, which depends
on the following basic facts about Hankel matrices.

Lemma 2.1. Let v = (y0,--.,72k) € R¥**! 45 > 0, and let A = A,. For
0 <m < k, let A(m) := (vi+j)=0 (A(m) is the upper left-hand corner of
A of sizem+ 1, and A = A(k)).
(i) (cf. [CF, Proposition 2.7]) If A is positive and invertible,
so is A(j) for every j < k.
(ii) (cf. [CF, Proposition 2.12]) Let r := rank~y. Then
A(r — 1) is invertible, and if r < k, we have
p(7) = A(r = 1)7'v(r,r = 1).

Proof: (ii) The fact that A(r — 1) is invertible is contained in [CF, Propo-
sition 2.12]. To prove the identity for ®(7), let &' = (¢p,...,9h_1) =
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A(r—1)"1v(r,r —1). We employ the minimality condition in the definition
of r =rank v : ®(y) = (¢o,...,9r—1) € R" is the unique solution of

Ve =@oVo+ -+ Qr_1Vr_1.

In particular, pov; + -+ + @r-1Yj4r-1 = Yj+r,0 < j < 7 — 1; also, from
the definition of ®', pgv; + -+ + L _1Yj4r—1 = ¥j4+0 < j < r —1, so the
invertibility of A(r — 1) implies that &' = &(y). O

We can now relate rank v to a simple criterion concerning singularity.

Proposition 2.2. Let A = (7,-+j)f,j=0 be a positive semi-definite Hankel
matrix. Assume that A is singular. Then rank v = min {j : 1 < j <
k and A(j) is singular }.

Proof: Let r := rank 4. By Lemma 2.1 (ii), A(r — 1) is invertible. Since
A >0, Lemma 2.1 (i) implies that A(j) is invertible for 0 < j <r — 1. On
the other hand, the definition of r implies that A(r) is singular (the columns
are dependent), so r = min {j:1 < j < k and A(j) is singular }. O

We proceed now to describe a model for positive Hankel matrices,
which reveals a degree of recursiveness present in any singular positive
Hankel matrix. For v = (7o,...,72k) € R***! as above and Y941 € R,
let v(k +1,k) := (Yk+145)5=0- For yor+2 € R and 5 = (y0,..., Y2k, Y2k41),
let A := Ay denote the Hankel extension of A given by

} A v(k+1,k)
2.1 A= (ra)iito = ( : )
( ) (7 + )r,s—O v(k + l,k)* Y2k+2

The following elementary, but very useful, result will be needed in the proof
of Theorem 2.4; an operator version of this result is implicit in the work of
Smul’jan [Smu] (cf. [CuF]).

Lemma 2.3. (cf. [CuF, Proposition 2.3]) Let A € M,(C),beC",ceC
and let

s (A b

ie(20).

(i) IfA>0,then A>0,b = Aw for some w € C", and
c> wWrAw.

b
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(i) Let A>0 and b = Aw for some w € C". Then A > 0 if
and only if ¢ > w*Aw.

(iii) If A >0 and b = Aw, then rank A = rank A if and only
if c = w*Aw.

We now present our structure theorem for positive Hankel matrices.

Theorem 2.4. Lety = (Yo,...,Y2k), Y2k+1, Y2k+2, A beasin (2.1), assume
that A > 0, and let r := rank v. Then

(i) A(r —1) is positive and invertible;
(i) @ ={(po,-..,pr1):=A(r — 1)"tv(r,r — 1) satisfies
(22)  vri=eovit ot erarerior 0S5 <2k +1—7);

(i)  y2r+2 > Povokt2—r + -+ ©r—172k+1-
Conversely, if there exist r (1 <r < k+ 1) and constants ¢, . ..,¢r—1 € R
such that A(r — 1) > 0, and (2.2) and (iii) hold, then A > 0.

Proof: (i) follows from Lemma 2.1. Assuming that (i) holds, let & =
0,...,0,00,...,7-1) € R**1; then v(k + 1,k) = A® in (2.1). Since
A > 0, Lemma 2.3 (ii) implies that
Yoksz > B*AD = (A®,8) = (v(k+1,k), ®) = povart2—rt- - +Or_172k+1;
thus (iii) holds.
(ii) Since A > 0, then v(k+ 1,k) € Ran A (by Lemma 2.3), so there exist
Co,...,ck € R such that v(k+ 1,k) = covo + - + cgvg. If A is invertible
(r =k+1), then ¢; = ¢;(0 < j < k), and (ii) holds. We may thus assume
1 < r < k; note that v;4, = po; + -+ + @r_1Vj4r-1, 0 < j < k, by the
definition of ®. Suppose p satisfies 0 < p < k — r and

Vitr =00+ + Pro1Yjar-1,0< G <k p.
Then

Ye+p+r+1

= CoYr4p T F CkVhtrtp

=co(poYp + -+ @r—1Vptr—1) + -+ ck(PoVprk + - + Or—1Vptktr—1)
= po(covp + - + ckVp+k) + - + r_1(CoVptr—1 + - + CkVptktr—1)

= Q0Yp+k4+1 F ** F Pr1Vpthtr;
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thus (ii) follows by induction.

For the converse, starting with A(r — 1) > 0, we use (2.2) to prove
inductively that A(j) > 0,7 — 1 < j < k. Assume that A(j) > 0 for some
3,r—1<j<k-1, and note that

Yi+1

: A(J) Wi )
AGG+ 1) = . J , where w;y; =
(G+1) (Wj+1 Yojt2 i+1

Y2541

Let u; = (0,...,0,¢0,...,¢0,~1) € R*1.  Then (2.2) implies that
A(j + 1)u; = wjy1 and that y5542 = ujw;4;; thus Lemma 2.3 implies
that A(j 4+ 1) > 0. By induction, we have A(k) > 0, and now a similar
argument using (iii) shows that A > 0. O
In the case when A is singular, Theorem 2.4 (ii) shows that all of the
elements of A (except perhaps 7sx42) are determined recursively by the
elements of A(r —1). The proof of the “converse” direction of Theorem 2.4
then shows that if A > 0, then rank A(j+1) = rankA(j),r-1<j<k-1,
so in particular rank A(k) = rank A(r — 1) =7 = rank 7. Moreover, if

Y2k+2 = P0V2k42—r + < -+ Qr_1Y2k+1,

then rank A = rank A(= 7). On the other hand, if A > 0 and
rank A > rank A, then rank A = 1+ rank A (by [Ioh, p. 34, Corol-
lary, and Theorem 1.6.1]). Thus we have the following “rank principle” for
positive Hankel matrices.
Corollary 2.5. Suppose A > 0 and let r = rank v.

(i) rank Ay=r;

(i) r < rank A <r+1; moreover, rank A = r +1 if and only

if
Yok+2 > P0V2k+2—r + -+ Pr_1V2k41-

The following “extension principle” for positive Hankel matrices will
prove useful in developing our results on moments.

Theorem 2.6. Let A := A(k) and let r := rank~. If A > 0, then the
following are equivalent:

(i) A has a positive Hankel extension;
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(i) rank A=r;
(iii) There exist ¢g,...,or—1 € R such that v; =
PoYj—r + -+ or_1vj-1, 7 < j < 2k.
Moreover, if (i) holds and r < k, then in any positive Hankel extension of
A, yar4+1 Is recursively determined by ®(y), ie, o411 =
PoY2k+1-r + - -+ Pr_172k-

Proof: (i)= (iii) This follows from Theorem 2.4 (ii).

(iii) = (ii) If A is invertible, rank A = k + 1 = rank v, so we may
assume r < k.
(iii) implies inductively that v; € span {vq,...,v,_1},r < j < k, whence
rank A < r; the reverse inequality follows from the independence of
{vo,...,Vr—1} (Lemma 2.1(ii)).

(ii) = (i) Since A > 0, Lemma 2.3 (ii) implies that A has a positive
Hankel extension A := A(k + 1) for each 7241 € R such that

Ye+1
v(k+1,k) = € Ran A.
Y2k+1

If A is invertible, v(k + 1,k) € Ran A for every yor41 € R. We may
thus assume 1 < r < k. Since r < k, Proposition 2.2 implies that r =
rank v = rank (7o,...,72k~2). Theorem 2.4(ii) (applied with A(k) as
A and A(k — 1) as A) implies that there are unique scalars @, ..., @r_1
such that v,.4; = @ov; + -+ + @r-17r4j-1(0 < j < 2k -1 — 7). Thus,
Ak - 1)® = v(k,k — 1), where & := (0,...,0,¢0,...,0,—1) € R¥; also,
r = rank A(k) = rank A(k —1). Lemma 2.3 (iii) now implies that yor =
oY2k—r + +++ + Pr_172k—1. Let

Y2k+1 = ¢072k+1—r + o+ Pr_172k;

then the recursive relations imply that viyy; € span {vo,...,v,_1} =
Ran A. Moreover, if 8 # 7y2r4+1 has the property that (yk41,...,Y2k,5)
€ Ran A, then (0,0,...,1) € span {vg,...,V,_1}, so there exist scalars
Co,- .+ ,Cr—1, D0t all zero, such that ¢ov(0,r—1)+-- -+c,_1v(r—1,7r—1) = 0,
a contradiction to the invertibility of A(r —1). g

Remark 2.7. Assume that A(k) has a positive Hankel extension (as
just described). Examination of the preceding argument shows that when
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A is invertible, 2k can be chosen arbitrarily, while if A is singular, y2+1
is uniquely determined. In either case, once ysx+1 is prescribed, vax4+2 can
be chosen as any value satisfying Theorem 2.4 (iii).

Let v = (70,-..,72k) and let r := rank +. In the sequel we say that
is positively recursively generated if A(r — 1) > 0 and v; =
YoYj—r+-+@r_17j—1(r < j < 2k); equivalently, if A(k) > 0 and the con-
ditions of Theorem 2.6 hold. We say that ¥ := (7, ..., Y2k+1) Is positively
recursively generated if A(r—1) > 0and v; = po¥j-r+-- -+ @r_17j-1(r <
J <2k + 1); equivalently, A(k) > 0 and v(k + 1,k) € Ran A(k) (Theorem
2.4).

3. The Truncated Hamburger Moment Problem. Our aim in this
section is to present an elementary algebraic treatment of the truncated
Hamburger moment problem. For k > 0, let v = (y0,...,7v2k) € RZ*+1,
Yo > 0. For 72541 € R, let ¥ = (70,...,7%2k+1). As in the previous section,
we define A(m) = (Yit;)o<ij<m(0 < m < k), vi = (7i+5)o<i<k(0 < 7 <
k+1), and set 7 = rank . Thus {vy,...,v,_1} is a linearly independent
set, and there exists a unique ®(7) := ® = (@0, ..., r_1) € R" such that

Ve =@V + -+ Pr_1Ve_1.

Note that ® = A(r — 1)~ !v(r,r — 1) and that if » < k, then & = ®(v). We
refer to the polynomial

g7(t) =t = (o + -+ @,_1t"7!) (tER)

as the generating function of 4. We begin with an existence theorem for
the “odd case” of the Hamburger power moment problem

(3.1) v= [Hau), 0si<omer

A solution to (3.1) is a positive Borel measure p on R for which (3.1) holds;
4 is then called a representing measure for 4.

Theorem 3.1. (Existence Theorem, Odd Case) Let ¥ = (vo,-- -, Y2k+1)
€ R%*+2 4y > 0. The following are equivalent:

(i)  There exists a positive Borel measure y on R such that
v; = [tidu(t), 0<j <2k +1;
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(ii) There exists a compactly supported representing measure
for 7,
(iii) There exists a finitely atomic representing measure for 7,
(iv) There exists a rank -y-atomic representing measure for 7,
whose support consists of the roots of g5;
(v) A:= A(k) >0 and vi41 € Ran A;
(vi) A(k+1) > 0 for some choice of ya42 € R (i.e., A(k) has a
positive Hankel extension using yak+1);
(vii) ¥ is positively recursively generated.

Theorem 3.1 ((i) < (v)) reduces the question of existence of a rep-
resenting measure to two standard problems in finite dimensional linear
algebra and operator theory: the problem of determining whether vi4q
€ Ran A(k), and the problem of verifying that the eigenvalues of A(k) are
nonnegative; at the end of this section, we provide a simple algorithm which
checks both conditions simultaneously.

We defer the proof of Theorem 3.1 in favor of some preliminaries. For
y € R, 6, denotes the probability measure on R such that 6,({y}) = 1.
Thus, a finitely atomic positive measure on R with atoms yo, ...,y may be
expressed as p = 2?:0 p;jby;, where each p; > 0. The next result relates
rank « to the number of atoms in any finitely atomic representing measure
of 4.

Lemma 3.2. If# has a finitely atomic representing measure with m atoms,
then m > rank +.

Proof: Let = Z;}_—_ol pjby, be a representing measure for 4 with distinct
atoms Yo, - - ., Yym—1. Let g(t) := (t—yo) - (t=ym_1) = co+-- 4 Cm_qt™L
+t™. In L?(u), we have t/g = 0(0 < j < k); since p is a representing mea-
sure for ¥, it follows that if m < k41, then covj+- - -+Cm-17j4+m-1 = —Vj+m

(0 < j <k). Thus —vy = coug + - - + Cm—1Um—1, Whence m > rank v. O

The next result establishes Theorem 3.1 ((v) = (iv)) for the special
case when A(k) is invertible. This proposition is the key result that allows
us to bypass use of the spectral theorem, or similar devices, in solving mo-
ment problems. It gives an elementary, constructive procedure for finding
interpolating measures. A similar result (for the “nonsingular even” case)
is given in [AhK, Theorem 1.3], where it is proved using the theory of
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quasi-orthogonal polynomials. For x = (zo,...,zm,) € R™*!, define
B |
Vo e T T ;
Ty v Ty

Vx is invertible if and only if the z)s are distinct.

Proposition 3.3. Assume that A = A(k) is positive and invertible. Then
gy has k + 1 distinct real roots, zy,...,zr. Thus Vi is invertible, and
if p = (po,...,px) == V. 'vo, then p; > 0(0 < j < k). Moreover, if
uo= 21;0 pibs;, then v; = [tidu (0<j <2k +1).

For the proof of Proposition 3.3, we require some auxiliary results on
polynomials and positivity; our discussion is an adaptation to the truncated
moment problem of the presentation in [Akh, Chapter I, Sections 1 and 2]
concerning the fullmoment problem. Let r(t) = ro+r1#2+- - -+rot2*(¢t € R)
be a polynomial with complex coefficients and deg r < 2k. Define the linear
functional S by

S(r) :=rovo + - -+ + T2Y2k-

For p(t) = po + - -+ + pkt* and q(t) = go + -+ - + qxt*, let p = (po,-..,Pk)
and q = (qo,...,qk). Then

k k
S(pg) =S Z pigt't| = Z Pig;Yi+; = (AD, q).

i,j=0 i,j=0

Thus if p # 0 and A is positive and invertible, then 0 < (Ap,p) = S(|p|?).
Now suppose deg r < 2k, r # 0, and r(¢) > 0(t € R). Then deg r = 2m for
some m, 0 < m < k; thus by [Akh, p. 2], r = p* + ¢?, where p and q are
polynomials of degree m with real coefficients. Now S(r) = S(p?)+S(¢?) =
(AP, D) + (Aq4,q) > 0 (since p # 0 or ¢ #Z 0). In summary,

(3:2)

{ A > 0 and invertible , S(r) > 0.

=
deg r < 2k,r #Z0,7(t) > 0(t € R)
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Proof of Proposition 3.3: The result is trivial for £ = 0, so we assume
k > 0. Since A is invertible, rank v = k + 1, and from the definition of ®
we have

Vegj+r = @0+ + Prvirk (07 <k —1).
Thus

(3.3) S(gst’) =0 (0<j<k-1);
indeed,

S(gst) = S([t**" = (Go + -+~ + @it*)]t?)

= S — (Bot’ 4+ + @t T))

= Yetj+1 = (Pov;i + - + Pr¥i+k) = 0.
We now adapt the argument of [Akh, Theorem 1.2.2] concerning roots of
quasi-orthogonal polynomials. If g; never changes sign, then g5(t) > 0
(t € R); since g5 # 0 and deg g5 = k + 1 < 2k, (3.2) implies S(g5) > 0, a
contradiction to S(g5) = 0in (3.3). Thus g5 changes sign. Let t; < --- <,
be the distinct points where g5 changes sign, 1 < r < k + 1; these are the
real roots of g5 having odd multiplicities. Let g(t) := (t — t1)---(t — t,.).
If r < k+1, then r < k (since deg g5 = k+1),so deg g < k-1 and
deg (979) < 2k. In this case, f := gsg satisfies deg f < 2k, f # 0, f(t)
> 0(t € R), whence S(f) > 0 by (3.2). But since deg g < k—1, (3.3)
implies S(f) = 0. This contradiction shows that r =k 41, so g5 has k+1
distinct roots. We denote these roots by zg, ..., zy; since they are distinct,
Vy is invertible and p := V,7lvg is well defined. Let p = Z?:o pibz,. Since
Vxp = Vo, it follows immediately that [t/dy = Ef:o piz; =v;(0< j < k).
Moreover, since

= Go 4 + it

in supp p = {zo,..., %k}, and since

Yet; = PoYie1 + + Peveri—1 (1< 5 <k+1),

it follows inductively that v; = [#dp (k+1 < j < 2k +1). To complete
the proof, it suffices to show that each p; is positive. By Lagrange inter-
polation, there exists a polynomial f) of degree k such that f W) (z j)=1
and fU)(z,,) =0for 0 < m < k,m # j. Write

@) = 17+ 4 LD,
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and note that

0< (419, 19) = SSOP) = [ 15O Fdu= Y li(a = py. O

=0

We are now prepared to prove Theorem 3.1 (v) = (iv).

Corollary 3.4. Assume that A = A(k) > 0 and that v(k+1,k) € Ran A.
Then there exists a rank -y-atomic positive measure p, with supp p = Z(gs),
the zero set of g5, such that

'yj:/tjdp (0<j<2k+1).

Proof: If A is invertible, the result follows from Proposition 3.3. Let
r := rankv; if A is singular, then r < k, A(r — 1) is positive and in-
vertible (Theorem 2.4 (i)), and & = (o,...,Pr_1) is the unique solution
of A(r —1)® = (¥r,...,72r—1). We now apply Proposition 3.3 to the se-
quence ¥(r) := (yo,-.-,7Y2r—2), so that the role of A in Proposition 3.3
is played by A(r — 1) and the role of 4 in Proposition 3.3 is played by
v(r)~ = (Y0,...,72r-1). Note, moreover, that g.(,)~ = g5. Thus Proposi-
tion 3.3 yields a positive measure p := z:ol pibz, (where zg,...,z,_1 are
the distinct real roots of g5) such that

(3.4) vi= [tdp 0<js2-1),

The hypotheses and Lemma 2.3 (ii) imply that A admits a positive Hankel

extension A = A(k + 1) with 72,41 from 7. Since A > 0, Theorem 2.4 (i)
implies that

(35) Tm = ¢Ofym—r +---+ ‘ﬁr—l'}'m—l(’r S m S 2k + ]-)

Starting with (3.4), we use (3.5) to prove inductively that

7j=]tjd,u (2r < j <2k 41).
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Suppose that 2r — 1 < j < 2k and y; = [t'dp for 0 < i < j. Then

/t“ldu = /tj"'l"‘t’”d,u

= /t5+1_r((,50 + -+ @r_1t")dp  (since g5 = 0 on supp pu)
= @oYi+1-r -+ Gr17 =741 (by (3.5)). 0

Remark 3.5. The preceding proof shows that for any ¥,g; has
rank 7 distinct real roots, which we denote in the sequel by Z(g5) :=
{11,'0, ey Jir_l}.

Lemma 3.6. If rank v < k and p is a solution of (3.1), then supp p C
Z(g5)-

Proof: Let r := rank v; theny; = @ovj—r+---+@r_17j-1 (r <j<r+k).
Thus, by (3.1), [t/gsdp =0, 0 < j < k. Now, '

[-#ititnau=0 ©<j<r-1

[rastdu=o

since r < k. Thus
[osttrau= [~ o+ -+ prat=gs(0dn =0,

whence g5 = 0 in L?(p). Since p is a positive Borel measure, it follows that
supp 4 C Z(g5)- O
Proof of Theorem 3.1: (i)=(vi) Let p be a representing measure for 7,
let p(t) = po + - - - + prt*(t € R) be a polynomial with complex coefficients,
and let p = (po,...,pr). Then as in the discussion preceding the proof of
Proposition 3.3, (AP, p) = S(|p|?), and (i) implies S(|p?>) = [ |p|?dp > 0;
thus A > 0. If A is invertible, then rank A = rank v = k+ 1, so Theorem
2.6 ((ii)= (i)) implies that A has a positive Hankel extension of the form
A(k +1). If A is singular, then rank y < k, so Lemma 3.6 implies that
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supp p# C Z(g5). Let yarq2 := [t2¥+2dp < 400, and let A(k + 1) :=
A(k+1)(p). We may now extend the functional S to polynomials of degree
up to 2k + 2 by S(t) := 7;(0 < j < 2k +2); if p(t) = po + - - + Peprt*,
then, exactly as above, we have (A(k + 1)p,p) = S(|p|*) = [|p|?dp > 0.
Thus, A(k + 1) is a positive Hankel extension of A.

(vi)=(v) Apply Lemma 2.3.

(v)=(iv) Apply Corollary 3.4.

(iv)=(iii)=(ii)=>(i) Trivial. O

For our uniqueness theorem in the “odd” case, we actually require the
following result about the “even” case.

Lemma 3.7. Let v = (v0,---,72k) and ¥ := (yo0,...,72k—1). Ifr :=
rank v < k, and p is any representing measure for v, then supp p C Z(gs).

Proof: We consider two cases. If r < k, then the moment problem for
4 is a “singular odd” problem, for which u is a solution. By Lemma 3.6,
supp ¢ C 2(gs). If r = k, then vi = povo + ... pr—1Vk—1 for a unique
(©oy---3Pk-1) € Rk, This gives

Yitk = P0Yj + -+ + Pe—17j+k—1 (0 < J < k),

whence
[tadu=0 ©<i<h.

(Recall that g5 = t* — (g + - - - + pr_1t*¥71).) It follows that Jg3du =0,
so supp p C Z(g5). O

In the case when (3.1) is soluble, we may describe the set of solutions
as follows.

Theorem 3.8. (Uniqueness Theorem, Odd Case) Let ¥ = (7o, - .., Y2k+1),
Yo > 0, and suppose that 4 has a representing measure, i.e., A(k) > 0 and
Vi+1 € Ran A(k). Let r :== rank v.

(i) If r < k, then (3.1) has the unique solution
r—1
(3.6) B= Z pibz;;
s

here supp p = {zo,...,2,—1} = Z(g5) and p := (po,...,pk) is given by
p =V lvq, where x := (zo,...,2,_1).
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(ii) If r = k + 1, then (3.1) has infinitely many solutions: Let ® :=
A(k) vy and let ¢ := p*viy1. If p is a representing measure for 7,
then y2x4+2(pt) > ¢; moreover, there is a unique representing measure fi with
Jt25+2dji(t) = ¢, and i has k + 1 atoms. For each 7Yspq2 > ¢ and any

Yor+3 € R,7 := (Y0,---,72k+3) has a representing measure, and any such
measure p satisfies card (supp pu) > k + 2.

Proof: (i) The proof of Corollary 3.4 shows that (3.6) is a representing
measure for 4. Suppose v is also a representing measure. Since rank vy <
k, Lemma 3.6 implies that supp v C Z(g5); thus v is of the form v =
s €z, Since v; = [tidv (0 < j <r —1), then

Yo
Vie = = Vxp,
Yr—1
whence € = p and v = p.
(ii) Suppose p is a representing measure of y. We claim that [ t2¥+2dpu(t)
> c¢. We may assume [t**+2du(t) < oo, and thus we may define

Ak + 1) = A(k + 1)(p) (using yar42 = [t2**2du(t)). Just as in the
proof of Theorem 3.1 ((i) = (vi)), A(k+1) > 0, so Lemma 2.3 (ii) implies

/tzk"’zd,u(t) > PV =c.

We next show that there is a unique representing measure ji with [ $2¥+2di(¢)
= c. Let

>\2k+2 = /t2k+2d#(t) =c= *I’*Vk+1 = YoYk+1t+ -+ PrY2k+1-

Let wy, ..., W41 denote the successive columns of the corresponding Han-
kel matrix A(k + 1), so that

Wet1 = QoWo + -+ + QprWk.

Let Yopts := QoYks2 + - + OrYors2 and let Wipo == (fyj)‘;li'}'ciz Finally,

let 4 := (0, .. .,72k+3). Lemma 2.3 implies A(k+1) > 0, and clearly w42
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€ Ran A(k+1). Since A(k+1) is singular, Theorem 3.1 and part (i) above
imply that 7 has a unique representing measure i and that card (supp i)
= k+1; in particular, [ t?**2dji(t) = c. Let v be any representing measure
for (vyo,--.,72k+1,¢). Since A(k + 1) is singular, Lemma 3.7 implies that
supp v C Z(g5). Thus [2**3du(t) < +oo and Wg42(v) € Ran A(k + 1)
(A(k 4+ 2)(v) is positive). Since Wit2 and Wiyo(v) are in Ran A(k + 1),
if [#2**3du(t) # Y243, then Ran A(k + 1) contains the final basis vector
ekt1:=(0,...,0,1) of R**2. Since Wy, € span (Wy,...,W}), there exist
scalars co, . .., ck, not all zero, such that e,y ; = cowg + - - - + ¢ Wy, whence
0 = covo + - - - + ¢k Vi, contradicting rank v = k + 1. Thus [ #2¢+3dy(¢t) =
Y2k+3, and v is a representing measure of ¥, whence (by (i) above) v = .
Thus i is the unique representing measure of ¥ for which [ t2**2dji = ¢, and
card (supp ft)=k+1.

Finally, it is clear that if yor42 > ¢, then A(k + 1) is positive and
invertible. Theorem 3.1 thus implies that for each y2+3 € R, (70, - - -, Y2k+3)
has a representing measure; moreover, Lemma 3.2 implies that for each
representing measure p,

card(supp p) > rank (yo,...,72k+2) = k + 2. a

We now turn our attention to the “even case” of the Hamburger trun-
cated moment problem:

(3.7) = [Pt (<5<,

Theorem 3.9. (Existence, Even Case) For k > 0, let v = (7o,...,Yk),
%Yo > 0. The following are equivalent:

(i) There exists a positive Borel measure p on R satisfying
(3.7);
(ii) There exists a compactly supported representing measure
for 7y;
(iii) There exists a finitely atomic representing measure for vy;
(iv)  There exists a (rank -y )-atomic representing measure for v;
(v) A(k) >0 and rank A(k) = rank v;
(vi) A(k) has a positive Hankel extension;
(vil) v is positively recursively generated.
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Versions of this theorem appear in the literature. Shohat and Tamarkin
establish a correspondence between solutions of the “even” moment problem
and certain analytic functions with prescribed rational part [ShT, Theo-
rem 2.2]. The case when A(k) is nonsingular is treated in [AhK, Theorem
1.3] and [Ioh, Theorem A.Il.1] using methods from the theory of quasi-
orthogonal polynomials. Additionally, [Ioh, Remark, p. 205] treats the
case when rank A(k) = k.

Proof: (i) = (vi) As in the proof of Theorem 3.1 (i) = (vi), the exis-
tence of a representing measure y implies A(k) > 0. We consider two cases,
depending on the value of r := rank y. If r > k, the existence of a posi-
tive Hankel extension follows from Theorem 2.6 (since rank A = rank 7).
If r < k, let ¥ :== (y0,--.,%2k—1); since p interpolates ¥, by Theorem
3.8 (i), p is the unique interpolating measure, and thus coincides with the
finitely atomic measure produced in (3.6). Thus, Yag41 := [ t2*+1dy and
Yokta 1= [ t2¥+2dy are finite and, as in the proof of Theorem 3.1 ((i) =(vi)),
A(k + 1)(p) is a positive Hankel extension of A(k).

(vi)e>(v) Theorem 2.6.

(vi)=(iv) Suppose A(k + 1) is a positive Hankel extension of A(k).
Then Lemma 2.3 implies A(k) > 0 and v(k + 1,k) € Ran A(k). Let
r:= rank . Theorem 3.1 ((v)=(iv)) implies that ¥ := (7o, ..., Y2k+1) has
an r-atomic representing measure, and this is clearly a representing measure
for ~.

(iv)=(iii)=>(ii)=(i) Trivial.

(v)&(vil) Remark 2.7. O

Theorem 3.10. (Uniqueness, Even Case) Let v = (vo,...,72k),Y > 0.
Suppose v has a representing measure, ie., A(k) > 0 and rank A(k) =
rank 7.

(i) Suppose r := rank v < k. Let ® := ®(y) and let

Y2k+1 = Qo Y2k+i-r + + Or_1Y2k-

Then 74 := (Yo,-...,%Y2k+1) has the unique representing measure of (3.6),
which is also the unique representing measure of .

(ii) Suppose r = k + 1. For each yar+1 € R, let ¥ = (y0,- .-, Y2k+1)-
Then 7 has infinitely many representing measures (described by Theorem
3.8 (ii)) and each is a representing measure of 7.
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Proof: (i) Theorem 3.9 implies that A(k) has a positive Hankel extension,
and Theorem 2.6 implies that in any such extension, 7y2x+1 is given recur-
sively via ®(7). If p is a representing measure for v, then by Lemma 3.7,
supp g is finite, whence yog41(p) := [t#*+1dp < co. Since A(k + 1)(p) is
a positive Hankel extension of A(k), we must have yar4+1(#) = Yok+1; thus
i is a representing measure for the “singular odd” system 4. By Theorem
3.8(i), # must coincide with the measure in (3.6).

(ii) Apply Remark 2.7 and Theorem 3.8(i1). a

We conclude this section with our elementary algorithm for solv-
ing the truncated Hamburger problem. Indeed, Theorems 3.1 and 3.9
lead to a simple iterative procedure for determining whether or not 7y :=
(Y05 - - - »¥m), Yo > 0, admits an interpolating measure. Let d,, :== det A(n),
0<n<k:=[m/2]. If some d, <0, then A(k) is not positive, so y cannot
be interpolated. For the case when each d,, > 0, we consider first when m is
odd, i.e., m = 2k+1. Let r := 14+ max {n :d, > 0} (= rank (yo,...,72k));
then 1 < r < k+ 1, and we denote ®(5) by ® = (¢o,...,¢r-1). Then y
admits a representing measure if and only if v; = @ovj—r + -+ -+ @r_17j-1
(r < j < m). In this case, the roots of the generating function built from &
give the atoms of a representing measure, and the Vandermonde equation of
Proposition 3.3 determines the densities. If each d,, > 0 and m is even, we
further distinguish two cases. If each d, > 0 we let ¢ be the unique scalar
such that (Yet1,.-.,72k,¢) € span {vy,...,vi}. Now ¥ := (y0,...,72k,C)
has an interpolating measure as determined by the above “odd” case. To
construct more general solutions of the “nonsingular even” case, we may
choose an arbitrary vyor+; instead of c¢. Finally, if m is even and some
d, =0,let ® = (pg,...,¢r—1):= ®(7). Then v has an interpolating mea-
sure if and only if v; = @oyj—r + - + @r—17j—1(r < j < m). In this case,
we let yo,4+1 be given by vovak+1-r + - - - + @r—172k; again, an interpolating
measure for ¥ := (vo,...,72k, Y2k+1) can be built as before. The reader
will note that by applying this procedure and the preceding existence and
uniqueness theorems successively, we have a recipe for constructing every
finitely atomic solution of a given truncated Hamburger moment problem.

4. The Truncated Hausdorff Moment Problem. Let a < b; given
m > 0 and 7g,...,7m € R,v% > 0, we seek necessary and sufficient condi-
tions for the existence of a positive Borel measure p such that
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(4.1) 7= [tdut), ©<j<m),
and
(4.2) supp ¢ C [a,B].

We first consider the case m = 2k + 1 for some k > 0. Let B(m) :=
(’)/i+j+1):~:"j=0, 0 S m S k, and let B := B(k)

Theorem 4.1. (Existence, Odd Case) Let ¥ = (o, - -,Y2k+1),70 > 0, let
r := rank v, and let g5 be as in Section 3. The following are equivalent:

(i) There exists a positive Borel measure p satisfying (4.1) and

(4.2).

(ii) There exists a finitely atomic representing measure u for 4
satisfying (4.2).

(iii)  There exists an r-atomic representing measure p satisfying
(4.2) and supp p = Z(g5).

(iv) A(k) >0,v(k+1,k) € Ran A(k), and bA(k) > B(k) >
aA(k).

Remark 4.2. In [KrN, Theorem I11.2.4], Krein and Nudel’man prove

that (i) is equivalent to
(v) bA(K) > B(k) > aA(k).

In case a = 0,b = 1, the same result is given in [Akh, p. 74]. We know
that (v) is equivalent to (iv) (because each condition is equivalent to (i)); it
is easy to show directly that (v)= A(k) > 0, but we do not know a direct
proof that (v)= v(k+1,k) € Ran A(k). Indeed, we have never seen “range
conditions” of this kind in the literature of truncated moment problems.

Proof of Theorem 4.1: (i)=(iv) Suppose p is a positive Borel measure
satisfying (4.1) and (4.2). Theorem 3.1 implies that A := A(k) > 0 and
v(k+1,k) € Ran A. For p = (po,...,px) € C**1, let p(t) = 5, pst’
(t € R). We have

K k
(bAP,D) = Y _ brirjpiPj= Y b ( / ¢+ d#) PiP;

4,j=0 i,7=0
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k k
=b / (Zpiti) (Epjt") dp=b / |pldp > / tlp|*dp
=0 7=0

k
= Z Yitj+1Pip; = (BDP, D);
i,j=0

thus bA > B. A similar calculation shows that B > aA.

(iv)=(iii) The conditions A > 0 and v(k + 1,k) € Ran A, together
with Theorem 3.1, imply that there exists a representing measure u for
v such that supp u = Z(g5) and card (supp p) = rank 7. Let p(t) =
Po + - -+ + prt®, with p € C¥*1. Since bA — B > 0, it follows as above that
J(6—1)|p|2dp = ((bA— B)p,p) > 0. Suppose that there exists ty € supp p
such that ¢g > b. Then card (supp pN(—0o0,b]) < ( rank v) — 1 < k. Thus,
by Lagrange interpolation, there is a polynomial py with deg pp < k such
that pOl(supp p)N(—o0,b] = 0 and pO(tO) :/é 0. Now

0< [ vlnfan= [ (= 0lo(0dn

‘+

< (5— to)lpo(to) P {to}) < 0;

this contradiction implies that supp p C (—o0,b]. Similarly, B > aA implies

[t alpPduw 2 0

for all p, deg p < k, whence (as above), supp u C [a, +00).

(iii)=(ii)=(i) Trivial. a
Theorem 4.3. (Existence, Even Case) Let v = (7o,...,%2k),7 > 0 and
let r :== rank . The following are equivalent:

(i) There exists a positive Borel measure u, with supp p C [a,b], such
that

(4.3) v; = / t'du (0 < j < 2Kk);

(if) There exists a finitely atomic representing measure u for v with
supp p C [a, b];
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(iii) There exists an r-atomic representing measure p for v with
supp p C [a, b];

(iv) A(k) > 0 and there exists yax+1 € R such that v(k + 1,k)
€ Ran A(k) and bA(k) > B(k) > aA(k).

Remark 4.4. Krein and Nudel’man proved in [KrN, Theorem I1.2.3]
that (i) is equivalent to

(v) A(k) > 0and (a+b)B(k—1) > abA(k—1)+C,
where C := (74 J)f’ j=1- Of course, this condition is more concrete than our
condition (iv), but the proof depends on the Markov-Lukacs Representa-
tion Theorem for polynomials that are nonnegative on [a,b]; our proof of

(iv)=(i) does not use this theorem. The case when a = 0,b = 1, is treated
in [Akh, p. 74].

Proof of Theorem 4.3: (i) = (iv) Since supp x C [a,b], yak+1 = [ t2*¥+1dp
is finite, and p is a representing measure for ¥ := (7o, ..., Y2k+1); (iv) now
follows from Theorem 4.1 ((i) = (iv)).

(iv)=(iii) Theorem 4.1 implies that 4 has a representing measure u
which is r-atomic and satisfies supp u C [a, b]; clearly, u is also a represent-
ing measure for 7.

(iii)=(i1)=(i) Trivial. (]

Remark 4.5. (Uniqueness in the Truncated Hausdorff Problem) For
the singular case, if there is a solution, it is unique. Indeed, if ¢ and v
interpolate v = (70, ...,7Ym), have supports inside [a, b], and if rank vy < k,
then p and v are measures on (—o0,+00) which interpolate v, so from
Theorem 3.8 or Theorem 3.10, ¢ = v. For the nonsingular case, we do not
know when uniqueness holds. The issue seems to be whether the matrix
inequalities of Theorem 4.1 (iv) and Theorem 4.3 (iv) can be extended to
A(k +1) and B(k + 1) for some choices of 2542 and y2x+3. We have not
seen uniqueness for the truncated Hausdorff problem treated in the standard
references.

The results of this section (and their proofs) show that when the
Hausdorff moment problem is solvable, i.e., the conditions of Theorem 4.1

(iv) or Theorem 4.3 (iv) are satisfied, the algorithm at the end of Section 3
can be used to produce a solution.

5. The Truncated Stieltjes Moment Problem. We consider the trun-
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cated Stieltjes moment problem

(5.1) vi= [#au©<i<m)
and
(5:2) supp 4 C [0, +00).

Our first result follows from Theorem 4.1 (and its proof) by letting
a =0 and b — +o00; we omit the details.

Theorem 5.1. (Existence, Odd Case) Let ¥ = (7, .- . ,Y2k+1),70 > 0, and
let r :== rank . The following are equivalent:

(i) There exists a positive Borel measure p satisfying (5.1) and (5.2);

(ii) There exists a finitely atomic representing measure p for 4 satis-
fying (5.2);

(iii) There exists an r-atomic representing measure u for 4 satisfying
(5.2);
(iv) A(k) > 0,B(k) > 0 and v(k + 1,k) € Ran A(k).

Krein and Nudel’man treat the classical truncated Stieltjes moment
problem (1.3) [KrN, p. 175]. Moreover, they show that the “odd” case
of the truncated Stieltjes problem (1.2) has a solution if A(k) and B(k)
are positive and invertible; of course this is a special case of (iv)=(iii) in
Theorem 5.1.

Theorem 5.2. (Uniqueness, Odd Case) Let ¥ = (yo,...,72k+1),7% > 0,
and assume that 4 has a representing measure for the Stieltjes problem,
ie., A(k) > 0,B(k) > 0, and v(k + 1,k) € Ran A(k). Then ¥ has a
unique representing measure if and only if either A(k) is singular, or A(k)
is nonsingular and B(k) is singular.

Proof: Let p be a representing measure for 4. Suppose first that A(k) is
singular; since any representing measure for ¥ is a solution of the “singular
odd” Hamburger problem for 4, then Theorem 3.8 (i) shows that p is the
unique solution of this Hamburger problem, whence p is also unique for the
Stieltjes problem. Suppose next that both A(k) and B(k) are both positive
and nonsingular. By Proposition 2.3(ii), for suitably large choices of Yax42
and 7ygk+3, A(k 4+ 1) and B(k + 1) are positive and nonsingular. Thus, by
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Theorem 5.1, the Stieltjes problem with data (g, ..., Y2k+3) has a solution;
since Yak+2 is essentially arbitrary, we obtain infinitely many solutions.
Finally, we seek to show that if A(k) is nonsingular and B(k) is sin-
gular, then p is the unique solution. Since A(k) is nonsingular and B(k) is
singular, rank B(k) = k, and, moreover, rank (71,...,72k+1) = k. In par-
ticular, there exists unique scalars ¢y, ..., ¢k, such that p;v(1,k) +--- +
okv(k,k) = v(k + 1,k). Theorem 2.6 ((ii)= (i)) shows that B(k) has a
positive Hankel extension, and in any such extension B(k + 1),7vak+2 is

uniquely determined by Yyokt2 = @17Vk+2 + -+ + @k Y2k+1 (Remark 2.7). It
follows that

vik+1,k+1)=¢v(l,k+1)+---+ orv(k, kb + 1),
whence A(k + 1) is singular. We claim that p has moments of all orders.
Without loss of generality, assume that p # &, and let dv(t) := tdu(t);
clearly, v is a solution of the Stieltjes problem with data (v1,...,Y2k+1)-
Since B(k) is singular, Lemma 3.7 implies that v is finitely atomic, hence u
has moments of all orders. Thus, in B(k+1)(x), we must have yor42(p) 1=
Jt2%+2dy = 5145, Thus p solves the “singular even” Hamburger problem

with data (vo,-..,72k+2)- By Theorem 3.10(i), we conclude that p is the
unique solution of the Stieltjes problem. O

Theorem 5.3. (Existence, Even Case) Let v = (vo,...,72k),Y0 > 0, and
let r :== rank «y. The following are equivalent:

(i) There exists a positive Borel measure p satisfying (5.1) and (5.2);

(ii) There exists a finitely atomic representing measure p for 7 satis-
fying (5.2);

(iii) There exists an r-atomic representing measure p for +y satisfying
(5.2);
(iv) A(k) >0,B(k—1)>0,and v(k+ 1,k — 1) € Ran B(k —1).
Krein and Nudel’man proved that the “even” case of the truncated
Stieltjes problem has a solution when A(k) and B(k — 1) are positive and
nonsingular [KrN, p. 175]; this is a special case of (iv)=>(iii) of Theorem
5.3.

Proof: (i)= (iv) As in the proof of Theorem 3.1 ((i)= (vi)), the existence
of a representing measure p implies A(k) > 0. Also, if p(t) = pp + --- +
Pr—1t*~1, then

(B(k—1))p,p) = / Hp(t) Pdp > O;
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thus B(k — 1) > 0. We next show that B(k — 1) has a positive Hankel
extension. Without loss of generality, assume that g is not the point mass
at the origin. Define a positive Borel measure v by dv(t) := tdu(t).v solves
the “odd” Hamburger problem with data (v1,...,72¢). By Theorem 3.1
((i)=>(vi)), B(k — 1) has a positive Hankel extension using y,x. By Propo-
sition 2.3(i) we conclude that v(k+ 1,k ~ 1) € Ran B(k —1).

(iv)=(iii) Since B(k — 1) > 0 and v(k+ 1,k — 1) € Ran B(k - 1),
we may define 741 recursively so that B(k) > 0 and v(k + 1,k)
€ span {vy,...,vk} C Ran A(k). Theorem 5.1 now implies that ¥ has
an r-atomic representing measure g with supp g C [0,+00), and p also
represents 7.
The other implications are trivial. O

Theorem 5.4. (Uniqueness, Even Case) Let v = (y0,...,72k),7 > 0.
Assume that v has a representing measure for the Stieltjes problem, i.e.,
A(k) >0, B(k—-1) >0, v(k+1,k—1) € Ran B(k—1). Then 7 has a
unique representing measure if and only if A(k) is singular.

Proof: Let p be a representing measure for v. If A(k) is singular, p is
a solution of a “singular even” Hamburger problem, so uniqueness follows
from Theorem 3.10(i). Suppose A(k) is nonsingular. The hypotheses imply
that B(k — 1) has a positive Hankel extension B(k), and since A(k) is

nonsingular, the Stieltjes problem with data (7o, ..., 72x+1) has a solution
(Theorem 5.1). Now 241 is essentially arbitrary, so vy has infinitely many
representing measures. O

The results of this section (and their proofs) show that when the
Stieltjes moment problem is solvable, i.e., the conditions in Theorem 5.1
(iv) or Theorem 5.3(iv) are satisfied, the algorithm at the end of Section 3
can be used to produce a solution.

6. Positive Toeplitz Matrices. In this section we give a simple descrip-
tion of positive Toeplitz matrices, along the lines of the description given in
Section 2 for positive Hankel matrices. Let ¥ = (Y—ry .+, Y=1,705Y1s- - V&)
be given, assume that y_; =%;(j = 1,...,k) and that 7o > 0, and consider
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the Toeplitz matrix

( 70 71 P 71‘—1 ’Y’r nes ’)’k \
Y1 7o cee Yr—2 Yr—1 - V-1
T(k) = 71_1_ 72—1‘ cee 70 ,71 .. 'Yk+1_7-
Y—r Yi—r Y1 Yo P, Vi—r
\ Y-k Y-k "t V—ktr—1 Y—k4r °*° Yo )

By analogy with the definition of rank for Hankel matrices, we define
the ( Toeplitz) rank of 7 as follows: If T'(k) is invertible, then rank v = k+1.
If T'(k) singular, then rank + is the smallest integer 7,1 < 7, such that w, =
w(r,k) == (Yry.--,¥r—k) € span {Wq,...,W,_1}. Then {wo,...,w,._1}is
linearly independent, so there exists a unique ® := ®(7y) = (¢, ..., Pr-1)
€ C7 such that w, = powo + -+ + r_1W,_1, l.e.,

Y =PoYj—r+ ot @ro1vi-1 (r—k<j<).

The results of Section 2 show that the Hankel rank of a finite collection
of real numbers is intimately related to the rank of its associated Hankel
matrix. In particular, for

Y= (Y0,---,72k) € R%** vy £ 0,r := rank v and
A=A, = Ak) = (yia)f

i,j=0>

Lemma 2.1(ii) implies that A(r—1) is always invertible. By way of contrast,
the next example shows that the analogous result does not hold for Toeplitz
matrices.

Example 6.1. Let v = (2,2,1,2,1,2,1,2,z),z # 1, so that

T:=T4)=

8B N =N
OO~ NN
DN~ DN
[NCREEE NG Y
N = N8
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121
Since z # 1,[212]| # 0, so {wq, W1, W2} are linearly independent. Since
21
121
w3 = Wi, it follows that rank v = 3. On the other hand, T(2) = (2 1 2),
121

which is singular.

Note that T'(1) has negative determinant, so T' is not positive semi-
definite. We will show in the sequel that if T > 0, then T'(r — 1) is positive
and invertible. First we establish the recursive structure of a positive sin-
gular Toeplitz matrix. Our next proposition also shows that in the context
of Toeplitz matrices there is a “rank principle” similar to the one studied
in Section 2 for Hankel matrices, but this time we require positivity.

Proposition 6.2. Let v := (y—k,--.,%0,---,7k) and T'(k) be as above,
assume that T(k) is singular and positive, let r := rank v, and let ® :=
®(y). Then forr —k < j <Kk,

(6.1) Vi = 00Yj—r+ -+ Pro17i-15

moreover, rank T(k) =r.

Proof: Write

T(k—1) wikk—1
T(k):<w(k(,k—1))* (70 ))’

where w(i,m) := (7i—;)7t,. Since T(k) > 0, there exist scalars co, . .., Ck—1
such that

Ym = C0Ym—k + +*+ + Ck—1Ym-1,1 <m < k
(by Lemma 2.3 (i)). By definition of r, (6.1) holds for r — k < j < 7.
Suppose that (6.1) holds for r — k < j < p where r < p < k — 1. Then
Tp+1
= CoVp+1-k T+ + Ch—17p
= co[PoTpti—k—r+ -+ 90r-17p—k] +-- 1+ Ck—1[9007p—r +---+ ‘Pr-17p—1]
= @olcoYpt1~k=r + - F Cho1Vp—r] + -+ @r_1lcoTp—k + - -+ + Ch17Vp-1]
= Y0Yp—r+1 + -+ ©r_17p-
Thus, using an inductive argument, (6.1) holds for r — k < j < k. It now

follows by another inductive argument that w; € span {wo,...,wW,_;} for
r < j < k, whence rank T(k) < r. But since {wg,...,W,_;} is linearly
independent, we obtain rank T'(k) = r. O

The next result is an analogue of Lemma 2.1 (ii).
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Proposition 6.3. Let v,T(k), and r be as before, and assume that
T(k) > 0. Then T(r — 1) is nonsingular.

Proof: We may assume r < k. We seek to prove that {w((),r -1),...,
w(r —1,r — 1)} is linearly independent. Suppose that cow(0,r —1)+---+
cr—1W(r — 1,7 — 1) = 0. We claim that

cow(0,k) + -+ cr_aw(r — 1,k) = 0.
We prove this by induction. Suppose that
(6.2) cow(0,7) + -+ cryw(r —1,5) =0
for some j,r — 1 < j < k. We'll show that
cow(0,7+ 1)+ -+ crw(r—1,74+1) =0;
for this, it suffices to prove that
CoY—j—1+ -+ Cro1V—j_14r—1 = 0.
By Proposition 6.2, we know that v, = @oYme—r+ -+ @r1Ym-1, 7 —k <
m < k, and we also have y_,, =7%,,, 0 < m < k. Thus
CoY—j—1+t -t Cro1V—jo14r-1
=CoVjq41 t o1V j1-rt1
= colPoTVj41—r+ +Pri V]
+ cr1[BoVjro—or T+ Pr1Tjrpil
= PolcoVjp1-r + -+ Cr1Tjpo-0s] + -
+Proileo¥; + o F era1Vj ]
=PolcoV—j14r + - F Crm1V—jm14r(r—1))
+ + Progleor-j + o+ erm1Y-j4r-1] =0
by (6.2). Thus cow(0,54+1)+ -+ c,—1Ww(r — 1,5 + 1) = 0. By induction,
coW(0,k) + -+ crmyw(r—1,k) =0,

whence ¢g = --- = ¢,_; = 0 by the definition of rank . Thus
{w(0,r — 1),...,w(r — 1,r — 1)} is linearly independent, and therefore
T(r — 1) is nonsingular. O

We next present our structure theorem for positive Toeplitz matrices.
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Theorem 6.4. Let vy, T(k), r be as before, and assume that T'(k) is sin-
gular and positive. Then

(i) T(r—1) is positive and invertible, and rank T'(k) = r;

(ii) @ := ®(vy) satisfies

Yi = PoYj—r F T Pro17i-1,s (’l”—k <Jj< k)

Conversely, if there exist r, 1 < r < k, and scalars y,...,@,.1, such that
T(r — 1) > 0 and (ii) holds, then T(k) is positive.

Proof: Apply Propositions 6.2 and 6.3. For the converse, apply Lemma
2.3. O

Remark 6.5. Notice that in the above model, every v; is uniquely
determined; in the Hankel case, the entry y2x4+2 was free (cf. Theorem 2.4).
Because of this, the (linear algebraic) rank of a Toeplitz matrix equals our
(recursive) rank. In the Hankel case, we only had r < rank A(k) <r+1.

We now focus on extensions of positive Toeplitz matrices. In the
sequel, to emphasize the dependence on the data -y, we denote T'(k) by T,,.

Corollary 6.6. Let v and T, be as before, assume that T', > 0 and that
T, is singular. Then T, admits a unique positive Toeplitz extension.

Proof: First we establish uniqueness. For ¥41 € C,let ¥ = (Y1, Y—ks-- -
Y0, -3V Yk+1), and assume that Ty is positive. By Proposition 6.3 and
Lemma 2.1 (i), rank ¥ = min {p : T5(p) is singular } and, since T is singu-
lar and positive it follows that rank ¥ = rank . Let r = rank 7,1 <r < k.
Thus, T5(r—1) = T, (r—1) is invertible, and so ®(§) = ®(y). Since T > 0,
Proposition 6.2 implies that

(6-3) Y41 = oYk—r+1 +  + Or_17Vk-

Thus k41 is uniquely determined.

As for existence, let 4441 be defined by (6.3), where (@9, ..., @r—1) :=
®(7y). Then Theorem 6.4 (ii), applied to 7,T(k + 1) and r, shows that
w(k+1, k) satisfies w(k+1,k) = T(k)¥, where ¥ = (0,...,0,¢0,...,0r_1)
€ Ck*1, Moreover, Theorem 6.4 (ii) also implies that

¥*wi(k +1, k)= PoYrt -+ P_m
= (PoV-r + -+ ro17-1)" =T =0,
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so Lemma 2.3 implies at once that T'(k + 1) > 0. O

Remark 6.7. An alternative proof of Corollary 6.6 can be based on
Theorem 6.4 (i) and [Ioh, Theorem 13.2] (observe that p in [Ioh] is the
usual rank).

Suppose now that T, is positive and invertible. Let

® = (00, .., 6-1) =Tk = 1) w(k,k — 1),
let
Fe+1 = Pov1+ -+ Pe—17k
and set
Y= (§k+197—k’---,70,---7’)’k7’71c+1)-

Proposition 6.8. Assume that T, is positive and invertible, and let 4 be
defined as above. Then T is positive and invertible.

Proof: Since T, is positive and invertible, Lemma 2.3 implies that
Yo > @' w(k,k—1) =Fovk + -+ Ppr1 (= 9ok + - + r-171)7)-

Let u = (0,p0,...,9k-1), so that Tyu = W(k + 1,k) = (Fkt1, ks - - ->71)-
Then

u'Tyou=&"wk,k—1) <y = (T5)k+2,k+2-

Since T, is positive and invertible, it now follows from Lemma 2.3 that T%
is positive and invertible. O

Corollary 6.9. Assume that T, is positive and invertible. Then T., admits
infinitely many positive and invertible Toeplitz extensions.

Proof: For A € C, let A = (X,7_,..-,%0,---, 7k, A). Since Ty is posi-
tive and invertible, there exists 6 > 0 such that if |A — Fx41| < 6, then
det T5 > 0, whence the nested determinants criterion implies that T5 is
positive and invertible. O

The problem of producing a singular positive Toeplitz extension of a
nonsingular positive Toeplitz matrix is surprisingly difficult, and the solu-
tion entails Sylvester’s formula for the determinant of a bordered matrix
[Ioh, p. 98]. We now proceed to apply the model for positive Toeplitz matri-
ces to the problem of interpolating Toeplitz data. Let v = (y_k,..-,Y0,--+»Vk)
€ C%k+1 ~ > 0, be given, where v-j =7, for all j, and let us seek a repre-
senting measure for vy, that is, a positive Borel measure y with supp 4 C T
and satisfying v; = [t/dp 0< j < k.
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Proposition 6.10. Assume that v admits a representing measure. Then
T, >0.

Proof: For & = (ao,...,ax), let a(z) = ap + --- + arz¥. Then |a(2)]? =
Zf’ =0 a;a;z' 7, 2 € T. If p is a representing measure for v, then

k k
0< / |a(2)[2dp = / > aagldp= Y a@gyio; = (T(k)a,a). O

1,5=0 i,j=0

For the next result, we let 7 := rank 7y < k, ® := ®(y), and we define
gy(2) == 2" — (o + -+ @r_12™7}).

Corollary 6.11. Assume that y admits a representing measure yu and that
rank v < k. Then supp p C 2(g,).

Proof: We define the linear functional R as follows: For a trigonometric
polynomial h(z) = a_gz=F + .- 4+ ag + - - + arz®, let R(h) == a_py—r +
<4 aoyo + -+ apvk. a(z) =ag+ -+ a2k, b(2) = by + - + b2¥,
a:= (ag,...,ax), and b := (by, ... ,bk), we then have

(T(k)a,b) = ‘/a(z)Tz)du = /Zaib_jzi"jdu = Z a;b;vi—; = R(ab).

Also,
R(g.,) =7 —(po+---+ ‘Pr—l’yr—l) =0,

and, from the definitions of rank v and g,
R(g,7)=0 (r—k<j<h).

Thus, g, is R-orthogonal to z*~7,...,2,1,27%,..., 27*, which implies that
5(949%) = 0, and this in turn gives (T(k)g&,,&,) = 0. Therefore, [ |g,[2du =
0, or g, = 0 a.e. [u], so that supp p C Z(g,). O

We are now ready to solve the truncated trigonometric moment prob-
lem. The following result is very similar to [AhK, Theorem 1.1.12] and to
[Ioh, p. 211]. Unlike these authors, we avoid Gaussian quadrature in treat-

ing the singular case, and instead we use the recursive model of Theorem
6.4.
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Theorem 6.12. Let ¥ = (Y-k,-- 170, --,7) € C*FL, 70 > 0,7 = 7;,
be given. Then there exists a representing measure p for v if and only if
T, > 0. In this case, pt can be chosen to have r atoms, where r := rank 1.

Proof. Case 1: (r < k) If vy has a representing measure, the conclusion
follows from Proposition 6.10 and Corollary 6.11. Conversely, if T, > 0,
we apply Theorem 6.4, [Ioh, p. 210], and the method of the proof of
Proposition 3.3 and Corollary 3.4 to produce a representing measure with
r atoms.

Case 2. (r = k+ 1) As above, if v has a representing measure,
then 7', > 0. Assuming that T, is positive and invertible, we can apply
[Ioh, Theorem 13.1 and Remark 1] to obtain a singular Hermitian extension
T(k+1) of T,. By Lemma 2.3, we see at once that T'(k+1) > 0. Moreover,
T(k + 1) is singular, so we can apply Case 1 to produce a representing
measure with r atoms. O

Remark 6.13. As in Section 3, it is not difficult to show that in
the nonsingular case there are infinitely many solutions. For the singular
case, we claim that there exists a unique solution. Let g and v be two
interpolating measures. Observe first that ¢ and v have moments of all
orders, and we can then define 7,(j) and T,(j) for all j > 0. However,
it follows from Corollary 6.6 that T,(j) = T,(j) for all j > 0. Thus,
[ 2%dp = [2z3dv for all j > 0. The F. and M. Riesz Theorem implies
that Borel measures on T are determined by their trigonometric power
moments, so we must have p = v. (For the class of finitely atomic measures,
uniqueness is proved in [AhK, Theorem 1.1.12].)
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